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Preface to the First Edition

Around the turn of the twentieth century, a major revolution occurred in
logic. Mathematical techniques of a quite novel kind were applied to the
subject, and a new theory of what is logically correct was developed by
Gottlob Frege, Bertrand Russell and others. This theory has now come to
be called ‘classical logic’. The name is rather inappropriate, since the logic
has only a somewhat tenuous connection with logic as it was taught and
understood in Ancient Greece or the Roman Empire. But it is classical in
another sense of that term, namely standard. It is now the logic that people
normally learn when they take a first course in formal logic. They do not
learn it in the form that Frege and Russell gave it, of course. Several gener-
ations of logicians have polished it up since then; but the logic is the logic
of Frege and Russell none the less.

Despite this, many of the most interesting developments in logic in the
last forty years, especially in philosophy, have occurred in quite different
areas: intuitionism, conditional logics, relevant logics, paraconsistent log-
ics, free logics, quantum logics, fuzzy logics, and so on. These are all logics
which are intended either to supplement classical logic, or else to replace
it where it goes wrong. The logics are now usually grouped under the title
‘non-classical logics’; and this book is an introduction to them.

The subject of non-classical logic is now far too big to permit the writing
of a comprehensive textbook, so I have had to place some restrictions on
what is covered.! For a start, the book is restricted to propositional logic.
This is not because there are no non-classical logics that are essentially
first-order (there are: free logic), but because the major interest in non-

classical logics is usually at the propositional level. (Often, the quantifier

1 For a brief introduction and overview of the field, see Priest (2005a).
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extensions of these logics are relatively straightforward.) Within propo-
sitional logics, I have also restricted the logics considered here to ones
which are relevant to the debate about conditionals (‘if ... then ...” sen-
tences). Again, this is not because this exhausts non-classical propositional
logics (there is quantum logic, for example), but because taking the topic of
conditionals as a leitmotiv gives the material a coherence that it might oth-
erwise lack. And, of course, conditionals are about as central to logic as one
can get.

The major semantical technique in non-classical logics is possible-world
semantics. Most non-classical logics have such semantics. This is there-
fore the major semantical technique that I use in the book. In many
ways, the book could be thought of as a set of variations on the theme of
possible-world semantics. It should be mentioned that many of the systems
discussed in the book have semantics other than possible-world semantics -
notably, algebraic semantics of some form or other. Those, however, are an
appropriate topic for a different book.

Choosing a kind of proof theory presents more options. Logic is about
validity, what follows from what. Hence, the most natural proof theories for
logic are natural deduction systems and sequent calculi. Most of the systems
we will consider here can, in fact, be formulated in these ways. However, I
have chosen not to use these techniques, but to use tableau methods instead
(except towards the end of the book, where an axiomatic approach becomes
necessary). One reason for this choice is that constructing tableau proofs,
and so ‘getting a feel’ for what is, and what is not, valid in a logic, is very easy
(indeed, it is algorithmic). Another is that the soundness and, particularly,
completeness proofs for logics are very simple using tableaux. Since these
areas are both ones where inexperienced students experience difficulty,
tableaux have great pedagogical attractions. I first learned to do tableaux
for modal logics, in the way that they are presented in the book, from my
colleagues Rod Girle and the now greatly missed Ian Hinckfuss. The myriad
variations they take on here are my own.

This book is not meant to provide a first course in logic. I assume
that readers are familiar with the classical propositional calculus, though
I review this material fairly swiftly in chapter 1. (I do not assume that stu-
dents are familiar with tableaux, however.) Chapter 2 introduces the basic
semantic technique of possible worlds, in the form of semantics for basic
modal logic. Chapters 3 and 4 extend the techniques to other modal logics.
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Chapter 3 looks at other normal systems of modal logic. Chapter 4 looks
at non-normal worlds and their uses. Chapter 5 extends the semantic tech-
niques, yet again, to so-called conditional logics. (The material in chapter 5
is significantly harder than anything else before the last couple of chapters
of Part L)

The non-classical logics up to this point are all most naturally thought of
as extensions of classical logic. In the subsequent chapters of Part I, the log-
ics are most naturally seen as rivals to it. Chapter 6 deals with intuitionism.
Chapter 7 introduces many-valued logics, and the idea that there might be
truth-value gaps (sentences that are neither true nor false) and gluts (sen-
tences that are both true and false). Chapter 8 then describes first degree
entailment, a central system of both relevant and paraconsistent logics.
The semantic techniques of the final chapters fuse the techniques of both
modal and many-valued logic. Non-normal worlds come into their own in
chapter 9, where basic relevant logics are considered. Chapter 10 considers
relevant logics more generally; and in chapter 11 fuzzy logic comes under
the microscope. The chapters are broken up into sections and subsections.
Their numeration is self-explanatory.

The major aim of this book is to explain the basic techniques of non-
classical logics. However, these techniques do not float in mid-air: they
engage with numerous philosophical issues, especially that of condition-
ality. The meanings of the techniques themselves also raise important
philosophical issues. I therefore thought it important to include some
philosophical discussion, usually towards the end of each chapter. The dis-
cussions are hardly comprehensive - quite the opposite; but they at least
serve to elucidate the technical material, and may be used as a springboard
for a more extended consideration for those who are so inclined.

Since proofs of soundness and completeness are such an integral part of
modern logic, [ have included them for the systems considered here, where
possible. This technical material is relatively self-contained, however, and,
even though the matter in the book is largely cumulative, can be skipped
without prejudice by those who have no need, or taste, for it. For this rea-
son, I have relegated the material to separate sections, marked with an
asterisk. These sections also take for granted a little more mathematical
sophistication on the part of the reader. Towards the end of each chapter
there are also sections containing some historical details and giving sug-
gestions for further reading. At the conclusion of each chapter is a section

Xix
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containing a set of problems, exercises and questions. To understand the
material in any but a relatively superficial way, there is no substitute for
engaging with these. Questions that pertain to the sections marked with
an asterisk are themselves marked with an asterisk, and can be ignored
without prejudice.

I have taught a course based on the material in this book, or similar
material, a number of times over the last ten years. I am grateful to the
generations of students whose feedback has helped to improve both the
content and the presentation. I have learned more from their questions
than they would ever have been aware of. I am particularly grateful to the
class of ’99, who laboured under a draft of the book, picking up numerous
typos and minor errors. I am grateful, too, to Aislinn Batstone, Stephen
Read and some anonymous readers for comments which greatly improved
the manuscript. I am sure that it could be improved in many other ways.
But if one waited for perfection, one would wait for ever.
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The first edition of Introduction to Non-Classical Logic deals with just prop-
ositional logics. In 2004, Cambridge University Press and I decided to
produce a second volume dealing with quantification and identity in non-
classical logics. Late in the piece, it was decided to put the old and the new
volumes together, and simply bring out one omnibus volume. The practi-
cal decision caused a theoretical problem. Was it the same book as the old
Introduction or a different one? The answer - as befits a book on non-classical
logic - was, of course, both. So the name of the book had to be the same
and different. We decided to achieve this seeming impossibility by adding
an appropriate sub-title to the book, ‘From If to Is’. Though there are many
propositional operators and connectives, the conditional, ‘if’, is perhaps the
most vexed. It is, at any rate, the focus around which the old Introduction
moves. Whether or not ‘if’ is univocal is a contentious matter; but ‘is’ is
certainly said in many ways. There is the ‘is’ of predication (‘Ponting is Aus-
tralian’), the ‘is’ of existence (‘There is a spider in the bathtub’, ‘Socrates no
longer is’), and the ‘is’ of identity (‘2 plus 2 is 4°). All of these are in play in
first-order logic; they provide the focus around which the new part of the
book moves.

On Part 1

Though Part I of the present volume is essentially the old Introduction to Non-
Classical Logic,  have taken the opportunity of revising its contents. With one
exception, the revisions simply add new material. Some of the additions
are made in the light of what is coming in Part II. Thus, there is a new
section on equivalence relations and equivalence classes in the Mathematical
Prolegomenon. But most of them comprise material that could usefully have
been in the old Introduction, or that I would have put there had I thought to

XXi
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do so. These are as follows:

o Chapter 3 now contains material on tense logic.

e Chapter 4 contains a section on the modal system S0.5, and related
systems. This makes the bridge between non-normal logics and the
impossible worlds of chapter 9 patent.

o In chapter 7, the section on supervaluations has been extended slightly.

¢ In chapter 8, a new section on relational semantics and tableaux for £3
and RM3 has been added.

¢ Chapter 9 now contains a section on systems of ‘constructible negation’,
making a connection with chapter 6 on intuitionist logic. I have renamed
this chapter ‘Logics with Gaps, Gluts and Worlds’ to indicate better its
contents. This allowed chapter 10 to be renamed simply ‘Relevant Logics’.

¢ I have added a technical appendix to chapter 11 on fuzzy logic. The
Lukasiewicz logic of that chapter is, in fact, a special case of a more
general construction. That construction is, perhaps, less likely to be of
interest to philosophers. But I think that it is a good idea to have the
material there, at least for the sake of reference.

o The appendix, chapter 11a, is a last-minute addition. In a paper I was
writing in 2006 I wanted to refer to the general theory of many-valued
modal logics. I could not find anything suitable in the literature, so I
drafted one. I was persuaded by Stephen Read that this would be a helpful
addition to the book.

Ifit was not already so before, the additions now make it entirely impossible
to cover all of the material in Part I in a one-semester course. But it is better
to have material there which a teacher can skip over, than no material on
a topic which a teacher would like to cover.

The one place where material has not simply been added is in chapter
10 on relevant logic (with a few knock-on consequences in chapter 11).
As 10.9 explains, the semantics given in that chapter are not the original
Routley-Meyer semantics, but the ‘simplified semantics’ developed later
(by Priest, Sylvan and Restall). It has now turned out that the original sim-
plified semantics completeness proof is incorrect with respect to one of the
axioms, A — ((A — B) — B) (A11 in the old Introduction) - though this does
not affect the tableau completeness proof. In the context of the simplified
semantics, the condition C11 of the old Introduction is too strong; and the
extra strength, resuscitating, as it does, the Disjunctive Syllogism, is not of
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a desirable kind. The condition can, however, be modified in such a way
as to be complete. (See Restall and Roy (200+).) This modification is now
employed in chapter 10, occasioning a new section on content inclusion
and some more relevant logics whose semantics employ this notion.

In producing the present Part I, I have decided to leave the section and
subsection numbering of the old Introduction unchanged. It was therefore
necessary to accommodate new material in a way that does not disturb the
numbering. I use letters to indicate interpolations that would otherwise do
so. Thus, subsections between, e.g., 4.3.6 and 4.3.7 are 4.3.6a, 4.3.6b, etc.;
and a section between 4.3 and 4.4 is 4.3a, so that its subsections become
4.3a.1, 4.3a.2, etc.

In writing the old Introduction, I decided, again as its preface explains,
to employ tableaux, as far as possible. Systems of natural deduction have a
great deal to recommend them, however. It is therefore very welcome that
Fitch-style systems of natural deduction for all the logics of the old Introduc-
tion have been produced by Tony Roy. These (together with soundness and
completeness proofs) can be found in Roy (2006).

Finally, in producing the new Part I, I have taken the opportunity to cor-
rect typos, as well as pedagogical and other minor infelicities. A number
of people have pointed these out to me; these include Stephan Cursiefen,
Rafal Grusczyniski, Maren Kruger, Jenny Louise, Tanja Osswald, Stephen
Read, Wen-fang Wang, and the members of the Arché Logic Group at the
University of St Andrews (see below). Kate Manne, Stephen Read and Elia
Zardini provided helpful comments on the new material. Finally, correspon-
dence with Petr Hdjek was invaluable in writing the appendix to chapter
11. Warm thanks go to all of them.

On Part I1I

When I wrote the first edition of Introduction to Non-Classical Logic, I decided
to restrict myself to propositional logic for the reasons explained in its pref-
ace. Someone who has mastered that material certainly has a good grasp of
what non-classical logics are all about. But it cannot be denied that a book
which leaves matters there is leaving the job half done. If any non-classical
logic is to be applied, then quantifiers and, probably, identity, are going to
be essential. And certainly the philosophical issues surrounding the techni-
cal constructions are as acute as anything in the propositional case. Hence
it was (in a moment of weakness) that I decided to write a second volume
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dealing with quantifiers and identity in non-classical logics. That volume
would contain details of the behaviour of first-order quantifiers and iden-
tity in the logics of the old Introduction. As mentioned above, that material
eventually became Part II of this volume.

Explaining the techniques of a large number of logics perspicuously and
relatively briefly presents various exegetical challenges. So it was with Part
L. Part II adds to these. The material in this is, by its nature, more difficult
than that in Part I. (Although, by the time a student reaches this material,
they are, one would hope, a little more sophisticated, so a little more may
be expected of them - or required by them.) Most obviously the semantics
of quantifiers are more intricate than those of the connectives. Less obvi-
ously, technical results, such as compactness and the Lowenheim-Skolem
theorems, assume more importance. This book does not pretend to provide
a comprehensive introduction to the metatheory of non-classical logics,
important as that topic is. But those who are familiar with some of these
matters from classical logic will naturally be curious to know how things
stand with respect to the various non-classical logics. Fortunately, then,
many of the elementary metatheoretic properties of a logic follow, in a
relatively uniform way, from the fact that it has a sound and complete
proof system (tableau, axiomatic, or whatever). I have covered the relevant
matters for classical logic in chapter 12, and then simply pointed out that
essentially the same considerations apply to all the other logics in the book -
except for fuzzy logic in chapter 25, where completeness finally fails.

More difficult is the fact that the techniques used permit systematic
independent variations. These can be applied in the case of many, if not
most, of the logics covered in Part II. The result is a plethora of disparate
systems. Attempting to cover all of them in the book would make it far
too long, and would, I think, result in the danger of the reader losing the
wood for the trees; it would also, I suspect, become tiresome. I therefore
decided to explain the relevant variations in detail for certain logics, but
to consider their applications to others only when there was some partic-
ular point to doing so. Thus, to give one example, the constants employed
for the most part in the logics are rigid designators. But all the systems
with world semantics can be augmented with non-rigid designators as
well. How to do this is explained in the case of modal logic in chapters
16 and 17. I leave it (usually in problems) to those who want other sys-
tems of logic with non-rigid designators to extrapolate the techniques for
themselves.
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Asin Part I, I assume that the reader is familiar with the relevant parts of
classical logic. There is a review of the material in chapter 12. Free logic is
necessary at various places in Part II. Chapter 13 presents this. Perhaps the
most important of the aforementioned variations is that between constant
domain semantics and variable domain semantics. Chapter 14 explains con-
stant domain modal logic; chapter 15 explains variable domain modal logic.
Another important variation is that between necessary identity and con-
tingent identity. Chapter 16 spells out necessary identity in modal logic;
chapter 17 spells out contingent identity in the same context. After that,
all the fundamental techniques are in place, and the subsequent chapters
correspond, one to one, to chapters 4 to 11 of Part I, covering non-normal
modal logics, conditional logics, intuitionist logic, many-valued logics, First
Degree Entailment, logics with semantics employing worlds and many-
values, relevant logics and fuzzy logics. The reader is well advised to be
familiar with (or refresh their memory of) the relevant chapter of Part
I before passing on to the corresponding chapter of Part II. But, gener-
ally speaking, it is unnecessary to master the material after a chapter in
Part I to understand material for the corresponding logic in Part II. Thus,
for example, it is quite possible to read the material on modal logic in
Part I, and then move on directly to the chapters on modal logic in Part
II. There are a few notational changes between Part I and Part II. These
are very minor, and will not hinder understanding (or usually even be
noticed!).

Again as with Part I, the logics of this part inform and are informed
by important philosophical considerations. Perhaps the most important of
these concern existence and its various machinations. At the appropriate
points I have therefore discussed these things. The discussions do little more
than raise the relevant issues. But they at least show the reader what is at
issue in the technical matters, and provide a certain amount of focusing for
the diverse topics. And proofs of theorems and other technical matters are
relegated to the starred appendices of each chapter, which can be omitted
by uninterested readers.

There is, of course, much more to be said about non-classical logics than
can be said here. For example - just to mention a few topics - all the logics in
this part can be augmented with function symbols; they can all be extended
to second-order logics; and all have algebraic semantics of various kinds.
At one time I thought to include some of these topics in this book. But
eventually I judged undesirable the additional complexity and length that

XXV



XXVi

Preface to the Second Edition

this would have involved. These topics can be covered in Part III - if anyone
should care to write it; it won’t be me.

The manuscript of this Part has been much improved by comments and
suggestions from a number of people. I taught an honours logic course based
on a draft of the manuscript at the University of Melbourne in the first half
0f 2006, where the students provided helpful feedback. My colleagues Allen
Hazen and Greg Restall sat in on the class and provided many helpful sugges-
tions. Kate Manne worked carefully through the whole draft and polished
it considerably. Later that year, the Arché Logic Group at the University of
St Andrews also worked through the manuscript and made a number of
valuable suggestions: Philip Ebert, Andri Hjdlmarsson, Ole Hjorthland, Ira
Kiourti, Stephen Read, Marcus Rossberg, Andreas Stokke, and, most espe-
cially, Elia Zardini. Finally, correspondence with Petr Hdjek was invaluable
in writing the appendix to chapter 25. To all of them, my warmest thanks.
These go, also, to Hilary Gaskin and the staff of Cambridge University Press
for all they have done to make this volume possible - indeed, actual.

Book Website

All books contain errors, from the trivial typo, through infelicities of various
degrees, to the serious screw-up. I hope that there aren’t too many in this
book - especially of the last kind! Details of any corrections that I am aware
need to be made can be found on the website www.cambridge.org/priest.
In due course, the website will also contain solutions to selected exercises.


http://www.cambridge.org/priest

Mathematical Prolegomenon

In expositions of modern logic, the use of some mathematics is unavoid-
able. The amount of mathematics used in this text is rather minimal, but
it may yet throw a reader who is unfamiliar with it. In this section I will
explain briefly three bits of mathematics that will help a reader through the
text. The first is some simple set-theoretic notation and its meaning. The
second is the notion of proof by induction. The third concerns the notion of
equivalence relations and equivalence classes. It is not necessary to master
the following before starting the book; the material can be consulted if and
when required.

0.1 Set-theoretic Notation

0.1.1 The text makes use of standard set-theoretic notation from time to

time (though never in a very essential way). Here is a brief explanation of it.

0.1.2 A set, X, is a collection of objects. If the set comprises the objects
ai,...,ay, this may be written as {ay, ..., ay}. If it is the set of objects satis-
fying some condition, A(x), then it may be written as {x :A(x)}. a € X means
that a is a member of the set X, that is, a is one of the objects in X. a ¢ X
means that a is not a member of X.

0.1.3 Examples: The set of (natural) numbers less than 5 is {0, 1, 2, 3,4}. Call
this F. The set of even numbers is {x :x is an even natural number}. Call this
E.Then3 eF,and5 ¢ E.

0.1.4 Sets can have any number of members. In particular, for any a, there
is a set whose only member is a, written {a}. {a} is called a singleton (and is
not to be confused with a itself). There is also a set which has no members,
the empty set; this is written as ¢.
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0.1.5 Examples: {3} is the set containing just the number three. It has one
member. It is distinct from 3, which is a number, not a set at all, and so has
no members.> 3 ¢ .

0.1.6 A set, X, is a subset of a set, Y, if and only if every member of X is a
member of Y. This is written as X C Y. The empty set is a subset of every
set (including itself). X C Y means that X is a proper subset of Y; that is,
everything in X is in Y, but there are some things in Y that are not in X.
X and Y are identical sets, X =Y, if they have the same members, i.e., if
X CYandY C X. Hence, if X and Y are not identical, X # Y, either there
are some members of X that are not in Y, or vice versa (or both).

0.1.7 Examples: Let N be the set of all natural numbers, and E be the set of
even numbers. Then ¢ € N and E € N. Also, E C N, since 5 € N but 5 ¢ E.
If X € N and X # E then either some odd number is in X, or some even
number is not in X (or both).

0.1.8 The union of two sets, X, Y, is the set containing just those things that
are in X or Y (or both). This is written as X UY. Soa € X UY if and only if
a € X or a € Y. The intersection of two sets, X, Y, is the set containing just
those things that are in both X and Y. It is written XNY. Soa € XNY ifand
only ifa € X and a € Y. The relative complement of one set, X, with respect
to another, Y, is the set of all things in Y but not in X. It is written Y — X.
Thus,a €Y — X ifand onlyifa € Y buta ¢ X.

0.1.9 Examples: Let N, E and O be the set of all numbers, all even numbers,
and all odd numbers, respectively. Then EUO = N,ENO = ¢. Let T = {x :
x > 10}. ThenE — T = {0, 2,4, 6, 8}.

0.1.10 An ordered pair, (a,b), is a set whose members occur in the order
shown, so that we know which is the first and which is the second. Similarly
for an ordered triple, (a, b, c), quadruple, (a,b, c,d), and, in general, n-tuple,
(X1,...,%). Givenn sets Xy, . . ., Xy, their cartesian product, X1 x - - - x Xy, is the
set of all n-tuples, the first member of which is in X7, the second of which
is in Xp, etc. Thus, (x1,...,%) € X3 x --- x Xy ifand only if x; € Xj and ...
and x, € Xy. A relation, R, between X1, ..., X, is any subset of X1 x --- x Xj.

2 In some reductions of number theory to set theory, 3 is identified with a certain set,
and so may have members. But in the most common reduction, 3 has three members,
not one.
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(X1,...,%p) € Risusually written as Rx; ... x;,.Ifnis 3, the relation is a ternary
relation. Ifn is 2, the relation is a binary relation, and Rx1 X, is usually written
as x1Rxy. A function from X to Y is a binary relation, f, between X and Y, such
that for all x € X there is a unique y € Y such that xfy. More usually, in this
case, we write: f(x) = y.

0.1.11 Examples: (2, 3) # (3,2), since these sets have the same members, but
in a different order. Let N be the set of numbers. Then N x N is the set of
all pairs of the form (n,m), where n and m are in N. If R = {(2, 3), (3, 2)}
then R € N x N and is a binary relation between N and itself. If f =
{(n,n?) : n e N}, then f is a function from numbers to numbers, and
fn) =n2.

0.2 Proof by Induction

0.2.1 The method of proof by induction (or recursion) on the complexity of
sentences is used heavily in the asterisked sections of the book. It is also used
occasionally in other places, though these can usually be skipped without
loss. What this method comes to is this. Suppose that all of the simplest
formulas of some formal language (that is, those that do not contain any
connectives or quantifiers) have some property, P. (Establishing this fact
is usually called the basis (or base) case.) And suppose that whenever one
constructs a more complex sentence - that is, one with an extra connective
(or quantifier if such things are in the language) - out of formulas that have
property P, the resulting formula also has the property P. (Establishing this
is usually called the induction case.) Then it follows that all the formulas
of the language have the property P. Thus, for example, suppose that the
simple formulas p and q have property P, and that whenever formulas have
that property, so do their negations, conjunctions, etc. Then it follows that
—-p,pAG, P A (P A q), have the property, as do all sentences that we can
construct from p and q using negation and conjunction.

0.2.2 The proof of the induction case normally breaks down into a number
of different sub-cases, one for each of the connectives (and quantifiers if
present) employed in the construction of more complex formulas. Thus,
we assume that A has the property, then show that —A has it; we assume
that A and B have the property, then show that A A B has it; and so on for
every connective (and quantifier). The assumption, in each case, is called
the induction hypothesis.
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0.2.3 Here is a simple example of a proof by induction. We show that every
formula of the propositional calculus which is grammatical according to the
rules of 1.2.2 has an even number of brackets. (This is a bit like cracking a
nut with a sledgehammer; but it illustrates the method clearly.) The symbol
B marks the end of a proof.

Proof:

Basis cASE: First, we need to establish that this result holds for all of the
simplest formulas, the propositional parameters. All such formulas have
no (zero) brackets, and 0 is an even number. Hence, the result holds for
propositional parameters.

INDUCTION cASE: Next we must establish that if the result holds for some
formulas, and we construct other formulas out of those, the result holds
for these too. So suppose that A and B have an even number of brackets.
(This is the induction hypothesis.) We need to show that each of —A, (AVB),
(AAB), (ADB)and (A = B) has an even number of brackets too. There is
one case for each of the constructions in question.

For —: the number of brackets in —A is the same as the number of brackets
in A. Since this is even (by the induction hypothesis), the result follows. (We
did not use the induction hypothesis concerning B in this case, but that does
not matter.)

For v: suppose that the number of brackets in A is a, and the number of
brackets in B is b. Then the number of brackets in (AVv B) isa+b + 2 (since
the construction introduces two new brackets). But a and b are even, and
so a + b + 2 is even. Hence, the number of brackets in (A Vv B) is even, as
required.

For A, D, and =: the arguments are exactly the same as for v. We have now
established the basis case and the induction case. It follows from these that
the result holds for all formulas; that is, all grammatical formulas have an
even number of brackets. |

0.3 Equivalence Relations and Equivalence Classes

0.3.1 The notion of an equivalence relation is one that is very useful on a
number of occasions, especially when identity comes into play. An equiv-
alence relation on a domain of objects is one, essentially, that chunks the
domain into a collection of disjoint (i.e., non-overlapping) classes called
equivalence classes. Thus, given a class of people, C, ‘x has the same height
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as y’ is a relation that partitions them into classes of people with the same

height. Suppose that C is:

a b c
d e f
g h i

and that a, b, d and e, all have the same height, as do ¢, f and i, as do g and

h. Then the equivalence classes are:

a b ¢
d e f
g h !

0.3.2 More precisely, if ~ is a binary relation on a collection of objects, C, it

is an equivalence relation just if it is:

o reflexive: forallx € C,x ~ x
e symmetric: forall x,y € C, if x ~ y theny ~ x
o transitive: forall x,y,z € C,ifx ~yandy ~ zthen x ~ z

If x € C, its equivalence class, written [x], is defined as {w € C : w ~ x}.

0.3.3 The fundamental fact about equivalence classes is that every object in
the domain is in exactly one. To see this, note, first, that for any x € C, since
X ~ X, X € [%] ; sO x is in some equivalence class. Now let X = [x] and Y = [y].
Suppose that, for some z, z is in both X and Y. Then z ~ x and z ~ y . By
symmetry and transitivity, x ~ y. For any w € X, w ~ x. Since x ~ y, w ~ .
Thatis, w € Y. Hence, X C Y. Similarly, Y € X. Hence, X =Y.
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0.3.4 In constructions employing equivalence classes, it is common to
specify a property of a class in terms of one of its members, thus:

F([x]) if and only if G(x)
Now suppose that [x] = [y]. Then the definition will go awry if we can have

G(x) but not G(y). In such a definition it is therefore always important to
establish that if x ~ y, G(x) if and only if G(y).
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1 Classical Logic and the Material
Conditional

1.1 Introduction

1.1.1 The first purpose of this chapter is to review classical propo-
sitional logic, including semantic tableaux. The chapter also sets out
some basic terminology and notational conventions for the rest of the
book.

1.1.2 In the second half of the chapter we also look at the notion of the
conditional that classical propositional logic gives, and, specifically, at some
of its shortcomings.

1.1.3 The point of logic is to give an account of the notion of validity: what
follows from what. Standardly, validity is defined for inferences couched in
a formal language, a language with a well-defined vocabulary and grammar,
the object language. The relationship of the symbols of the formal language
to the words of the vernacular, English in this case, is always an important
issue.

1.1.4 Accounts of validity themselves are in a language that is normally
distinct from the object language. This is called the metalanguage. In our
case, this is simply mathematical English. Note that ‘iff” means ‘if and
only if’.

1.1.5 It is also standard to define two notions of validity. The first
is semantic. A valid inference is one that preserves truth, in a certain
sense. Specifically, every interpretation (that is, crudely, a way of assign-
ing truth values) that makes all the premises true makes the conclu-
sion true. We use the metalinguistic symbol ‘=" for this. What distin-
guishes different logics is the different notions of interpretation they
employ.
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1.1.6 The second notion of validity is proof-theoretic. Validity is defined in
terms of some purely formal procedure (that is, one that makes reference
only to the symbols of the inference). We use the metalinguistic symbol ‘+’
for this notion of validity. In our case, this procedure will (mainly) be one
employing tableaux. What distinguish different logics here are the different
tableau procedures employed.

1.1.7 Most contemporary logicians would take the semantic notion of valid-
ity to be more fundamental than the proof-theoretic one, though the matter
is certainly debatable. However, given a semantic notion of validity, it is
always useful to have a proof-theoretic notion that corresponds to it, in
the sense that the two definitions always give the same answers. If every
proof-theoretically valid inference is semantically valid (so that I~ entails )
the proof-theory is said to be sound. If every semantically valid inference is
proof-theoretically valid (so that = entails ) the proof-theory is said to be
complete.

1.2 The Syntax of the Object Language

1.2.1 The symbols of the object language of the propositional calcu-
lus are an infinite number of propositional parameters:' po,p1,p2,...;
the connectives: — (negation), A (conjunction), Vv (disjunction), >
(material conditional), = (material equivalence); and the punctuation
marks: (, ).

1.2.2 The (well-formed) formulas of the language comprise all, and only, the
strings of symbols that can be generated recursively from the propositional
parameters by the following rule:

If A and B are formulas, so are —A, (A Vv B), (A AB), (A D B), (A=B).
1.2.3 I will explain a number of important notational conventions here. I

use capital Roman letters, A, B, C, ... ., to represent arbitrary formulas of the
object language. Lower-case Roman letters, p, g, r, ..., represent arbitrary,

1 These are often called ‘propositional variables’.
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but distinct, propositional parameters. I will always omit outermost paren-
theses of formulas if there are any. So, for example, I write (A > (B v =C))
simply as A O (B v —C). Upper-case Greek letters, X, 11, ..., represent arbi-
trary sets of formulas; the empty set, however, is denoted by the (lower case)
¢, in the standard way. I often write a finite set, {A1, A3, ...,An}, simply as
A1,A, ... Ay

1.3 Semantic Validity

1.3.1 Aninterpretation of the language is a function, v, which assigns to each
propositional parameter either 1 (true), or 0 (false). Thus, we write things
such as v(p) =1 and v(q) = 0.

1.3.2 Given an interpretation of the language, v, this is extended to a func-
tion that assigns every formula a truth value, by the following recursive
clauses, which mirror the syntactic recursive clauses:?

v(—A) = 1if v(A) = 0, and 0 otherwise.

V(AAB) =1ifv(A) = v(B) =1, and 0 otherwise.
v(AvB) =1ifv(A) =1 or v(B) = 1, and 0 otherwise.
V(AD B) =1if v(A) =0 or v(B) = 1, and 0 otherwise.
v(A=B) =1ifv(A) = v(B), and 0 otherwise.

1.3.3 Let T be any set of formulas (the premises); then A (the conclusion) is
a semantic consequence of ¥ (X = A) iff there is no interpretation that makes
all the members of ¥ true and A false, that is, every interpretation that
makes all the members of T true makes A true. ‘S & A’ means that it is not
the case that ¥ | A.

1.3.4 A is a logical truth (tautology) (&= A) iff it is a semantic consequence of
the empty set of premises (¢ = A), that is, every interpretation makes A
true.

2 The reader might be more familiar with the information

contained in these clauses when it is depicted in the form
of a table, usually called a truth table, such as the one for

-
S e
o o|lo

conjunction displayed:
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1.4 Tableaux

1.4.1 A tree is a structure that looks, generally, like this:*

The dots are called nodes. The node at the top is called the root. The nodes at
the bottom are called tips. Any path from the root down a series of arrows as
far as you can go is called a branch. (Later on we will have trees with infinite
branches, but not yet.)

1.4.2 To test an inference for validity, we construct a tableau which begins
with a single branch at whose nodes occur the premises (if there are any) and
the negation of the conclusion. We will call this the initial list. We then apply
rules which allow us to extend this branch. The rules for the conditional
are as follows:

ADB —(ADB)
v N\ l
—-A B A
!
-B

The rule on the right is to be interpreted as follows. If we have a formula
—(A D B) at a node, then every branch that goes through that node is
extended with two further nodes, one for A and one for —B. The rule on
the left is interpreted similarly: if we have a formula A O B at a node, then
every branch that goes through that node is split at its tip into two branches;
one contains a node for —A; the other contains a node for B.

3 Strictly speaking, for those who want the precise mathematical definition, it is a partial
order with a unique maximum element, xq, such that for any element, x;;, there is a
unique finite chain of elements x;, <x,_1 <--- < X1 < Xp.
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1.4.3 For example, to test the inference whose premises are A > B, B D C,
and whose conclusion is A > C, we construct the following tree:

ADB
B> C

—-A DO

The first three formulas are the premises and negated conclusion. The next
two formulas are produced by the rule for the negated conditional applied to
the negated conclusion; the first split on the branch is produced by applying
the rule for the conditional to the first premise; the next splits are produced
by applying the same rule to the second premise. (Ignore the ‘x’s: we will
come back to those in a moment.)

1.4.4 The other connectives also have rules, which are as follows.

——=A
!
A
AVB —(A Vv B)
VAN !
A B -A
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—(A A B) AAB
/ \ !
—-A —-B A
!
B
A=B —(A =B)
v N v N
A —-A A —-A
! Il !
B —-B —-B B

Intuitively, what a tableau means is the following. If we apply a rule to a
formula, then if that formula is true in an interpretation, so are the for-
mulas below on at least one of the branches that the rule generates. (Of
course, there may be only one such branch.) This is a useful mnemonic for
remembering the rules. It must be stressed, though, that officially the rules

are purely formal.

1.4.5 Atableau is complete iff every rule that can be applied has been applied.
By applying the rules over and over, we may always construct a complete
tableau. In the present case, the branches of a completed tableau are always
finite,* but in the tableaux of some subsequent chapters they may be

infinite.

1.4.6 Abranch is closed iff there are formulas of the form A and —A on two of
its nodes; otherwise it is open. A closed branch is indicated by writing an x
at the bottom. A tableau itself is closed iff every branch is closed; otherwise
it is open. Thus the tableau of 1.4.3 is closed: the leftmost branch contains
A and —A; the next contains A and —A (and C and —C); the next contains B

and —B; the rightmost contains C and —C.

1.4.7 Ais a proof-theoretic consequence of the set of formulas X (X + A) iff
there is a complete tree whose initial list comprises the members of ¥ and
the negation of A, and which is closed. We write - A to mean that ¢ - A,

4 This is not entirely obvious, though it is not difficult to prove.
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that is, where the initial list of the tableau comprises just —A. ‘Y [/ A’ means
that it is not the case that = - A.°

1.4.8 Thus, the tree of 1.4.3 shows that A D B,B D C - A D C. Here is
another, to show that - (A D B) A (A D C)) D (A D (B AC)). To save space,
we omit arrows where a branch does not divide.

“(ADBAADC)DADMBAQC)))
ADBAADO
-(AD BAQ)

(ADB)
ADO
A
=B AC)
v N\
—-B —-C
! (RN
—-A B —-A B
X X X N N\
—A
X X

Note that when we find a contradiction on a branch, there is no point in
continuing it further. We know that the branch is going to close, what-
ever else is added to it. Hence, we need not bother to extend a branch as
soon as it is found to close. Notice also that, wherever possible, we apply
rules that do not split branches before rules that split branches. Though
this is not essential, it keeps the tableau simpler, and is therefore useful
practically.

1.4.9 In practice, it is also a useful idea to put a tick at the side of a for-
mula once one has applied a rule to it. Then one knows that one can forget
about it.

5 There may, in fact, be several completed trees for an inference, depending upon the
order of the premises in the initial list and the order in which rules are applied. For-
tunately, they all give the same result, though this is not entirely obvious. See 1.14,
problem 5.
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1.5 Counter-models

1.5.1 Here is another example, to showthat (p D q)v(rD>qQ ¥ (pVvr) Dq.

Po>q@QVvE>OqQ
—~(pvr)>q

PV
—-q
v N
Po>Q r>q
" TN

—-p q -r q
' x N x
p
X X

The tableau has two open branches. The leftmost one is emphasised in bold
for future reference.

1.5.2 The tableau procedure is, in effect, a systematic search for an inter-
pretation that makes all the formulas on the initial list true. Given an open
branch of a tableau, such an interpretation can, in fact, be read off from the
branch.®

1.5.3 The recipe is simple. If the propositional parameter, p, occurs at a
node on the branch, assign it 1; if —p occurs at a node on the branch, assign
it 0. (If neither p nor —p occurs in this way, it may be assigned anything one
likes.)

1.5.4 For example, consider the tableau of 1.5.1 and its (bolded) leftmost
open branch. Applying the recipe gives the interpretation, v, such that
v(r) =1, and v(p) = v(q) = 0. It is simple to check directly that v((p D q) V
r>q)=1and v((pVvr) D q) = 0. Since p is false, p D q is true, as is
(»p D q) Vv (r Dq).Sincer is true, p vV r is true; but q is false; hence, (pVvr) D q
is false.

6 If one thinks of constructing a tableau as a search procedure for a counter-model,
then the soundness and completeness theorems constitute, in effect, a proof that the
procedure always gives the right result, that is, which verifies the algorithm in question.
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1.5.4a Note that the tableau of 1.4.8 shows that any inference of the form
in question is valid. That is, A, B and C can be any formulas. To show that an
inference is invalid, we have to construct a counter-model, and this means
assigning truth values to particular formulas. This is why the example just
given uses ‘p’, ‘q’ and ‘+’, not ‘A’, ‘B’ and ‘C’. One may say that an inference
expressed using schematic letters (‘A’s and ‘B’s) is invalid, but this must
mean that there are some formulas that can be substituted for these letters
to make it so. Thus, we may write A ¥ B, since p ¥ q. But note that this does

not rule out the possibility that some inferences of that form are valid, e.g.,
PEQV—q.

1.5.5 As one would hope, the tableau procedure we have been looking at is
sound and complete with respect to the semantic notion of consequence,
i.e., if ¥ is a finite set of sentences, ¥ + A iff ¥ & A. That is, the search
procedure really works. If there is an interpretation that makes all the for-
mulas on the initial list true, the tableau will have an open branch which,
in effect, specifies one. And if there is no such interpretation, every branch
will close. These facts are not obvious. The proof is in 1.11.”

1.6 Conditionals

1.6.1 In the remainder of this chapter, we look at the notion of condition-
ality that the above, classical, semantics give us, and at its inadequacy. But
first, what is a conditional?

1.6.2 Conditionals relate some proposition (the consequent) to some other
proposition (the antecedent) on which, in some sense, it depends. They are
expressed in English by ‘if” or cognate constructions:

If the bough breaks (then) the cradle will fall.
The cradle will fall if the bough breaks.
The bough breaks only if the cradle falls.

7 The restriction to finite  is due to the fact that tableaux have been defined only for
finite sets of premises. It is possible to define tableaux for infinite sets of premises as
well (not putting all the premises at the start, but introducing them, one by one, at
regular intervals down the branches). If one does this, the soundness and completeness
results generalise to arbitrary sets of premises. We will take up this matter again in
Chapter 12 (Part II), where the matter assumes more significance.

11
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If the bough were to break the cradle would fall.
Were the bough to break the cradle would fall.

1.6.3 Note that the grammar of conditionals imposes certain requirements
on the tense (past, present, future) and mood (indicative, subjunctive) of
the sentences expressing the antecedent and consequent within it. These
may be different when the antecedent and consequent stand alone. To see
this, just consider the following applications of modus ponens (if A then B; A;
hence B):

If he takes a plane he will get there quicker.
He will take a plane.
Hence, he will get there quicker.

If he had come in the window there would have been foot-marks.
He did come in the window.
So, there are foot-marks.

1.6.4 Note, also, that not all sentences using ‘if” are conditionals; consider,
for example, ‘If I may say so, you have a nice ear-ring’, ‘(Even) if he was
plump, he could still run fast’, or ‘If you want a banana, there is one in the
kitchen.” A rough and ready test for ‘if A, B’ to be a conditional is that it can
be rewritten equivalently as ‘that A implies that B’.

1.7 The Material Conditional

1.7.1 The connective D is usually called the material conditional (or material
implication). As its truth conditions show, A > B is logically equivalent to
—A v B. It is true iff A is false or B is true. Thus, we have:

BE=ADB
-A=ADB

These are sometimes called the ‘paradoxes of material implication’.

1.7.2 People taking a first course in logic are often told that English condi-
tionals may be represented as O. There is an obvious objection to this claim,
though. If it were correct, then the truth conditions of > would ensure the
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truth of the following, which appear to be false:

If New York is in New Zealand then 2 + 2 = 4.
If New York is in the United States then World War II ended in 1945.
If World War II ended in 1941 then gold is an acid.

1.7.3 It is possible to reply to this objection as follows. These examples are,
indeed, true. They strike us as counterintuitive, though, for the following
reason. Communication between people is governed by many pragmatic
rules of conversation, for example ‘be relevant’, ‘assert the strongest claim
you are in a position to make’. We often use the fact that these rules are in
place to draw conclusions. Consider, for example, what you would infer
from the following questions and replies: ‘How do you use this drill?’,
‘There’s a book over there.’ (It is a drill manual. Relevance.) ‘Who won the
3.30 at Ascot?’, ‘It was a horse named either Blue Grass or Red Grass.” (The
speaker does not know which. Assert the strongest information.) These infer-
ences are inferences, not from the content of what has been said, but from the
fact that it has been said. The process is often dubbed ‘conversational impli-
cature’. Now, the claim goes, the examples of 1.7.2 strike us as odd since
anyone who asserted them would be violating the rule assert the strongest,
since, in each case, we are in a position to assert either the consequent or
the negation of the antecedent (or both).

1.8 Subjunctive and Counterfactual Conditionals

1.8.1 A harder objection to the correctness of the material conditional is
to the effect that there are pairs of conditionals which appear to have the
same antecedent and consequent, but which clearly have different truth
values. They cannot both, therefore, be material conditionals. Consider the
examples:

(1) If Oswald didn’t shoot Kennedy someone else did. (True)
(2) If Oswald hadn’t shot Kennedy someone else would have. (False)

1.8.2 In response to this kind of example, it is not uncommon for philoso-
phers to distinguish between two sorts of conditionals: conditionals in
which the consequent is expressed using the word ‘would’ (called ‘sub-
junctive’ or ‘counterfactual’), and others (called ‘indicative’). Subjunctive
conditionals, like (2), cannot be material: after all, (2) is false, though its

13
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antecedent is false (assuming the results of the Warren Commission!). But
indicative conditionals may still be material.

1.8.3 The claim that the English conditional is ambiguous between sub-
junctive and indicative is somewhat dubious, though. There appears to be
no grammatical justification for it, for a start. In (1) and (2) the ‘if’s are
grammatically identical; it is the tenses and/or moods of the verbs involved
which make the difference.

1.8.4 What these differences seem to do is to get us to evaluate the truth
values of conditionals from different points in time. Thus, we evaluate (1)
as true from the present, where Kennedy has, in fact, been shot. The differ-
ence of tense and mood of (2) asks us to evaluate the conditional ‘If Oswald
doesn’t shoot Kennedy, someone else will’ from the perspective of a time
just before Kennedy was shot. It is, in a certain sense, the past tense of
that conditional. Notice that no difference of the kind between (1) and (2)
arises in the case of present-tense conditionals. There is no major differ-
ence between ‘If I shoot you, you will die’ and ‘If I were to shoot you, you
would die.’

1.9 More Counter-examples

1.9.1 There are more fundamental objections against the claim that the
indicative English conditional (even if it is distinct from the subjunctive) is
material. It is easy to check that the following inferences are valid.

AAB)DCFADOVBDOO
ADBACDODD)FADD)V(CDB)
—-(ADBFA

If the English indicative conditional were material, the following inferences
would, respectively, be instances of the above, and therefore valid, which
they are clearly not.

(1) If you close switch x and switch y the light will go on. Hence, it is the
case either that if you close switch x the light will go on, or that if you
close switch y the light will go on. (Imagine an electrical circuit where
switches x and y are in series, so that both are required for the light to
go on, and both switches are open.)
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(2) If John is in Paris he is in France, and if John is in London he is in
England. Hence, it is the case either that if John is in Paris he is in
England, or that if he is in London he is in France.

(3) It is not the case that if there is a good god the prayers of evil people
will be answered. Hence, there is a god.

1.9.2 Notice that all these conditionals are indicative. Note, also, that
appealing to conversational rules cannot explain why the conclusions
appear odd, as in 1.7.3. For example, in the first, it is not the case that
we already know which disjunct of the conclusion is true: both appear to be
false.

1.9.3 It might be pointed out that the above arguments are valid if ‘if” is
understood as D. However, this just concedes the point: ‘if” in English is not
understood as D.

1.10 Arguments for >

1.10.1 The claim that the English conditional (or even the indicative condi-
tional) is material is therefore hard to sustain. In the light of this it is worth
asking why anyone ever thought this. At least in the modern period, a large
part of the answer is that, until the 1960s, standard truth-table semantics
were the only ones that there were, and D is the only truth function that
looks an even remotely plausible candidate for ‘if’.

1.10.2 Some arguments have been offered, however. Here is one, to the
effect that ‘If A then B’ is true iff ‘A D B’ is true.

1.10.3 First, suppose that ‘If A then B’ is true. Either —A is true or A is. In
this first case, —A Vv B is true. In the second case, B is true by modus ponens.
Hence, again, —A v B is true. Thus, in either case, —A v B is true.

1.10.4 The converse argument appeals to the following plausible claim:

(*) ‘If A then B’ is true if there is some true statement, C, such that from C
and A together we can deduce B.

Thus, we agree that the conditional ‘If Oswald didn’t kill Kennedy, someone
else did’ is true because we can deduce that someone other than Oswald
killed Kennedy from the fact that Kennedy was murdered and Oswald did
not do it.

15
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1.10.5 Now, suppose that —A v B is true. Then from this and A we can
deduce B, by the disjunctive syllogism: A, —A v B + B. Hence, by (*), ‘If A then B’
is true.

1.10.6 We will come back to this argument in a later chapter. For now, just
note the fact that it uses the disjunctive syllogism.

1.11 *Proofs of Theorems

1.11.1 DEFINITION: Let v be any propositional interpretation. Let b be any
branch of a tableau. Say that v is faithful to b iff for every formula, A, on the
branch, v(A) = 1.

1.11.2 SounDNESs LEMMA: If v is faithful to a branch of a tableau, b, and a
tableau rule is applied to b, then v is faithful to at least one of the branches
generated.

Proof:

The proof is by a case-by-case examination of the tableau rules. Here are
the cases for the rules for O. The other cases are left as exercises. Suppose
that v is faithful to b, that —(A D B) occurs on b, and that we apply a rule
to it. Then only one branch eventuates, that obtained by adding A and —B
to b. Since v is faithful to b, it makes every formula on b true. In particular,
v(—=(A D B)) = 1. Hence, v(A D B) =0, v(A) = 1, v(B) = 0, and so v(—B) = 1.
Hence, v makes every formula on b true. Next, suppose that v is faithful to
b, that A D B occurs on b, and that we apply a rule to it. Then two branches
eventuate, one extending b with —A (the left branch); the other extending
b with B (the right branch). Since v is faithful to b, it makes every formula
on b true. In particular, v(A D B) = 1. Hence, v(A) = 0, and so v(—A) = 1, or
v(B) = 1. In the first case, v is faithful to the left branch; in the second, it is
faithful to the right. u

1.11.3 SOUNDNESS THEOREM: For finite X, if ¥ - A then X = A.

Proof:

We prove the contrapositive. Suppose that ¥ [~ A. Then there is an inter-
pretation, v, which makes every member of ¥ true, and A false - and hence
makes —A true. Now consider a completed tableau for the inference. v is
faithful to the initial list. When we apply a rule to the list, we can, by the
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Soundness Lemma, find at least one of its extensions to which v is faith-
ful. Similarly, when we apply a rule to this, we can find at least one of its
extensions to which v is faithful; and so on. By repeatedly applying the
Soundness Lemma in this way, we can find a whole branch, b, such that v
is faithful to every initial section of it. (An initial section is a path from the
root down the branch, but not necessarily all the way to the tip.) It follows
that v is faithful to b itself, but we do not need this fact to make the proof
work. Now, if b were closed, it would have to contain some formulas of the
form B and —B, and these must occur in some initial section of b. But this
is impossible since v is faithful to this section, and so it would follow that
v(B) = v(—B) = 1, which cannot be the case. Hence, the tableau is open, i.e.,
T A [

1.11.4 DEFINITION: Let b be an open branch of a tableau. The interpretation
induced by b is any interpretation, v, such that for every propositional param-
eter, p, if pis at anode on b, v(p) = 1, and if —p is at a node on b, v(p) = 0.
(And if neither, v(p) can be anything one likes.) This is well defined, since b
is open, and so we cannot have both p and —p on b.

1.11.5 COMPLETENESS LEMMA: Let b be an open complete branch of a tableau.
Let v be the interpretation induced by b. Then:

ifAisonb,v(A) =1
if =Aisonb, v(A) =0

Proof:

The proof is by induction on the complexity of A. If A is a propositional
parameter, the result is true by definition. If A is complex, it is of the form
BAC,BVvC,BD>C,B=C, or —B. Consider the first case, and suppose that
BACisonb. Since b is complete, the rule for conjunction has been applied
to it. Hence, both B and C are on the branch. By induction hypothesis, v(B) =
v(C) = 1. Hence, v(BAC) = 1, as required. Next, suppose that ~(BAC) is on b.
Since the rule for negated conjunction has been applied to it, either —B or
—C is on the branch. By induction hypothesis, either v(B) = 0 or v(C) = 0.
In either case, v(B A C) = 0, as required. The cases for the other binary
connectives are similar. For —: suppose that —B is on b. Then, since the
result holds for B, by the induction hypothesis, v(B) = 0. Hence, v(—B) = 1.
If ——B is on b, then so is B, by the rule for double negation. By induction
hypothesis, v(B) = 1, so v(—B) = 0. [ ]

17
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1.11.6 COMPLETENESS THEOREM: For finite &, if ¥ = A then ¥ + A.

Proof:

We prove the contrapositive. Suppose that X ¥ A. Consider a completed
open tableau for the inference, and choose an open branch. The interpreta-
tion that the branch induces makes all the members of T true, and A false,
by the Completeness Lemma. Hence, ¥ [~ A. |

1.12 History

The propositional logic described in this chapter was first formulated by
Frege in his Begriffsschrift (translated in Bynum, 1972) and Russell (1903).
Semantic tableaux in the form described here were first given in Smullyan
(1968). The issue of how to understand the conditional is an old one. Dis-
putes about it can be found in the Stoics and in the Middle Ages. Some
logicians at each of these times endorsed the material conditional. For an
account of the history, see Sanford (1989). The defence of the material con-
ditional in terms of conversational rules first seems to have been suggested
by Ajdukiewicz (1956). The idea was brought to prominence by Grice (1989,
chs. 1-4). The argument for distinguishing between the indicative and sub-
junctive conditionals was first given by Adams (1970). The examples of 1.9
are taken from a much longer list given by Cooper (1968). The argument of
1.10 was given by Faris (1968).

1.13 Further Reading

For an introduction to classical logic based on tableaux, see Jeffrey (1991),
Howson (1997) or Restall (2006). For a number of good papers discussing the
connection between material, indicative and subjunctive conditionals, see
Jackson (1991). For further discussion of the examples of sec1.9, see Routley,
Plumwood, Meyer and Brady (1982, ch. 1).

1.14 Problems

1. Check the truth of each of the following, using tableaux. If the inference
is invalid, read off a counter-model from the tree, and check directly that
it makes the premises true and the conclusion false, as in 1.5.4.
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(@p>qr>q-@VvrDq

(b) pD(@AT), =T —p

(€ -({@>9>9>4q

(@ F(@>DA(=pDg)D—p

() p=@=nk@p=q=r

(fl ~po>DA-pDON)F—qV-r

@ pA(=rvs),=(@Dds)kr

M E®D>@DM)D@DMPEDM))

() ~pA—-Vr,pDr=s)Fp=q

() p=——0 =D (A=), sDPOVPF(SAQDPp

. Give an argument to show that A = B iff = A D B. (Hint: split the argu-
ment into two parts: left to right, and right to left. Then just apply the
definition of =. You may find it easier to prove the contrapositives. That
is, assume that [~ A D B, and deduce that A |~ B; then vice versa.)

. How, if at all, could one defend or attack the arguments of 1.7, 1.8 and
1.9?

4. *Check the details omitted in 1.11.2 and 1.11.5.

. *Use the Soundness and Completeness Lemmas to show that if one com-
pleted tableau for an inference is open, they all are. Infer that the result
of a tableau test is indifferent to the order in which one lists the premises
of the argument and applies the tableau rules.
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2 Basic Modal Logic

2.1 Introduction

2.1.1 In this chapter, we look at the basic technique - possible-world
semantics - variations on which will occupy us for most of the following
chapters. (We will return to the subject of the conditional in chapter 4.)

2.1.2 This will take us into an area called modal logic. This chapter concerns
the most basic modal logic, K (after Kripke).

2.2 Necessity and Possibility

2.2.1 Modal logic concerns itself with the modes in which things may be
true/false, particularly their possibility, necessity and impossibility. These
notions are highly ambiguous, a subject to which we will return in the next
chapter.

2.2.2 The modal semantics that we will examine employ the notion of a
possible world. Exactly what possible worlds are, we will return to later in
this chapter. For the present, the following will suffice. We can all imagine
that things might have been different. For example, you can imagine that
things are exactly the same, except that you are a centimetre taller. What
you are imagining here is a different situation, or possible world. Of course,
the actual world is a possible world too, and there are indefinitely many oth-
ers as well, where you are two centimetres taller, three centimetres taller,
where you have a different colour hair, where you were born in another
country, and so on.

2.2.3 The other intuitive notion that the semantics employs is that of relative
possibility. Given how things are now, it is possible for me to be in New York
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inaweek’s time, 26 January. Given how things will be in six days and twenty-
three hours, it will no longer be possible. (I am writing in Brisbane.) Or, even
if one countenances the possibility of some futuristic and exceptionally fast
form of travel, assuming that I do not leave Brisbane in the next eight days,
it will then be impossible for me to be in New York on 26 January. Hence,
certain states of affairs are possible relative to some situations (worlds), but
not others.

2.3 Modal Semantics

2.3.1 A propositional modal language augments the language of the propo-
sitional calculus with two monadic operators, [J and <.! Intuitively, DA is
read as ‘It is necessarily the case that A’; ©A as ‘It is possibly the case that A’.

2.3.2 Thus, the grammar of 1.2.2 is augmented with the rule:
If A is a formula, so are (JA and ©A.

2.3.3 Aninterpretation for this language is a triple (W, R, v). W is a non-empty
set. Formally, W is an arbitrary set of objects. Intuitively, its members are
possible worlds. R is a binary relation on W (so that, technically, R € W xW).
Thus, if u and v are in W, R may or may not relate them to each other. If it
does, we will write uRv, and say that v is accessible from u. Intuitively, R is a
relation of relative possibility, so that uRv means that, relative to u, situation
v is possible. v is a function that assigns a truth value (1 or 0) to each pair
comprising a world, w, and a propositional parameter, p. We write this as
vw(p) = 1 (or vy (p) = 0). Intuitively, this is read as ‘at world w, p is true (or
false)’.

2.3.4 Given an interpretation, v, this is extended to assign a truth value to
every formula at every world by a recursive set of conditions. The conditions
for the truth functions (—, A, Vv, etc.) are the same as those for propositional
logic (1.3.2), except that things are relativised to worlds. Thus, for —, Aand v,
the conditions go as follows. For any world w € W:

vw(—A) = 1 if vy (A) = 0, and 0 otherwise.
vw(@A AB) =1ifvy(A) = vy (B) = 1, and 0 otherwise.
vw(AVB) =1if vy (A) =1 or vy(B) = 1, and 0 otherwise.

1 Some logicians use L and M, respectively.
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In other words, worlds play no essential role in the truth conditions for the
non-modal operators.

2.3.5 They play an essential role in the truth conditions for the modal
operators. For any world w € W:

vy (CA) = 1 if, for some w € W such that wRw’, v, (A) = 1; and 0 otherwise.
v (dA) = 1if, for all w' € W such that wRW/, v,,»(A) = 1; and 0 otherwise.

In other words, ‘It is possibly the case that A’ is true at a world, w, if A
is true at some world, possible relative to w. And ‘It is necessarily the case
that A’ is true at a world, w, if A is true at every world, possible relative
to w.

2.3.6 Note that if w accesses no worlds, everything of the form ©A is false
at w - if w accesses no worlds, it accesses no worlds at which A is true.
And if w accesses no worlds, everything of the form A is true at w -
if w accesses no worlds, then (vacuously) at all worlds that w accesses A

is true.?

2.3.7 A finite interpretation (that is, where W is a finite set) can
be perspicuously represented diagrammatically. For example, let W =
{w1, w2, ws}; wiRwa, wiRws, w3Rws (and no other worlds are related by R);
vw, (0) = 0, vy, (@) = 0; vy, (p) = 1, vw, (@ = 1; vw, () = 1, vy, (@) = 0. This
interpretation can be represented as follows:

w2 p q

/
P —q Wi

NN

w3 p —q

The arrows represent accessibility. In particular,

w3
means that w3 accesses itself.

2 Recall that ‘all Xs are Ys’ is logically equivalent to ‘there are no Xs that are nnot Ys’.
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2.3.8 The truth conditions of 2.3.4 and 2.3.5 can be used to work out the
truth values of compound sentences, and these can be marked on the dia-
gram in the same way. For example, since p and q are true at wy, so is
p A q. But wiRwy; hence, O(p A q) is true at wy. At the only world that w;
accesses (namely itself), p is true. Hence, Op is true at wz. But wy accesses
w3, hence, ¢Op is true at wy. wy accesses no world; hence, ¢q is false at
wp, so —<q is true there. We can add these facts to the diagram in the

obvious way:

W b q
prg —0Oq
/
-p —q
Sprg ©Up
NN
W3 b —q
Up

2.3.9 Observe that the truth value of —<CA at any world, w, is the same as
that of O —A. For:

v (—=CA) =1 iff v (CA) =0
iff for all w such that wRw’, v,y (A) = 0
iff for all w such that wRw', v,y (—A) = 1
iff vy (O-A) =1

2.3.10 Similarly, the truth value of —JA at a world is the same as that of
©—A. The proofis left as an exercise.

2.3.11 An inference is valid if it is truth-preserving at all worlds of all inter-
pretations. Thus, if ¥ is a set of formulas and A is a formula, then semantic
consequence and logical truth are defined as follows:

¥ E A iff for all interpretations (W,R,v) and all w € W: if vy (B) = 1 for all
B e %, then vy(A) = 1.
= Aiff ¢ = A, i.e, for all interpretations (W,R,v) and allw € W, vy (A) = 1.

23
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2.4 Modal Tableaux

2.4.1 Tableaux for modal logic are similar to those for propositional logic
(1.4), except for the following modifications. At every node of the tree there
is either a formula and a natural number (0, 1, 2,. . .), thus: A, i; or something
of the form irj, where i and j are natural numbers. Intuitively, different
numbers indicate different possible worlds; A,i means that A is true at
world i; and irj means that world i accesses world j.*

2.4.2 Second, the initial list for the tableau comprises A,0, for every
premise, A (if there are any), and —B, 0, where B is the conclusion.

2.4.3 Third, the rules for the truth-functional connectives are the same as in
non-modal logic, except that the number associated with any formula is also
associated with its immediate descendant(s). Thus, the rule for disjunction,
for example, is:

2.4.4 There are four new rules for the modal operators:

—0A,i —=QCA,i

- |
O=A, i O-Ai

A OA
irj ¥
¢ irj

Aj Aj

In the rule for O (bottom left), both of the lines above the arrow must be
present for the rule to be triggered (the lines do not have to occur in the
order shown, and they do not have to be consecutive), and it is applied to
every such j. In the rule for ¢ (bottom right), the number j must be new. That
is, it must not occur on the branch anywhere above.

3 I will avoid using r as a propositional parameter where this might lead to confusion.
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2.4.5 Finally, a branch is closed iff for some formula, A, and number, i, A, i
and —A, i both occur on the branch. (It must be the same i in both cases.)*

2.4.6 Here are some examples of tableaux:

(i) DA>B AOBSC)-OA S C).

OA>B) AOBDC),0

—-0@A © 0),0
0@l D B),0
OB >0),0
O=(AD0),0
or1 (1)
-(A>C(),1 (1)
Al
-C,1
ADB,1 (2)
B> (1 (2)
v\
-A,1 B,1
X LN
—-B,1 C,1

X

The lines marked (1) are obtained by applying the rule for ¢ to the line
immediately above them. Note that in applying the rule for ¢, a number
new to the branch must be chosen. The lines marked (2) are the results of
two applications of the rule for OJ to the conjuncts of the premise. Note that
the rule for O is applied to numbers already on the branch.

(i) F (A AB) D (A A ©OB). The arrow at the bottom of a branch indicates
that it continues on the next page.

—(O(AAB) D (CAAOB)),0
O(AAB),0
—(CA A ©B),0
v N
—OA, 0 —¢B, 0
0-A,0 0-B,0

! !

4 It is not obvious, but, as in the propositional case, every tableau of the kind we are
dealing with here is finite.
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or1 or1 (1)

AAB,1 AAB,1 (1)
Al Al
B,1 B,1

-A,1 —-B,1 (2)
X X

The lines marked (1) result from an application of the rule for ¢ to the
formula at the second node of the tableau. The line marked (2) results
from applications of the rule for OJ to (—A, 0 (left branch) and O—B, 0 (right
branch).

(iii) K (Op A O=g) D OO0

—((Op A O—q) D OOCP), 0
Op AO—q, 0
—o0Cp, 0

<p, 0

&—q,0
O0-0¢p, 0 (1)
0r1 (2)
p.1 (2)
-0op, 1 (3)

O=0p, 1
1r2
—-Op, 2
O-p,2

0r3 (4)
-q,3 (4)
-00p, 3 (5)

O=0p, 3
3r4
-Op, 4
O-p, 4

The lines marked (2) result from an application of the rule for ¢ to the
fourth line of the tableau. The lines marked (4) result from an application
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of the same rule to the fifth line of the tableau. Note that, as the example
shows, when we apply the rule for ¢, we may have to go back and apply the
rule for OJ again, to the new world (number) that has been introduced. Thus,
the line marked (3) results from a first application of the rule to line (1). Line
(5) results from a second application. For this reason, if one is ticking nodes
to show that one has finished with them, one should never tick a node of
the form O A, since one may have to come back and use it again.

2.4.7 Counter-models can be read off from an open branch of a tableau in a
natural way. For each number, i, that occurs on the branch, there is a world,
wi; wiRwj iff irj occurs on the branch; for every propositional parameter, p, if
p,ioccurs on the branch, vy, (p) = 1, if —p, i occurs on the branch, vy, (p) =0
(and if neither, vy, (p) can be anything one wishes).

2.4.8 Thus, the counter-model given by the open (and only) branch of the
third example of 2.4.6 is as follows: W = {wg, w1, wa, W3, W4}. WoRw1, wiRwo,
woRws3, w3Rwy. There are no other worlds related by R. vy, (p) = 1, vy, (q) = 0;
otherwise, v is arbitrary. The interpretation can be depicted thus:

w»
/
w1 p
/
Wo
N
w3 —q
N
Wy

Using the truth conditions, one can check directly that the interpretation
works. Since p is true at wy, Op is true at wy. Similarly, ©—q is true at wp.
Hence, the antecedent is true at wy. wy accesses no worlds; so ©p is false at
wop, and OOp is false at wy. Similarly, OOp is false at ws. Hence, there is no
world which wg can access at which OOp is true. Thus, ¢OOp is false at wy.
It follows, then, that (Op A ©—q) D ©OOp is false at wy.

2.4.9 The tableaux just described are sound and complete with respect to
the semantics. The proof is given in 2.9.
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2.5 Possible Worlds: Representation

2.5.1 Inthe rest of this chapter we look at the major philosophical question
that modal semantics generate: what do they mean?

2.5.2 One might suggest that they do not mean anything. They are simply a
mathematical apparatus - interpretations comprise just bunches of objects
(W) furnished with some properties and relations - to be thought of purely
instrumentally as delivering an appropriate notion of validity.

2.5.3 Butthere is something very unsatisfactory about this, as there is about
all instrumentalisms. If a mathematical ‘black box’ gives what seem to be
the right answers, one wants to know why. There must be some relationship
between how it works and reality, which explains why it gets things right.

2.5.4 The mostobvious explanation in this context is that the mathematical
structures that are employed in interpretations represent something or other
which underlies the correctness of the notion of validity.

2.5.5 In the same way, no one supposes that truth is simply the number 1.
But that number, and the way that it behaves in truth-functional semantics,
are able to represent truth, because the structure of their machinations
corresponds to the structure of truth’s own machinations. This explains
why truth-functional validity works (when it does).

2.5.6 So, the question arises: what exactly, in reality, does the mathematical
machinery of possible worlds represent? Possible worlds, of course (what
else?). But what are they?

2.6 Modal Realism

2.6.1 The simplest suggestion (usually termed ‘modal realism’) is that pos-
sible worlds are things exactly like the actual world. They are composed of
physical objects like people, chairs and stars (if any exist in those worlds),
in their own space and time (if there are such things in those worlds). These
objects exist just as much as you and I do, just in a different place/time -
though not ones in this world.

2.6.2 The thought is, no doubt, a little mind-boggling. But so are many of
the developments in modern physics. And why should metaphysics not have
the right to boggle the mind just as much as physics?
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2.6.3 Many arguments may be put both for and against this proposal - as
they may be for all the views that I will mention. Here is one argument
against. What makes such a world a different possible world, and not simply
part of this one? The natural answer is that the space, time and causation
of that world are unconnected with the space, time and causation of this
world. One cannot travel from here to there in space or time; nor can causal
processes from here reach there, or vice versa.

2.6.4 But why should that make it a different world? Suppose that because
of the spatial geometry of the inside of a black hole, one could travel thence
down a worm hole into a part of the cosmos with its own space and time;
and suppose, then, that the worm hole closed up. We would not think of that
region, now causally isolated from the rest, as a different possible world:
merely an inaccessible part of this one.

2.6.5 The point may be put in a different way. Why should we think that
something is possible in this world merely because it is actually happening
at another place/time? I do not, after all, think that it is possible to see
kangaroos in Antarctica merely because they are seen in Australia.

2.7 Modal Actualism

2.7.1 Another possibility (frequently termed ‘modal actualism’) is that,
though possible worlds exist, they are not the physical entities that the
modal realist takes them to be. They are entities of a different kind:
specifically, abstract entities (like numbers, assuming there to be such
things).

2.7.2 What kind of abstract entities? There are several possible candidates
here. A natural one is to take them to be sets of propositions, or other
language-like entities. Crudely, a possible world is individuated by the set
of things true at it, which is just the set of propositions it contains.

2.7.3 But a problem arises with this suggestion when one asks which sets
are worlds? Clearly not all sets are possible worlds. For example, a set that
contains two propositions but not their conjunction could not be a possible
world.

2.7.4 For a set of propositions to form a world, it must at least be closed
under valid inference. (If a proposition is true at a world, and it entails
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another, then so is that.) But there’s the rub. The machinery of worlds was
meant to explain why certain inferences, and not others, are valid. But it
now seems that the notion of validity is required to explain the notion of
world - not the other way around.

2.7.5 Avariation of actualism which avoids this problem is known as ‘com-
binatorialism’. A possible world is merely the set of things in this world,
rearranged in a different way. So in this world, my house is in Australia,
and not China; but rearrange things, and it could be in China, and not
Australia.

2.7.6 Combinatorialism is still a version of actualism, because an arrange-
ment is, in fact, an abstract object. It is a set of objects with a certain
structure. But it avoids the previous objection, since one may explain what
combinations there are without invoking the notion of validity.

2.7.7 But combinatorialism has its own problems. For example, it would
seem to be entirely possible that there is an object such that neither it nor
any of its parts exist in this world. It is clear, though, that such an object
could not exist in any world obtained simply by rearranging the objects in
this world. Hence, there are possible worlds which cannot be delivered by
combinatorialism.

2.8 Meinongianism

2.8.1 Both realism and actualism take possible worlds and their denizens,
whatever they are, to exist, either as concrete objects or as abstract objects.
Another possibility is to take them to be non-existent objects. (We know,
after all, that such things do not really exist!)

2.8.2 We are all, after all, familiar with the thought that there are
non-existent things, like fairies, Father Christmas (sorry) and phlogiston.
Possible worlds are things of this kind.

2.8.3 The view that there are non-existent objects was espoused, famously,
by Meinong. It had a very bad press for a long time in English-speaking
philosophy, but it is fair to say that many of the old arguments against the
possibility of there being non-existent objects are not especially cogent.

2.8.4 Forexample, one argument against such objects is that, since they can-
not interact with us causally, we would have no way of knowing anything
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about them. But exactly the same is true, of course, of possible worlds as
both the realist and the actualist conceive them, so this can hardly count
to their advantage against Meinongianism about worlds.

2.8.5 Moreover, it is very clear how we know facts about at least some non-
existent objects: they are simply stipulated. Holmes lived in Baker Street -
and not Oxford Street - because Conan Doyle decided it was so.

2.8.6 The preceding considerations hardly settle the matter of the nature
of possible worlds. There are many other suggested answers (most of which
are some variation on one or other of the themes that I have mentioned);
and there are many objections to the suggestions I have raised, other than
the ones that I have given, as well as possible replies to the objections I have
raised; philosophers can have hours of fun with possible worlds. This will
do for the present, though.

2.9 *Proofs of Theorems

2.9.1 The soundness and completeness proofs for K are essentially varia-
tions and extensions of the soundness and completeness proofs for propo-
sitional logic. We redefine faithfulness and the induced interpretation. The
proofs are then much as in 1.11.

2.9.2 DEFINITION: Let Z = (W, R, v) be any modal interpretation, and b be
any branch of a tableau. Then Z is faithful to b iff there is a map, f, from the
natural numbers to W such that:

For every node A,ion b, A is true at f (i) in Z.
Ifirjis on b, f()Rf (j) in Z.

We say that f shows Z to be faithful to b.

2.9.3 SOUNDNESS LEMMA: Let b be any branch of a tableau, and 7 = (W, R, v)
be any interpretation. If 7 is faithful to b, and a tableau rule is applied to it,
then it produces at least one extension, b/, such that 7 is faithful to b'.

Proof:

Let f be a function which shows Z to be faithful to b. The proof pro-
ceeds by a case-by-case consideration of the tableau rules. The cases for the
propositional rules are essentially as in 1.11.2. Suppose, for example, that
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AAB,iisonb, and that we apply the rule for conjunction to give an extended
branch containing A, i and B, i. Since 7 is faithful to b, A A B is true at f(i).
Hence, A and B are true at f (i). Hence, 7 is faithful to the extension of b. We
will therefore consider only the modal rules in detail. Consider the rule for
negated <. Suppose that =OA, i occurs on b, and that we apply the rule to
extend the branch with 0—A,i. Since 7 is faithful to b, —=0A is true at f(i).
Hence, O—A is true at f (i) (by 2.3.9). Hence, 7 is faithful to the extension of
b. The rule for negated [J is similar (invoking 2.3.10).

This leaves the rules for J and <©. Suppose that (A, i is on b, and that we
apply the rule for 0. Since 7 is faithful to b, A is true at f(i). Moreover,
for any i and j such that irj is on b, f (i)Rf (j). Hence, by the truth conditions
for OJ, A is true at f(j), and so 7 is faithful to the extension of the branch.
Finally, suppose that ©A,i is on b and we apply the rule for ¢ to get nodes
of the form irj and A, j. Since 7 is faithful to b, ¢A is true at f(i). Hence, for
some w € W, f(i)Rw and A is true at w. Let f’ be the same as f except that
f'(j) = w. Note that f’ also shows that 7 is faithful to b, since f and f’ differ
only at j; this does not occur on b. Moreover, by definition, f’(i)Rf’(j), and A
is true at f'(j). Hence, f’ shows 7 to be faithful to the extended branch. W

2.9.4 SOUNDNESS THEOREM FOR K: For finite %, if ¥ + A then T = A.

Proof:

Suppose that ¥ [ A. Then there is an interpretation, Z = (W, R, v), that
makes every premise true, and A false, at some world, w. Let f be any func-
tion such that f(0) = w. This shows Z to be faithful to the initial list. The
proof is now exactly the same as in the non-modal case (1.11.3). |

2.9.5 DEFINITION: Let b be an open branch of a tableau. The interpretation,
T = (W,R,v), induced by b, is defined as in 2.4.7. W = {wj; : i occurs on b}.
w;iRw; iff irj occurs on b. If p,i occurs on b, then vy, (p) = 1; if —p, i occurs on
b, then vy, (p) = 0 (and otherwise vy, (p) can be anything one likes).

2.9.6 COMPLETENESS LEMMA: Let b be any open complete branch of a tableau.
Let 7 = (W, R, v) be the interpretation induced by b. Then:

if A,iis on b then A is true at w;
if —A,iis on b then A is false at w;
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Proof:

The proof is by recursion on the complexity of A. If A is atomic, the result
is true by definition. If A occurs on b, and is of the form B v C, then the rule
for disjunction has been applied to BV C,i. Thus, either B,i or C,i is on b. By
induction hypothesis, either B or C is true at w;. Hence, B v C is true at w,
as required. The case for —(B v C) is similar, as are the cases for the other
truth functions. Next, suppose that A is of the form OB. If (0B, iis on b, then
for all j such that irj is on b, B, j is on b. By construction and the induction
hypothesis, for all w; such that w;Rw;, B is true at w;. Hence, OB is true at w,
as required. If -JA, i is on b, then ©—A, i is on b; so, for some j, irj and —A, j
are on b. By induction hypothesis, w;Rw; and A is false at w;. Hence, OA is

false at w; as required. The case for < is similar. |
2.9.7 COMPLETENESS THEOREM: For finite ¥, if ¥ = A then X - A.

Proof:

Suppose that X t# A. Given an open branch of the tableau, the interpretation
that this induces makes all the premises true at wo and A false at wy by the
Completeness Lemma. Hence, ¥ = A. |

2.10 History

Modal logic is as old as logic. Aristotle himself gave an account of which
modal syllogisms he took to be valid (see Kneale and Kneale, 1975, ch. 2,
sect. 8). Modal logic and semantics were also discussed widely in the Middle
Ages (see Knuuttila, 1982). In the modern period, the subject of modal logic
was initiated by C. L. Lewis just before the First World War (see Lewis and
Langford, 1931). Initially, it received a bad press, largely as a result of the
criticisms of Quine - whose work also produced much of the unpopularity
of Meinongianism. (On both, see the papers in Quine, 1963.) Things changed
with the invention of possible-world semantics in the early 1960s. These are
due to the work of a number of people, most notably that of Kripke (1963a).
(For a history, see Copeland, 1996, pp. 8-15.)

The notion of a possible world is to be found in Leibniz (e.g., Monadol-
ogy, sect. 53). Modal realism has been espoused most famously by D. Lewis
(1986). Notable proponents of actualism include Plantinga and Stalnaker.
Combinatorialism is espoused by Cresswell. See the papers by all three in
Loux (1979). The idea that worlds are non-existent objects is proposed in

33



34

An Introduction to Non-Classical Logic

Routley (1980a) and defended in Priest (2005c¢). Kripke’s own views on the
nature of possible worlds can be found in Kripke (1977).

2.11 Further Reading

Perhaps the best introduction to modal logic is still Hughes and Cresswell
(1996). The semantics of K are given in chapter 2. (Hughes and Cresswell use
axiom systems rather than tableaux for their proof theory.) Chellas (1980)
is also excellent, though a little more demanding mathematically. Tableaux
for modal propositional logics can be found in chapters 2 and 3 of Girle
(2000). A somewhat different form can be found in chapter 2 of Fitting and
Mendelsohn (1999). A useful collection of essays on the nature of possible
worlds is Loux (1979); chapter 15, ‘The Trouble with Possible Worlds’, by
Lycan, is a good orientational survey. Read (1994, ch. 4) is also an excellent
discussion.

2.12 Problems

1. Check the details of 2.3.10.

2. Show the following. Where the tableau does not close, use it to define a
counter-model, and draw this, as in 2.4.8.
(@) +(OAADOB) > OAAB)

(b) - (@A vVOB) > OAVB)
() FOA=-0-A

(d) = CA=-0-A

(e) H (A AB) D (CAACB)
(f) = A VB) D (CAV OB)
(g DADB FCAD OB

(h) OA, OB+ (A AB)

() FOA=0(-ADA)

(j) FOADOBDOA)

(k) F=CBD> OB DA)

1) ¥Opve > OpvUg
(m) Op,0—-q 0@ > q)

(n) ©p,Oq ¥ S A q)

() #Op>p

() ¥Op>Op
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(@ p¥Op
(r) ¥ Op > 0O0p

(s) ¥ Op > ©Op

(t) ¥p>O0p

(W ¥ op > 0O0p

v) ¥ o(p v —p)

3. How might one reply to the objections of 2.5-2.8, and what other objec-
tions are there to the views on the nature of possible worlds explained
there? What other views could there be?

4. *Check the details omitted in 2.9.3 and 2.9.6.
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3 Normal Modal Logics

3.1 Introduction

3.1.1 In this chapter we look at some well-known extensions of K, the
system of modal logic that we considered in the last chapter.

3.1.2 We then look at the question of which systems of modal logic are
appropriate for which notions of necessity.

3.1.3 We will end the chapter with a brieflook at logics with more than one
pair of modal operators, in the shape of tense logic. (This can be skipped
without loss of continuity for Part I of the book.)

3.2 Semantics for Normal Modal Logics

3.2.1 There are many systems of modal logic. If there is any doubt as to
which one is being considered in what follows, we subscript the turnstile
(= or ) used. Thus, the consequence relation of K is written as .

3.2.2 The most important class of modal logics is the class of normal logics.
The basic normal logic is the logic K.

3.2.3 Other normal modal logics are obtained by defining validity in terms
of truth preservation in some special class of interpretations. Typically, the
special class of interpretations is one containing all and only those inter-
pretations whose accessibility relation, R, satisfies some constraint or other.
Some important constraints are as follows:

rho), reflexivity: for all w, wRw.

sigma), symmetry: for all wq, wy, if w1Rwy, then wyRw;.

tau), transitivity: for all wq, wy, ws, if wiRwy and wpRws, then w1 Rws.
eta), extendability: for all wq, there is a wy such that wqRwy.
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3.2.4 We term any interpretation in which R satisfies condition p a p-
interpretation. We denote the logic defined in terms of truth preservation
over all worlds of all p-interpretations, Kp, and write its consequence rela-
tion as k=g,. Thus, ¥ k=g, A iff, for all p-interpretations (W,R,v), and all
w e W, if v,(B) =1 for all B € %, then vy (A) = 1. Similarly for o, 7 and 7.

3.2.5 The conditions on R can be combined. Thus, for example, a po-
interpretation is one in which R is reflexive and symmetric; and the logic
Kot is the consequence relation defined over all o t-interpretations. Histor-
ically, the systems Kp,Kn,Kpo,Kpt and Kpot are known as T, D, B, $4 and
S5, respectively.

3.2.6 Note that if R is reflexive, it is extendable. (If a world accesses itself,
it certainly accesses something.) But otherwise, with one exception, all
the conditions on R are independent: one can mix and match at will.
For example, here is a relation that is symmetric and reflexive, but not
transitive:

~ ~ ~
Wi &2 Wy &2 w3

The other combinations are left as an exercise (see 3.10, problem 1). The
exception is that o,  and 7, together, give p.!

3.2.7 Every normal modal logic, £, is an extension of K, in the sense that
if ¥ ¢ Athen ¥ =, A. For if truth is preserved at all worlds of all inter-
pretations, a fortiori it is preserved at all worlds of any restricted class of
interpretations.

3.2.8 This is an important kind of argument that we use a number of times,
so let us pause over it for a moment. Consider the following diagram:

Ix Iy

Suppose that the outer box contains all interpretations of a certain kind (in
our case, all K interpretations), and that the inner box contains some more

1 Consider any world, w, By n, wRw’ for some w’. So, by o, w’ Rw, and, by t, wRw.
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restricted class of interpretations (in our case, those appropriate for the
logic £). Then if truth (from premise to conclusion) is preserved in all worlds
of all interpretations in Zx, then it is preserved in all worlds of all interpre-
tations in Zy. Hence, the logic determined by the class of interpretations Zy
is an extension of that determined by the class Zx.

In other words, if Vx and Vy are the sets of the inferences that are valid
in the two logics, they are related as in the following diagram:

Vy Vx

Note that the relationship between Zx and Zy is inverse to that between and
Vx and Vy: fewer interpretations, more inferences. (Or, to be more precise,
no less. It is possible to have fewer interpretations with the same set of
valid inferences. We will have an example of this in 3.5.4. Thus, Vy may be
a degenerate (improper) extension of Vx, namely V itself.)

3.2.9 For exactly this reason, Kpo is an extension of Kp; Kpot is an
extension of Kpo, and so on.

3.3 Tableaux for Normal Modal Logics

3.3.1 The tableau rules for K can be extended to work for other normal
systems as well. Essentially, this is done by adding rules which introduce
further information about  on branches. Since this information comes into
play when the rule for O is applied, the effect of this is to increase the
number of applications of that rule.

3.3.2 The rules for p, o and 7 are, respectively:

P o T
irj irj

I L Jrk

iri jri I

irk
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(We come to the rule for 5 in the next section.) The rule for p means that if
i is any integer on the tableau, we introduce iri. It can therefore be applied
to world 0 after the initial list, and, thereafter, after the introduction of
any new integer. The other two rules are self-explanatory. Note that if the
application of a rule would result in just repeating lines already on the
branch, it is not applied. Thus, for example, if we apply the o-rule to itj to
get jri, we do not then apply it again to jri to get irj. The following three
subsections give examples of tableaux for Kp, Ko and Kz, respectively.

3.3.3 kg, Op D p:

—(@p>p).0
0r0
Op, 0
-p,0
p,0

X

The last line is obtained from Op, 0, since 0r0. Since Op D p is not valid in
K (2.12, problem 2(0)), this shows that Kp is a proper extension of K. (That

is, Kp is not exactly the same as K.)

3.34 g, p D OOP:

—(p > 00p),0
p,0
—-0op, 0
O=0p, 0
orl
—-op, 1
1r0
O-p,1
-p,0

X

The last line follows from the fact that O—p, 1, since 1r0. Since p > OCp is
not valid in K (2.12, problem 2(t)), this shows that Ko is a proper extension
of K.
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3.3.5 kg, Op D OOp:

—=(Op D 0OOp), 0
Op,0
—0O0p, 0
&=-0p, 0
orl
—0Op, 1
o—p, 1
1r2
—p, 2
0r2
p,2

X

When we add 1r2 to the tableau because of the ¢-rule, we already have
0r1; hence, we add 0r2. Since Op holds at 0, an application of the rule for
0O immediately closes the tableau. Since Op > DOOp is not valid in K (2.12,
problem 2(r)), this shows that Kt is a proper extension of K.

3.3.6 For ‘compound’ systems, all the relevant rules must be applied.
There may be some interplay between them. To keep track of this, adopt
the following procedure. New worlds are normally introduced by the
<O-rule. Apply this first. Then compute all the new facts about r that need
to be added, and add them. Finally, backtrack if necessary and apply the
O-rule wherever the new r facts require it. The procedure is illustrated in
the following tableau, demonstrating that Fg,, Op D OOp. For brevity’s
sake, we write more than one piece of information about r on the same
line.
—(Cp D OCp), 0
<p, 0
=04, 0
or1
p1
1r0,1r1,0r0
O=0p, 0
0r2
—-Op, 2

!



Normal Modal Logics

2r0,2r2,1r2, 2r1
O-p, 2
—p,2
—p, 1
—p, 0

X

The line &—<p, 0 requires the construction of a new world, 2, with an appli-
cation of the ¢-rule. This is done on the next two lines. We then add all
the new information about r that the creation of world 2 requires. 210 is
added because of symmetry; 2r2 is added because of transitivity and the
fact that we have 2r0 and 0r2; 1r2 is added because of transitivity and the
fact that we have 110 and 0r2; similarly, 2r1 is added because of transitivity.
Symmetry and transitivity require no other facts about r. In constructing a
tableau, it may help to keep track of things if one draws a diagram of the
world structure, as it emerges.

3.3.7 Counter-models read off from an open branch of a tableau incorporate
the information about r in the obvious way. Thus, consider the following
tableau, which shows that I#¢,, Op D OOp.

—(Op D> 0Odp),0
oro
Op, 0
—0O0p, 0
p,0
<&—=0p, 0
or1
—0Op, 1
1r1,1r0
p1
o=p, 1
1r2
—p, 2
2r2,2r1

The counter-model is (W,R,v), where W = {wg,w1,w3}, R is such that
WoRwg, wiRw1, WwoRws, woRw1, wiRwg, wiRw, and wyRwq, and v is such that
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vw, () = vw, (p) = 1, vw, (p) = 0. In pictures:

~ ~ ~
Wo =2 Wi &2 Wy
p p -p

3.3.8 The tableau systems above are all sound and complete with respect
to their respective semantics. The proof of this can be found in 3.7.

3.4 Infinite Tableaux
3.4.1 The tableau rule for 7 is as follows:

n

!
irj
It is applied to any integer, i, on a branch, provided that there is not already

something of the form irj on the branch, and the j in question must then
be new.

3.4.2 Care must be taken in applying this rule. If it is applied every time
as soon as it is possible to do so, we go off into an infinite regress from
which we never return. For when we introduce j, we have (since j is new) to
introduce a new k and add jrk, and then a new I, and add krl, and so on.

3.4.3 Theruleis alright, however, provided that one does not apply it imme-
diately, where to do so would prevent other rules from being applied. It
must still be applied at some time, of course (unless the tableau closes first).
Soundness and completeness for the rule are proved in 3.7.

3.4.4 The following tableau demonstrates that ¢, Op D <p.

—(@p > <p),0
Op, 0
—-Op, 0
O-p,0
orl
p,1
-p,1

X
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This inference is not valid in K (2.12, problem 2(p)). Hence, K7 is a proper
extension of K.

3.4.5 Even with the rule applied in this way, though, if the tableau fails
to close, it will be infinite, as the following tableau, demonstrating that
t/x, Op, illustrates:
—0Op, 0
&=p, 0
0r1
—-p,1
1r2
2r3

The tableau is infinite, but the (only) branch is still open. Hence, the infer-
ence is still invalid. The branch also specifies a counter-model, though this,
too, is infinite. It may be depicted thus:

-p
Wo — W1 — Wy —

3.4.6 This does not mean that the only counter-models to Op in Kn are
infinite. For example, the following will do, as may easily be checked:

m
Wo
-p

If an inference is not valid in n, however, and it has a finite counter-model,
the tableau procedure will not find it. Such models can be found by trial and
error: make a guess; see if it works; if it does not, try making an appropriate
change; see if it works; if it does not, try making an appropriate change; etc.

3.4.7 It is not only the system K7 that may give rise to infinite tableaux;
even Kt may give rise to them. Consider the tableau showing that /g,
—(Op A OOP):
——=(Op AOOD), 0
Op A OCp, 0
<p, 0
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oop, 0
or1
p1

<op, 1
1r2
p,2
0r2

<op, 2
2r3
p,3

Every time we open a new world, i, transitivity gives us Ori. And since OCp
holds at 0, the O-rule requires us to write <p, i, which requires us to open a
new world . ..

3.4.8 Again, though, an infinite counter-model can be read off the open
branch:
p b b
wo — W1 —> Wy —> W3 —
This is a very simple example, however. In general, it is often very difficult
to establish that a tableau is infinite and open, and an even more difficult
task to read off the counter-model when it is.

3.4.9 It is usually much easier to find a simpler counter-model by trial and
error. Thus, it is easy enough to establish that the following interpretation
is a counter-model for the inference of 3.4.7:

Wo

3.4.10 We conclude this section by noting the following. I did not choose
the examples of 3.3.3, 3.3.4, 3.3.5 and 3.4.4 at random. The principles shown
to hold in each case are, in a sense, the characteristic principles of the logics
Kp, Ko, Kt and Kn.2

2 And, technically, each, when added to some axiom system for K, gives a complete
axiomatisation of the logic.
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3.5 S5

3.5.1 The system S5 is special. To see how, let an v-interpretation - ‘v’
(upsilon) for universal - be an interpretation in which R satisfies the
following condition: for all w; and wz, wiRw, - everything relates to
everything.

3.5.2 In an v-interpretation, R drops out of the picture altogether, in effect.
We can just as well define an v-interpretation to be a pair (W, v), where the
truth conditions for O are simply: vy (0A) = 1 iff for allw’ € W, vy (A) = 1;

and similarly for <.

3.5.3 Tableaux for Kv can also be formulated very simply: r is never men-
tioned. Applying the ¢-rule to ¢A, i gives a new line of the form A,j (new
j); and in applying the O-rule to OA, i, we add A, j for every j. For example,
Fro CA D OCA:

—(CA D OCA),0
OA,0
—0CA, 0
O=0A, 0
A1l
—CA, 2
0-A,2
—-A,0
-A,1
—A, 2

X

3.5.4 Now, Kpot and Kv are, in fact, equivalent, in the sense that £ g, o A
iff ¥ g, A. Half of this fact is obvious. It is easy to check that if a
relationship satisfies the condition v it satisfies the conditions p, o and
7. Hence, if truth is preserved at all worlds of all pot-interpretations, it
is preserved at all worlds of all v-interpretations. Hence, if ¥ Eg,or A,
then ¥ kg, A. The converse is not so obvious. (A proof can be found
in 3.7.5.)

3.5.5 Because of the equivalence between Kv and K po t, the name S5 tends
to be used, indifferently, for either of these systems.
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3.5.6 There are many other normal modal logics. Some of these glorify in
names such as $4.2. The number indicates that the system is between S4
and S5 in strength, but otherwise is not to be taken too seriously.

3.6 Which System Represents Necessity?

3.6.1 Let us now turn to a philosophical issue raised by the multiplicity of
normal modal logics. Which system is correct? There is, in fact, no single
answer to this question, since there are many different notions of necessity
(and, correlatively, possibility and impossibility) and the first thing that one
needs to do is distinguish among them.

3.6.2 Among the many notions, we can distinguish at least the following:
logical, metaphysical, physical, epistemic, alethic and moral. How, exactly,
to characterise each of these notions is a moot point; however, a rough
characterisation will do for our purposes.

3.6.3 A standard way of defining logical necessity is in terms of analyticity.
That is, A is logically necessary if its truth is determined solely by the mean-
ings of the words it contains. We might argue about which sentences are
analytic in this sense, but it would standardly be assumed that the following
examples are: ‘If it rains today then it rains today’, 2 + 2 = 4.

3.6.4 Itis plausible to suppose that the appropriate system of modal logic for
logical necessity is S5. Certainly, it would appear that logical truths satisfy
the principles characteristic of Kp, Ko and Kz. If A’s truth is analytic, A is
certainly true (JA D A). If A’s truth is determined simply by the meanings
of the words it contains, then so is the truth of the claim that A is analytic
(0A D OO0A). And if A is true (e.g., ‘snow is white’), then —A (‘snow isn’t
white’) is not analytically true, so —O—A (‘it is not analytically true that
snow isn’t white’), and this is so simply in virtue of the meanings of the
words involved (A D O¢A) (though one certainly might have one’s doubts
about this last claim).

3.6.5 Let us turn now to physical necessity and its cognates. Something is
physically necessary if it is determined by the laws of nature, and physically
possible if it is compatible with the laws of nature. Thus, it is physically
impossible for me to jump thirty metres into the air (though this is not a
logical impossibility).
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3.6.6 Some also hold that there is a distinct notion of metaphysical neces-
sity/possibility. Something is metaphysically necessary if it is determined by
the laws of metaphysics. What are such laws like? According to Aristotle,
at least, some of my properties are essential. That is, I could not lose
them and continue to exist. Thus, I could lose the property of being 80kg
and still exist, but I could not lose the property of being human and still
exist. That is part of my essence. Hence, it is a metaphysical law that I
am human. Note that given the laws of physics (and biology), it might
well be physically impossible for me to grow another three metres taller,
but this is not a metaphysical impossibility: height is not an essential

property.

3.6.7 The modal logics of physical and metaphysical necessity are cer-
tainly at least as strong as Kp: if A’s truth is determined by the laws of
physics/metaphysics, then A is true. But it is not clear that they are stronger.
For example, it is determined by the laws of physics that I do not accelerate
through the speed of light. But why should this fact itself be determined by
the laws of physics (as required by Kt and its extensions)? Similarly, I am
not a frog, and so it is metaphysically possible that I am not a frog. But is
that fact true because of the essence of something (as required by Ko and
its extensions)? The essence of possibility?

3.6.8 The fourth notion of necessity and its cognates is epistemic.> Some-
thing is epistemically necessary if it is known to be true, and possible if
it could be true for all we know. Thus, it is presently epistemically possi-
ble that the cosmos will start to contract in the future. But if there is not
sufficient matter in the universe, this is, in fact, a physical impossibility.

3.6.9 If something is known to be true, it is certainly true. Hence, the prin-
ciple DA D A holds for epistemic necessity. The principles for Ko and Kt are
almost certainly false, however (though they are frequently assumed in the
literature). For example, you can know something without believing that
you know it. (‘Tdidn’t believe that I had really absorbed all that information,
but when it came to the exam, I found that I had.’) A fortiori, you can know

3 When applied in this way, ‘0’ is usually written as ‘K’, and the logic is called epistemic
logic. Though it hardly corresponds to a standard notion of necessity, one may also
interpret ‘0’ as ‘it is believed that’. When applied in this way, ‘0’ is usually written as
‘B’, and the logic is called doxastic logic.
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something without knowing that you know it (assuming, as is standardly
done, that knowledge entails belief).

3.6.10 For epistemic necessity, moreover, there is a real doubt about the
adequacy of any extension of K. It is a feature of all normal logics that if
A = B then DA = OB. For if A is true at all worlds accessible from w, and A
entails B, then B is true at all worlds accessible from w. But things that we
know may well have all kinds of complex and recondite consequences of
which we are unaware, and so do not know.

3.6.10a To understand the notion of alethic necessity, consider the fact that
some predicates are vague, e.g., is a (biological) child, is drunk. (We will have
a lot more to say about these in chapter 11.) Such predicates are definitely
true of some things, definitely false of others, and for things in the border-
line area, neither definitely true nor definitely false. Thus, a person of 4 is
definitely a child; someone of 60 is definitely not; but for someone of 14,
on the cusp of puberty, the matter may be indefinite. We can interpret O as
‘It is definitely true that’.

3.6.10b It is natural to suppose that the appropriate modal logic for O in
this sense is S5. Certainly, if something is definitely true, it is true (Kp). If
something is definitely true, say that a certain 4 year-old is a child, that
judgment would itself seem to be definitely true (Kz). And if something
is definitely false, say that a certain 60 year-old is a child, then it is not
definitely true; and that is definitely true (—A D O—-0A, i.e, —A D O—-0-—4,
ie., —A D 00—A) (Ko).

3.6.10c One might suspect the arguments for Kz and Ko, however. Suppose
one thinks that in a borderline area something can be true or false, but not
definitely so. Indeed, one might take this to be the criterion of being border-
line. In this case, one can have A A —=OA. Suppose, also, that being definitely
true is itself vague. Thus, it is not clear where, as someone grows up, it
ceases to be definitely true that they are a child. Then we will have truths of
the form OA A —O0A. So the Kt principle will fail. Moreover, suppose that
A is false. Then it follows that it is not definitely true, —OA. But there is no

obvious reason why —OA must itself be definitely true, as required by Ko'.

3.6.11 Finally, moral necessity: something is morally necessary if it is
required by the laws of morality (and again we might well disagree about
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what is morally obligatory).* Notoriously, DA D A fails for this. Often, peo-
ple do not bring about what they morally ought to. The principles of Ko and
K<t are also dubious. Suppose, for example, that you murder someone; then
(arguably) you ought to be punished. But you ought not to have murdered
them in the first place, so it ought not to be the case that you ought to be
punished (DA > OOA fails).

3.6.12 It is standardly assumed that the correct modal logic for moral
necessity is K», whose characteristic principle is that ‘ought implies may’
(DA D ©A). One may doubt this too, though. It would appear that people
sometimes face moral dilemmas, where they ought to bring it about that
A, and they ought to bring about that —A too. Maybe they give a solemn
promise to each of two different parties. They are then obliged to bring
about A, but they are also obliged to bring about —A. So OA > —0O—A fails.

3.6.13 Nearly all the claims of this section are disputable (and have been
disputed). But these considerations will serve to illustrate some of the things
at issue concerning disputes over the correct modal logic.

3.6a The Tense Logic K*

3.6a.1 In the last two sections of this chapter, we will look at another
interpretation of modal logics: tense logic.

3.6a.2 The semantics of a tense logic are exactly the same as those for a
normal modal logic. Intuitively, though, one thinks of the worlds of an
interpretation as times (or maybe states of affairs at times), and the relation
wiRw as ‘wq is earlier than wy’. Hence OA means something like ‘at all later
times, A’, and ©A as ‘at some later time, A’. For reasons that will become
clear in a moment, we will now write O and < as [F] and (F), respectively.
(The F is for ‘future’.)

3.6a.3 What is novel about tense logic is that another pair of operators,
[P] and (P), is added to the language. (The P is for ‘past’.)’ Their grammar
is exactly the same as that for [F] and (F). So we can write things such as
(P) [F1(p A —[P]g).

4 When interpreted in this way, ‘0’ is usually written as ‘0’ (and ‘¢’ as ‘P’), and the logic
is called deontic logic
5 Traditionally, the operators (F), [F], (P) and [P], are written as F, G, P and H, respectively.
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3.6a.4 The truth conditions for (P) and [P] are exactly the same as those for
(F) and [F], except that the direction of R is reversed:

v ((P) A) = 1 iff for some w’ such that w'Rw, v,/ (A) = 1
v ([P]A) = 1 iff for all w’ such that w'Rw, v, (A) = 1
3.6a.5 If,in aninterpretation, R may be any relation, we have the tense-logic

analogue of the modal logic, K, usually written as K*.°

3.6a.6 Appropriate tableaux for K' are easy. The rules for (F) and [F] are
exactly the same as those for ¢ and [J, and those for (P) and [P] are the
same with the order of r reversed appropriately. Thus, we have:

[F1A,i (FYA,i —[FlA,i —(F)A,i

irj ¢ \ \
\ irj (F)—-A,i  [F1-A,i
A,j A,j
[P1A,i  (P)A,i  —[PIAi  —(P)A,i
Jri \ \ 2
! jri (P)-A,i  [P]-A,i
A,j A,j

In the first rule of each four, this is for all j; in the second, j is new.

3.6a.7 The main novelty in K* is in the interaction between the future and
past tense operators. Thus, for example, A - [P] (F) A:

A0
—[P]{F)A,0
(P)y=(F)A,0

1r0

- (F)A, 1
[F1-A, 1
—A,0

X

We have the last line, since 1r0.

6 Generally speaking, modal logics with more than one pair of modal operators are called
‘multimodal logics’, and in an interpretation for such a logic there is an accessibility
relation, Ry, for each pair of operators, (X) and [X]. In tense logic, however, it is unnec-
essary to give an independent specification of Rp, since this is just the converse of Rg.
That is, wqRpwy iff wyRpw1.
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3.6a.8 Counter-models are read off from tableaux just as they are for K. For
example, ¥ p D ([Flp Vv [P]p). The tableau for this is:

=@ > ([Flp Vv [P]p)».0
p,0
—([F]p v [P]p),0
—[F]p.0
=[P]p.0
(F)=p,0
(P)—p,0
orl
—-p,1
2r0
-p, 2

This gives the counter-model which may be depicted as follows:

Wy — Wo — Wi
-p p -p

3.6a.9 If A is any formula, call the formula obtained by writing all ‘P’s as
‘F’s, and vice versa, its mirror image. Thus, the mirror image of [F]p D — (P) q
is [Plp D> —(F)q. Given any binary relation, R, let its converse, R, be the
relation obtained by simply reversing the order of its arguments. Thus, xRy
iff yRx. It is clear that if we have any interpretation for K, the interpretation
that is exactly the same, except that R is replaced by R, is just as good an
interpretation. Moreover, in this interpretation, (F) and [F] behave in exactly
the same way as (P) and [P] do in the original interpretation, and vice versa.
Hence any inference is validfinvalid in K' just if the inference obtained by
replacing every formula by its mirror image is valid/invalid. So, for example,
by 3.6a.7, A+ [F](P) A.

3.6b Extensions of K*

3.6b.1 Extensions of K' are obtained, as in the case of K, by adding

conditions on the accessibility relation. In this way we obtain K!, wa, etc.

3.6b.2 Thought of in tense-logical terms, the conditions on R are

constraints on the way in which the temporal relation ‘x is before y’ may
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behave. Thus, the condition t says that beforeness is transitive (if x is before
v, and y is before z, then x is before z), which we normally suppose it to be.
The condition 7 says that there is no last point in time, and its reversal, »’
(for all x, there is a y such that yRx) says that there is no first point in time.
These are, perhaps, more contentious, but still very natural. The conditions
p and o have, by contrast, little plausibility. The first says that every point
in time is later than itself; the second says that if x is before y then y is
before x.

3.6b.3 Inthe context of tense logic, some other constraints are very natural,
however. Some notable ones are:

3 (delta), denseness: if xRy then for some z, xRz and zRy
¢ (phi), forward convergence: if xRy and xRz then (yRz or y = z or zRy)
B (beta), backward convergence: if yRx and zRx then (yRz or y = z or zRy)

The first of these says that, for any two times, there is a time between
them; the second says that time cannot branch forward, so that if y and z
are both later than x, they cannot belong to distinct ‘futures’: if they are
not the same, one must be before the other. Similarly, the third says that
time cannot branch backwards. Note that ¢ and g are vacuously satisfied if
y is z, or either is x. Hence, the conditions need apply only to distinct x, y
and z.

3.6b.4 The tableau rules for p, t, o and 5 are as usual. That for »’ is an
obvious modification of that for 5. The rule for § is:

irj

l

irk

krj
where k is new to the branch. (If a branch fails to close, this rule makes
it infinite, as does the rule for ».) In K!, we have [F][F]A I [F]A and its
mirror image, [P][P]A I [P]A (neither of which is valid in K¢, as may easily
be checked). Here, for example, is a tableau for the latter:

[P][P]A, 0
~[P]A,0
(P) —A, 0

!
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1r0
-A, 1
1r2,2r0
[P]A, 2
Al

X
The line 1r2, 2r0 is generated by the rule for 3.

3.6b.5 To formulate tableau rules for ¢ and 8, we have to complicate things
a little. Lines concerning the accessibility relation are now allowed to be of
the form i = j as well as irj. There is a new rule (or to be precise, pair of

rules) for =:
a(i) o (i)
i=j j=i
\ \
a(j) a(j)

a(i) is aline of the tableau containing an ‘i’. «(j) is the same, with ‘j’ replacing
‘i’. Thus:

if (i) is A i, «(j) is A,j
if (i) is kri, a(j) is krj
ifa@isi=k, a@)isj=k

In fact, in the first case, we never need to (or will) apply the rules to lines
where A is anything other than a propositional parameter or the negation
of one (though the rule works whatever A is). And obviously, we do not need
to apply the rule if it would produce a line that is already there (counting
i =j as the same as j = i).

3.6b.6 The rules for ¢ and 8 are now, respectively:
irj jri
irk kri

s LN s LN
jrk j=k krj jrk j=k krj

where i, j and k are distinct.
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3.6b.7 In K]; we have (F)p A (F)qH (F)(pAq) V(F) (pA(F)q) Vv (F) (F)pAQ),
which is not valid in K?, as may easily be checked.” (And the same for the

mirror image of this in KE.) Here is the tableau:

(FYpA(F)q,0
—“(FYprq Vv E) A F) g V() (F)pArg).0

—{Fprq,0

—~(F) A (F)),0

—(F) (F)prq),0
[FI=(p A @), 0

[FI=( A (F) @), 0

[FI=(F)p A @), 0

(F)p,0
(F)q.0
orl
p,1
or2
q,2
4 1 N
1r2 1=2 2rl
- A (F)q).1 —(p A g),1 ~((F)p A q),2
e N v N v N
-p.1 —-{Fgl —-p1 —q1 = (F)p2 —q,2
X [F]—q, 1 X —q, 2 [F]-p, 2 X
—q, 2 X -p,1
X X

The last formula on the right fork of the middle branch is obtained by

the = rule.

3.6b.8 Reading off a counter-model from a tableau is the same as for K¢,
except that whenever there is a bunch of lines of the formi =j,j=k,...,
we choose only one of the numbers, say i, and ignore the others. (It does

7 Note that the conclusion is of the form A v BV C. Strictly speaking, this should be either
(AvB)VvC, orAv (Bv (). But the bracketing makes no difference. The two formulas
have the same truth value (at every world), and in a tableau, both give the same three
branches, one for each disjunct. Similarly, given —(A v B v C) on a tableau, the effect is
to give three lines, one for the negation of each disjunct.
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not matter which we choose, because of the = rule.) For example, in K!, we
have (F) p ¥ [F](p A q). Here is the tableau:

(F)p,0
—[Fl(p A q),0
(F)=(p A0

orl
p1
0or2
(A q),2
e ! N
1r2 1=2 2r1

v N
-p,2 —q,2
p.2 p,2

X —-q,1

The last two lines on the open branch shown are obtained by applying the =
rule. All other applications of the rule produce lines that are already present.
In reading off the counter-model from the completed open branch, since
1 = 2 occurs on the line, we can simply ignore all lines marked 2 to obtain:

Wo — Wi
p
—q

It is easy to check that the counter-model works.

3.6b.9 The tableaux for K' and its various extensions are sound and
complete with respect to their semantics. This is shown in 3.7.

3.6b.10 Some of the interesting philosophical issues related to tense logics
concern the structure of time itself. For example, it is natural to suppose
that the future is open in a way that the past is not. Let p describe some
future event that it is within my power to make true, and within my power
to make false. (So p might be ‘I will father a third child’ — well, with a little
help from at least one other person!) Then there would seem to be different
futures, in one of which p is true, and in the other of which it is not. The
same is not the case for a q about the past (e.g., ‘I fathered at least two
children’). I am not now able to render this either true or false at will. (It is
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just true, and nothing I do can change this.) Thus, one might suppose, time
satisfies the condition 8 of backward convergence, but not the condition ¢
of forward convergence.

3.6b.11 Thisis less than clear, though. Granted, there are two possible futures
concerning p; it does not follow that there are two actual futures. Certainly,
O (F)p A © (F) —p; but it is not clear that (F)p A (F) —p. The first of these
is quite compatible with future convergence. To establish this, however,
requires a semantics for a language with both tense and modal operators.
I leave details of this as a non-trivial exercise.

3.7 *Proofs of Theorems

3.7.1 THEOREM: The tableaux for Kp, Ko, Kt and K are sound with respect
to their semantics.

Proof:

The proof'is as for K (2.9.2-2.9.4). All we need to do is check that the Sound-
ness Lemma still works given the new rules. So suppose that f shows Z to
be faithful to b and that we then apply one of the rules. For p: we get iri,
but f(i)Rf (i) since R is reflexive. For o: since irj is on b, f(i)Rf (j), but then
f(Rf (@) since R is symmetric, as required. For z: since irj and jrk are on b,
F@ORF () and f(G)Rf (k). Hence f (i)Rf (k) since R is transitive, as required. For
n:ioccurs on b, and we apply the rule to get irj, where j is new. We know that
for some w € W, f(i)Rw. Let f’ be the same as f except that f'(j) = w. Since j
does not occur on b, f’ shows that 7 is faithful to b. Moreover, f’(i)Rf’(j) by
construction. Hence, f’ shows that 7 is faithful to the extended branch. H

3.7.2 THEOREM: The tableaux for systems with any combination of p,o,t
and n are sound with respect to their semantics.

Proof:
We just combine each of the individual arguments. [ ]

3.7.3 THEOREM: The tableaux for Kp, Ko, Kt and Kn are complete with
respect to their semantics.

Proof:
The proofis as for K (2.9.6-2.9.7). All we have to do, in addition, is check that
the interpretation induced by the open branch, b, is of the required kind.
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For p: for every w; € W, iri occurs on b (by the p-rule), hence, by definition
of R, wjRw;. For o: for w;, w; € W, suppose that w;Rw;. Then irj occurs on b;
but then jri occurs on b (by the o-rule). Hence, wjRw;, as required. For z: for
wi, wj, Wy € W, suppose that w;Rw; and wjRwy. Then irj and jrk occur on b;
but then irk occurs on b (by the r-rule). Hence, wjRwy, as required. For 5: if
w; € W then for some j, irj is on b. Hence, for some j, w;Rwj, as required. W

3.7.4 THEOREM: The tableaux for systems with any combination of p, o, ©

and n are complete with respect to their semantics.

Proof:
We just combine each of the individual arguments. |

3.7.5 THEOREM: X =g o7 A iff ¥ =gy A

Proof:

The proof from left to right is as in 3.5.4. From right to left, suppose that
Y Fkpor A. Let T = (W,R,v) be a por-interpretation, such that for some
w € W, all members of ¥ are true at w, but A is not. R is an equivalence
relation. Let W’ be the equivalence class of w, [w]. Let 7/ = (W',R’, '), where
R’ and v’ are the restrictions of R and v to W’, respectively. Then 7’ is an
v-interpretation. If, for any A and w € W/, the truth value of A at w is
the same in 7 and 7, the result follows. That this is so follows by a sim-
ple induction. The cases for propositional parameters and the extensional
connectives are trivial. The case for O is as follows. That for < is similar:

v, (0A) =1 iff forallx € W such that wR'x, vi(A) =1
iff forall x e W’ such that wR'x, vx(A) =1 IH®
iff for all x € W such that wRx, vy(A) =1 (%)
iff vy(OA) =1

The line (*) holds since wRx iff x € W’ iff wR'x. |

3.7.6 THEOREM: The tableaux for K' are sound and complete with respect
to its semantics.

Proof:
The proof of the soundness and completeness theorems are essentially
the same as those for K. (2.9.3-2.9.4, 2.9.5-2.9.7). In the Soundness and

8 Induction Hypothesis
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Completeness Lemmas, there are new cases to check for [P] and (P). These
are exactly the same as those for [F] and (F) (i.e., O and <), with trivial
modifications. [ |

3.7.7 THEOREM: The tableaux for the extensions of K! discussed are sound

with respect to their semantics.

Proof:
If the rules for 8 or ¢ are employed, an extra clause has to be added to the
definition of faithfulness:

Ifi =jis on b then f(i) is f (j).

The proof is now the same as that for K*. We merely have to check the extra
cases for the new rules. The cases for p, o, 7, n are as in the modal case
(3.7.1). The case of ' is a trivial modification of that for 5. The cases for the
other rules are as follows.

8: Suppose that itj is on b, and that we apply the rule to get irk and krj,

where k is new to the branch. Since 7 is faithful to the branch, f(i)Rf (j).

By the denseness constraint, for some w, f(i)Rw and wRf (j). Let f’ be the

same as f, except that f’(k) = w. Since k does not occur on the branch, f’

shows 7 to be faithful to b.

e ¢: Suppose that irj and irk are on b. Then f(i))Rf (j) and f(i))Rf (k). By the
forward convergence constraint, f (j)Rf (k) or f(k)Rf (j) or f(j) = f(k). So f
shows at least one of the branches obtained by applying the rule to be
faithful to b.

e (: the argument is the same.

e =: Suppose that «(i) and i = j are on b, and that we apply the rule to get

a(j). Since f shows Z to be faithful to b, f(i) = f(j). If «(i) is A, i, then A is

true at f (i). Hence A is true at f (j), as required. The other two possibilities

for «(i) are similar. [

3.7.8 THEOREM: The tableaux for the extensions of K* discussed are com-

plete with respect to their semantics.

Proof:
The proof is similar to that for K*, though the induced interpretation is
defined differently. Given a completed open branch of a tableau, b, let I be
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the set of world numbers that occur on b. Define a relation on I as follows,
i~jiff:

i=7j, or i =4 occurs on b, or ‘j =i’ occurs on b

~ is obviously reflexive and symmetric. By the = rule, it is also transitive.
Hence, it is an equivalence relation. Let [i] be the equivalence class of i. The
induced interpretation is (W, R, v), where, W = {wy; : i e I}; wyRwy;) iff irj is
on b; vy, (p) = 1if p,iis onb, and vy, (p) = 0 if —p, i is on b. Note that R and
v are well defined. For if [i] = [i'] and [j] = [j]: irj is on b iff i'rj is on b; p, i is
onbiffp,i is on b; and —p,iis on b iff —p, i’ is on b; all because of the = rule.

The appropriate version of the Completeness Lemma now states:

if A,iis on b then A is true at wy;
if =A,iis on b then A is false at wp;;

In the proof of this, the basis case, and the cases for the extensional con-
nectives are essentially as for K*, with trivial modifications. The cases for
[F] are as follows. Those for (F), [P] and (P) are left as exercises.

Suppose that [F]B,i is on b. Then for all j € I, such that irj is on b, B,j
is on b. Hence, by construction and induction hypothesis, for all wy; such
that wy;Rwyj), B is true at wyj), as required. Suppose that —[F1B,iis on b. Then
(Fy—B,i is on b, as, therefore, are irj and —B,j, for some j. By construction
and induction hypothesis, wy;Rwy;; and B is false at wy;;. Hence, [F1B is false
at wy;), as required.

It remains to be checked that the induced interpretation is of the appro-
priate kind if the corresponding tableau rule is used. The cases for p, 7, o,
n, n’ and B are left as exercises. Here are the other two cases:

e &: Suppose that wy;Rwy;;. Then irjis on b. So by the é-rule, there is some k
such that irk and krj are on b. Hence for some k, wyRwp; and wygRwy;), as
required.

e ¢: Suppose that wyRwy; and wy;Rwy,; (where [i], [j] and [k] are distinct).
Then irj and irk are on b. Because the ¢-rule has been applied, either jrk,
krj, or j = k is on b; so either wiRwy; or wy Rwyj; or j ~ k. In the last case,
[j1 = [k], so wjj) = wyiy. In all three cases, we therefore have what we need.

Note, finally, that if the rules for ¢ and 8 are not in operation in a tableau,
then the relation ~ simply reduces to identity. So [i] = {i}. In this case, we
may take W to be {w;:i € I}, and dispense with the equivalence classes
entirely. |
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3.8 History

C. L. Lewis proposed five systems of modal logic, which he labelled S1-55 (see
Lewis and Langford, 1931). We look at S1-S3 in the next chapter. The system
T was proposed by Feys. For its history, see Hughes and Cresswell (1996, p.50,
n.7). The name B stands for ‘Brouwer’, the founder of intuitionism, because
of a (somewhat tenuous) connection between the characteristic principle
of B, A D O¢A, and intuitionist logic (for details, see Hughes and Cresswell,
1996, p.70, n.5). D stands for ‘deontic’, a name given to the system by Lem-
mon and Scott (see Hughes and Cresswell, 1996, p.50, n.8).

The possibility of interpreting a modal logic as an epistemic logic or a
deontic logic, was suggested by Von Wright (1951, 1957). The person who
realised the similarity between tense and modality, and invented tense
logic, was Prior (1957).

3.9 Further Reading

Hughes and Cresswell (1996, chs. 2-4) survey a number of systems of
modal logic, including those discussed in this chapter. Girle (2000, chs. 2-3)
contains tableau systems for the modal logics of this chapter.

For expositions of epistemic logic, see Hintikka (1962) and Meyer (2001);
and on deontic logic, see Hilpinen (1981, 2001). For tense logic, see
Burgess (1986) and Venema (2001). On the combination of tense and modal
operators, see Thomason (1986).

Various notions of necessity are discussed in Lemmon (1959). The most
famous defence of the notion of metaphysical necessity in contemporary
philosophy is Kripke (1980). On the possibility of moral dilemmas, see
Gowans (1987). For one approach to the modal logic of definite truth, see
Williamson (1994).

3.10 Problems

1. This exercise concerns combinations of relations.

(a) For each of p, o, v and 5, produce a relation which satisfies one of
these but none of the others (except that p implies 5, so this case is
impossible).

(b) There are six pairs of these conditions: po, pt, (pn), o7, on and 7.
Since p entails 7, the third of these is simply p. For each of the five
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genuine compound pairs, produce a relation that satisfies this condi-
tion, but none of the others (except that any relation that is p must
also be 7).

(c) Check the following. There are four triples of these conditions: pot,
(pon), (ptn), (0Tn). Because p entails n, the middle two are simply po
and pt. Moreover, for the same reason, and because o7 entails p (as
we noted in 3.2.6), the first and last are identical. (And for good mea-
sure, potn is simply pot as well.) Hence, there is only one genuine
triple.

2. Which of the inferences of 2.12, problems 2(I)-(v) hold in Kp, Ko, Kt and
Kn? Check with appropriate tableaux. If a tableau does not close, define
and draw a counter-model.

3. Show the following in K p:

(@) - (OADBAOBDC)DMADO

(b)) F(BADB ACAAQC)DOBAC

() - (DAAOB) D (A=B)

(d) = <(ADB)=(0ADCB)

(e) F (C—=AvV O=B) v O(AVB)

(f) F O(AD BAC)) D (TAD OB) A (DA D ©C))

4. Show the following in Kp<:

(a) - (OA v OB) = O(0A v OB)
() FOM@A=B)>C) D ((@A=B)>O0)

5. Show the following in Kv:

(a) HOCAD OCA

(b) - CA D OCA

() - 0O(0A > OB) v O(OB D OA)

(d) H O(CA D> B)=0(AD OB)

6. Which of the following hold in Kpt?

(a) = <o0Op > OOp

(b) =0@Ep > q) vO@OgDp)

(c) =B =q >0O(Op =09

(d) - oOp=0%p

7. The following exercises concern the relationships between various
normal modal logics.

(a) If R is reflexive (p), it is extendable (5). Hence, if truth is preserved
at all worlds of all p-interpretations, it is preserved at all worlds of
all p-interpretations. Consequently, the system Kp is an extension of
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(d)

the system K. Find an inference demonstrating that it is a proper
extension.

Show that none of the systems Kp, Ko and Kz is an extension of any
of the others (i.e., for each pair, find an inference that is valid in one
but not the other, and then vice versa). (Hint: see 3.4.10.)

By combining the individual conditions, we obtain the systems K po,
Kpt, Kot, Kon and Ktn (see problem 1(b)). Kpo is an extension of
Kp and Ko. Show that it is a proper extension of each of these.
Do the same for the other four binary systems. Show that Kpo is
a proper extension of Kno, and that Kpt is a proper extension of
Knt. Show that none of the other binary systems is an extension of
any other.

Combining three (or four) of the conditions, we obtain only the sys-
tem Kpo 7 (see problem 1(c)). Show that this is a proper extension of
each of the binary systems of the last question.

8. Object to some of the arguments of 3.6.
9. Check the details omitted in 3.6b.4, 3.6b.7.

10.

By constructing suitable tableaux, determine whether the following are
valid in K*. Where the inference is invalid, specify a counter-model.

()
(b)
(c)
(d)
(e)
(f)
(g
(h)
(i)
()
(k)
()

)
(0)
) -
@
(r)

F[Fl(p > @) D ([Flp D [Flg)

F(F)p = —[F]-p

FpDIFI(P)p

[Flp O [F1[Flp = [Plp D [P][PIp

FIFIp>q) D> ((F)p>D(F)g

EYE)YpDE)pE(P)(P)pD (P)p

F(Plp v IPl9) D [PIpV Q)

FPY@PAq DUP)pAP) G

FUEYpAF) D D ((F)AE)YD) vV E) @AV {F)(F)pAg))
FPyp ALY D (((PYPALPYY)VPYPAD YV UP)UPYPAD))
FIPIp A @ = ([PIp A [Plg)

FI[Plp D> (P)p

(m) = ( A [Plp) D (F) [Plp

@) [FlpDp
F [P]([P]p D>p)DIPIp
P)[Plp O [P1({P)p
¢ F]p op
F (F)p A (F) [Fl=p) D (F) (IP1{F)p A [F]-p)



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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In the previous question, if the inference is invalid, repeat the question
in K, K} and K(f,.

Consider a tense logic in which the relation R is constrained by the fol-
lowing condition. There is an x such that: (i) for no y, xRy; and (ii) for all
y distinct from x, yRx. Show that [F](A A —A) Vv (F) [F](A A —A) is a logical
truth.

If an inference is valid in K¢, does it follow that its mirror image is? What
about Ky and K2

Are there different futures? Could there be different pasts?

*Fill in the details omitted in 3.7.

*Work out the details of the semantics and tableaux for a language with
both modal and tense operators.

*Show that the tableaux for Kv, as described in 3.5.3, are sound and
complete with respect to the semantics, as described in 3.5.2.

*Let o (anti-reflexivity) be the condition: for all w, it is not the case that
wRw. Show that the logic K« is the same as the logic K. (Hint: think about
the interpretations produced by K-tableaux.)

*A relation, R, is Euclidean iff, if wRu and wRv then uRv (and also, of course,
vRu). An e-interpretation is one in which R is Euclidean. What tableau
rules are sound and complete for Ke? Show that K¢ is distinct from K,
Kp, Ko, Kt and Ky . (Hint: consider the formula ¢CA 5 OCA))

*Show that if a relation is reflexive and Euclidean then it is (a) symmetric
and (b) transitive. Infer that Kpe, Kpoe, Kpet and Kepo 7 are all the same.
Infer also that Kp< is a subsystem of K pe. Show that the converse is false.
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4 Non-normal Modal Logics; Strict
Conditionals

4.1 Introduction

4.1.1 In this chapter we look at some systems of modal logic weaker than
K (and so non-normal). These involve so-called non-normal worlds. Non-
normal worlds are worlds where the truth conditions of modal operators
are different.

4.1.2 We are then in a position to return to the issue of the conditional,
and have a look at an account of a modal conditional called the strict
conditional.

4.2 Non-normal Worlds

4.2.1 Letus start by looking at the technicalities concerning non-normality.
In due course we will be able to discuss what they mean.

4.2.2 A non-normal interpretation of a modal propositional language is a
structure, (W, N, R, v), where W, R and v are as in previous chapters, and
N € W. Worlds in N are called normal. Worlds in W — N (the worlds that are
not normal) are called non-normal.

4.2.3 The truth conditions for the truth functions, A, v, —, etc. are the same
as before (2.3.4). The truth conditions for O and ¢ at normal worlds are also
as before (2.3.5). But if w is non-normal:

vw(OA) =0
v (CA) =1

In a sense, at non-normal worlds, everything is possible, and nothing is
necessary.
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4.2.4 Note that at every world, w, =0OA and ¢—A still have the same truth
value, as do =0A and O—A. We saw this to be the case for normal worlds in
2.3.9 and 2.3.10. It is easy to see that this is also true if w is non-normal.

4.2.5 Logical validity is defined in terms of truth preservation at normal
worlds, thus:

¥ | Aiff for all interpretations (W, N, R, v) and all w € N: if vy (B) = 1 for all
B e ¥ then vy(A) = 1.
EAiff ¢ = A, ie, iff for all (W,N,R,v) and allw € N, vy(A) = 1.

4.2.6 If the accessibility relation, R, may be any binary relation on W, the
logic this construction gives will be called N.! As with normal modal log-
ics, additional logics can be formed by placing constraints on R, such as
reflexivity, transitivity, symmetry, etc. (as in 3.2). In fact, of course, how
R behaves at non-normal worlds is irrelevant, since this plays no role in
determining truth values. We use Ny to refer to the non-normal logic deter-
mined by the class of all interpretations where R is reflexive; No 7, to refer to
the non-normal logic determined by the class of all interpretations where
R is symmetric and transitive, and so on. As for normal logics, Npt is an
extension of Np, which is an extension of N, etc.

4.2.7 Historically, Np and Npt are the Lewis systems S2 and S3 respectively.
Npot is the non-Lewis system S3.5.

4.2.8 Non-normal worlds were originally invented purely as a technical
device to give a possible-world semantics for the Lewis systems weaker than
S4. As we shall see in due course, though, they have a perfectly good philo-
sophical meaning. For the record, Lewis thought that the correct system of
modal logic for logical necessity was S2.

4.3 Tableaux for Non-normal Modal Logics

4.3.1 A tableau technique for N is obtained by modifying the technique for
K as follows. If world i occurs on a branch of a tableau, call it O-inhabited if
there is some node of the form OB, i on the branch. The rule for ¢A,i (2.4.4)

1 The name is not standard, but is sensible enough. Note that N is also used for the
normal worlds in an interpretation. Context, however, will disambiguate.
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is activated only when i = 0 or i is O-inhabited. Otherwise, details are the
same as for K.

4.3.2 The rationale for the new <¢-rule is, roughly, as follows. If i = 0, i must
be a normal world (since the tableau is a search for a normal world where
the premises are true and the conclusion is false), and so the ¢-rule is applied
in the usual way. If i > 0, it can be assumed to be non-normal as long as the
branch of the tableau is not O-inhabited. Nothing, then, needs to be done.
But as soon as i is O-inhabited, it can no longer be non-normal (since nothing
of the form DA is true at a non-normal world), and so the standard rule for
¢ must be applied. The next two subsections give example tableaux for N.

4.3.3 y O D B) D (0A D OB):

—(O(A D B) D (0A D OB)),0
0@ DB),0
—(0A D OB),0
0A,0
—0B, 0
©=B,0
orl
-B,1
ADB,1
Al
v N
-A,1 B,1

X X

The ¢-rule is applied to ©—B, 0, because we are dealing with world 0.

4.3.4 iy O(p D 0O@ D q)):

—=0(p D> 0(Q > 9),0
O=(p>0O(g>g).0
orl
=(pD>O@>9Y),1
p,1
_'D(q ) Q)’l
S=(@D g1
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On the (only) branch of the tableau, world 1 is not O-inhabited. Conse-
quently, the ¢-rule is not applied to the last line, and the tableau ends open.

4.3.5 Bearing in mind the comments of 4.3.2, it is easy to see how a counter-
model for an inference can be read off from an open tableau branch. The
method is exactly the same as for K, except that world 0 is always normal,
and all other worlds are non-normal, unless they are O-inhabited.

4.3.6 Thus, in the counter-model determined by the tableau of 4.3.4, W =
{wo,w1}; N = {wo}; woRwq; and v is such that vy, (p) = 1. If we indicate
that a world is non-normal by putting it in a box, the interpretation can be
depicted thus:

p

w ]

4.3.7 Tableaux for Np, Npz, etc. are obtained by adding the extra tableau
rules for p, pt, etc., as for K (3.3).

4.3.8 The tableaux for N and its extensions are sound and complete with
respect to their respective semantics. The proof can be found in 4.10.

4.4 The Properties of Non-normal Logics

4.4.1 A K-interpretation is simply a special case of an N-interpretation,
namely, one where W = N. Hence, if truth is preserved at all worlds of
all N-interpretations, it is preserved at all worlds of all K-interpretations.
Hence, the logic K is an extension of N. (Another way of seeing this is to
note that any tableau that closes under the rules for N must also close under
the rules for K.)

4.4.2 The same is true for the corresponding extensions of K and N: Kp and
Np, Kpt and Npt, etc.

4.4.3 But each K-logic is a proper extension of the corresponding N-logic.
It is easy enough to check that g O(p D O(q D q)) (and a fortiori any of K’s
extensions), but as the tableau of 4.3.4 shows, it is not valid in N. Moreover,
adding any of the rules for r to this tableau does not close it, either. None
of the rules makes world 1 O-inhabited; hence, it remains open. Hence, this
inference is not valid in any of the non-normal extensions of N either.
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4.4.4 Note that Kpot(Kv) is the strongest of all the logics we have looked
at: every normal system that we looked at is contained in Kpo 7 (3.2.9), and
every non-normal system that we looked at is contained in the correspond-
ing normal system (4.4.1, 4.4.2). N is the weakest system we have met. It
is contained in every non-normal system, and also in K, and so in every
normal system.

4.4.5 It might be wondered what happens if we define a logic with non-
normal semantics, and validity defined in terms of truth preservation at all
worlds (normal and non-normal). This gives a sub-logic of the corresponding
non-normal logic. (If truth is preserved at all worlds of an interpretation,
it is preserved at all normal worlds.) In fact, it is a proper sub-logic. In any
non-normal modal logic, for example, = O(A v —A). But since O(A v —A)
is not true at non-normal worlds, O(A v —A) is not valid if logical truth is
defined with reference to all worlds. Hence, this definition can be used to

create logics weaker than N.?

4.4.6 Let us finally, now, return to the question of the meaning of non-
normal worlds. For any normal system, £, if =, A then =, OA. (This is
sometimes called the Rule of Necessitation.) For if =, A then A is true at all
worlds of all L-interpretations. Hence, if w is any such world, A is true at all
worlds accessible from w. Hence, OA is true at w. Thus, &=, DA.

4.4.7 The Rule of Necessitation fails in every non-normal logic, £, however.
Consider, for example, Av—A. This holds at all worlds, normal or non-
normal. Hence, O(A Vv —A) holds at all normal worlds, i.e., =, O(A Vv —A). But
at any non-normal world, O(A Vv —A) is false. Now consider an interpretation
where there is a normal world that accesses such a world. Then OO(A v —A)
is false at that world. So, ¥, O0O(A v —A).>

4.4.8 The failure of the Rule of Necessitation is, perhaps, the most distinc-
tive feature of non-normal systems. And it fails, as we have just seen, because

2 The logics which are the same as S2 and S3, except that validity is defined in terms of
truth preservation at all worlds, are sometimes called E2 and E3.

3 Similarly, the principle that if A = B then OA = OB, which holds in all normal logics,
as we saw in 3.6.10, also fails in non-normal logics. If OA is true at a normal world of
an interpretation, it follows that A is true at all worlds in it; but it does not follow from
this and A = B that B is true at all the worlds in it - only that it is true at all normal
worlds in it.
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logical truths may fail to hold at non-normal worlds. Non-normal worlds are,
thus, worlds where ‘logic is not guaranteed to hold’. We come back to this
insight in a later chapter.

4.4a S0.5

4.4a.1 Before we leave the topic of non-normal modal logics, there is one
further (very small) family of such logics that is worth noting. I will call the
basic system of this family L (after Lemmon). Let us call sentences of the
form OA and ©A modal formulas. In interpretations for L, modal formulas are
assigned arbitrary truth values at non-normal worlds.

4.4a.2 Thus, interpretations for L are exactly the same as those for N, with
one modification. In any interpretation for L, the evaluation function, v,
assigns each propositional parameter, p, a truth value at every world, as
usual. But v also assigns each modal formula a truth value at every non-

normal world, as well.

4.4a.3 Tableaux for L are the same as those for N, except that there are no
rules applying to modal formulas or their negations at worlds other than 0.
That is, the rules of 2.4.4 apply at world 0 and world 0 only.

4.4a.4 Here are tableaux to show that - O(0JA v —0A) and ¥; O(d(p D
PV o@n—qg):
—0(0A v —0A),0
O=(0A v —=0A),0
orl
—(0OA v =0A), 1
—-0A, 1
——0A, 1

X

—0(@E(p D> p) vV o(@A—q),0
S=(@(p D p) vOo(@An—q),0
or1l
=@ Dp)VvogAn—q),1
—~0O(pop1
—0@A—g),1
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The second tableau is now finished, since no modal rules are applicable at
world 1.

4.4a.5 To read off a counter-model from an open branch of a tableau, the
worlds and accessibility relation are read off as usual, N = {wp}, the truth
values of propositional parameters are read off in the usual way, and the
truth values of modal formulas at non-normal worlds are read off in exactly
the same way. Thus, if i > 0, and OA, i, is on the branch, vy, (DA) = 1; if
—0OA, i, is on the branch, vy, (0A) = 0; similarly for CA.

4.4a.6 Hence, the counter-model given by the open tableau of 4.4a.4, is such
that W = {wg,w1}; N = {wo}; woRw1, vy, (B(p D p)) =0, vy, (C(@ A —q)) =0
(all other values of v being irrelevant). In a diagram:

Wy — _'D(p DP)

=@ A —q)

4.4a.7 Extensions of L are obtained by adding constraints on the accessi-
bility relation in the usual fashion, and adding the corresponding tableau
rules. This gives the systems Lp, Lot, etc. L is sometimes called 50.5°. Lp is
often called S0.5, and is stronger than S0.5°, since 1, DA D A. Though it is
not immediately obvious, the addition of each of ¢ and 7 has no effect on
validity. Jointly, they have an effect on L, but not Lp. (See 4.10.6 and 4.13,
problem 9.)

4.4a.8 The tableaux for L and its extensions are sound and complete with
respect to their semantics. This is proved in 4.10.5.

4.4a2.9 One further wrinkle should be noted here. In the earlier years of
modal logic, it was common to take a modal language to contain only one
modal operator, normally O. The other was then defined. The historical
$0.5% and S0.5 are actually the O-free fragments of L and Lp respectively.

4.4a.10 The standard definition for ‘CA’ is ‘—=0-A’. To take < to be defined
in this way, instead of as primitive, has no effect on its behaviour in log-
ics in the K family and N family. This is because ¢A and —O-A have
the same truth value at every world (normal or non-normal). But this is
not the case in the L family. Given the way in which I set things up,
. ©A = —0-A (and ; OA = —=0—A). However, it does not follow that the
formulas on each side of the biconditional have the same truth value in all
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worlds, since at a non-normal world ¢A and 0—-A can be assigned the same
truth value.

4.4a.11 Because of this, defining ¢ does affect the inferences that involve
it. For example, it is not difficult to check that:

() =O(Op A O—p)

is not valid in L, but =& (—~0-p A O—p) is. Hence, (*) is valid with a defined
<. If we wish to make ¢ behave in L as it does when it is defined, we have
to add an extra constraint: for every world, w, v, (CA) = vy (—O0-A) (that is,
v (CA) = 1 — vy (O-A). Clearly, this makes for a stronger system.

4.4a.12 Itshould be noted, though, that even this constraint does not ensure
that 0A and —¢—A have the same truth value at every world, since OA and
O0-—A (and so ——O—-—A) may have different truth values at a non-normal
world. Neither, for essentially the same reason, is —<(Op A O—p) logically
valid, as is easy to check. This shows a displeasing lack of symmetry. It is
clearly better to treat O and < even-handedly, as [ have done.

4.4a.13 Any N interpretation is an L interpretation (where v makes O
and ¢ behave in the appropriate fashion). Hence, N is an extension of L.
It is a proper extension. We have just noted that =< (Op A ©—p) is not
valid in L. It is not difficult to check that it is valid in N. Similar com-
ments apply to extensions of L and N formed by adding constraints on
the accessibility relation. L is, thus, the weakest modal logic we have come
across.

4.4a.14 The rule of Necessitation fails in L for essentially the same reason
that it fails in N and its extensions (4.4.7). Indeed, that ‘logic need not hold’
at non-normal worlds in L is patent: if A is a logical truth, DA can behave

any old way at such a world.

4.4a.15 It is worth noting one final fact: OA is valid in L (and Lp) iff A is
a truth-functional tautology, or, more accurately, is valid in virtue of its
truth-functional structure.* The proof is in 4.10.7.

4 DA v —OA is not, strictly speaking, a truth-functional tautology since it contains a O,
but it is valid in virtue of its truth- functional structure.
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4.5 Strict Conditionals

4.5.1 Now that we have covered material on modal logic, we can return to
the question of the conditional.

4.5.2 Consider a true material conditional, such as ‘The sun is shining >
Canberra is the federal capital of Australia’. One is inclined to reject this
as a true conditional just because the truth of the material conditional is
too contingent an affair. Things could have been quite otherwise, in which
case the material conditional would have been false. This suggests defining
the conditional, ‘if A then B’ as O(A D B), where O expresses an appropriate
notion of necessity.

4.5.3 When Lewis created modern modal logic, he was not, in fact,
concerned with modality as such. He was dissatisfied with the material
conditional. He defined A3B as O(ADB), and suggested this as a correct
account of the conditional. -3 is usually called the strict conditional.

4.5.4 Itis easy enough to check that all the following are false in Kpot, and
so in all the normal and non-normal logics we have looked at.

B = A=3B

—A = A=3B

(AAB)3C &= (A3C) v (B=30)
(A=3B) A (C3D) = (A=3D) v (C=3B),
—(A3B) = A

But these inferences are the basis of all the objections to the material
account of the conditional that we looked at in 1.7-1.9. Hence, the strict
conditional is not subject to any of the objections to which the material
conditional is.

4.6 The Paradoxes of Strict Implication

4.6.1 Does it provide an adequate account of the conditional? Each system
of modal logic gives 3 different properties. Hence, before we can answer
that question, we need to address the question of which system of modal
logic it is that is at issue. Let me make two comments on this.
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4.6.2 First, it is natural to suppose that any notion of necessity that is to be
employed in defining a notion of conditionality must be at least as strong
as Kp (or Lp if one is countenancing non-normal systems). This is because,
without p, modus ponens fails: A, A3B (= B. With it, it holds, as simple tableau
tests verify.

4.6.3 Second, a further determination of this question is not very important
for what follows. This is because the major objections to the claim that
English conditionals are strict hinge on a feature that the strict conditional
possesses in all systems of modal logic. In all systems of modal logic the
following hold:

OB = A3B
~OA = A3B

These facts are sometimes called the ‘paradoxes of strict implication’.
A tableau test verifies that these hold in L, and so in all the normal and
non-normal systems that we have looked at. Since, in all systems, we also
have = OB Vv —B) and = =0 (A A —A), this gives us as special cases:

= A3BV —B)
= (A A—A)=3B

4.7 ... and their Problems

4.7.1 If we read 3 as the conditional, the paradoxes of strict implication
are highly counterintuitive. For example, ‘There is an infinitude of prime
numbers’ is a logical truth; yet:

If Brisbane is in Australia, there is an infinitude of prime numbers
If there is not an infinitude of prime numbers, Brisbane is in Germany

do not appear to be true.

4.7.2 This point is inconclusive, at least as far as indicative conditionals
g0, since one might just accept the paradoxes, and try to explain why the
two preceding statements, and their kind, appear counterintuitive, by using
the notion of conversational implicature (1.7.3). The conditionals are true
enough, but simply unassertable, since we are in a position, in each case,
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to assert stronger information: necessarily there is an infinitude of prime
numbers; it is impossible that there is not.

4.7.3 It will not help for subjunctive conditionals, however. For assert-
ing such a conditional does not conversationally imply that we do not
know the status of the antecedent and consequent. (On the contrary, it
often implies that we do.) It is not, therefore, linguistically odd. For exam-
ple, it is logically impossible to square the circle (that is, construct a
square with an area equal to that of a given circle by means of ruler
and compasses). But even though we know this, it is not at all odd to
assert that, none the less, if Hobbes (who thought he had succeeded in
squaring the circle) had done so, he would have become a very famous
mathematician. Moreover, there are clearly false subjunctive conditionals
with impossible antecedents. For example, I can assure you that it is not
the case that if you were to square the circle I would give you my life’s
savings.

4.7.4 Here is another objection against 3 being the indicative conditional.
Let A be ‘There is an infinite number of prime numbers’. Since A is a nec-
essary truth, (A v —A)=3A is true. If the conditional were strict implication,
the following would therefore be a sound argument: If A v —A then A; but
A v —A; hence A. Now, imagine someone offering this as a proof for the
infinitude of primes in a class on number theory. It is clear that it would
not be acceptable.

4.7.5 This objection may also be challenged. For an argument to be accept-
able, it must be more than just sound. In particular, it must not beg the
question (assume what is at issue). And the only reason we have for suppos-
ing the conditional premise to be true is that the consequent is necessarily
true. The proof at issue would therefore beg the question.

4.8 The Explosion of Contradictions

4.8.1 The toughest objections to a strict conditional, at least as an account
of the indicative conditional, come from the fact that &= (A A —A)-=3B. If this
were the case, then, by modus ponens, we would have (A A —A) = B. Contra-
dictions would entail everything. Not only is this highly counterintuitive,



Non-normal Modal Logics; Strict Conditionals

there would seem to be definite counter-examples to it. There appear to be
a number of situations or theories which are inconsistent, yet in which it
is manifestly incorrect to infer that everything holds. Here are three very
different examples.

4.8.2 The firstis a theory in the history of science: Bohr’s theory of the atom
(the ‘solar system’ model). This was internally inconsistent. To determine
the behaviour of the atom, Bohr assumed the standard Maxwell electro-
magnetic equations. But he also assumed that energy could come only in
discrete packets (quanta). These two things are inconsistent (as Bohr knew);
yet both were integrally required for the account to work. The account was
therefore essentially inconsistent. Yet many of its observable predictions
were spectacularly verified. It is clear though that not everything was taken
to follow from the account. Bohr did not infer, for example, that electronic
orbits are rectangles.

4.8.3 Another example: pieces of legislation are often inconsistent. To avoid
irrelevant historical details, here is an hypothetical example. Suppose that
an (absent-minded) state legislator passes the following traffic laws. At an
unmarked junction, the priority regulations are:

(1) Any woman has priority over any man.
(2) Any older person has priority over any younger person.

(We may suppose that clause 2 was meant to resolve the case where two
men or two women arrive together, but the legislator forgot to make it
subordinate to clause 1.) The legislation will work perfectly happily in three
out of four combinations of sex and age. But suppose that Ms X, of age 30,
approaches the junction at the same time as Mr Y, of age 40. Ms X has
priority (by 1), but has not got priority (by 2 and the meaning of ‘priority’).
Hence, the situation is inconsistent. But, again, it would be stupid to infer
from this that, for example, the traffic laws are consistent.

4.8.4 Third example: it is possible to have visual illusions where things
appear contradictory. For example, in the ‘waterfall effect’, one’s visual
system is conditioned by constant motion of a certain kind, say a rotat-
ing spiral. If one then looks at a stationary situation, say a white wall, it
appears to move in the opposite direction. But, a point in the visual field,
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say at the top, does not appear to move, for example, to revolve around
to the bottom. Thus, things appear to move without changing place: the
perceived situation is inconsistent. But not everything perceivable holds
in this situation. For example, it is not the case that the situation is red

all over.®

4.9 Lewis’ Argument for Explosion

4.9.1 Let us end by considering a final objection to -3 as providing a correct
account of the conditional. It is natural to object that this account cannot
be correct, since a conditional requires some kind of connection between
antecedent and consequent; yet a strict conditional requires no such con-
nection. There is no connection in general, for example, between A A —A
and B.

4.9.2 C.I. Lewis, who did accept -3 as an adequate account of the conditional,
thought that there was a connection, at least in this case. The connection

is shown in the following argument:

AN—A
Ar-A  —A
A —AVB

B

Premises are above lines; conclusions are below. The only ultimate premise
is AA—A; the only ultimate conclusion is B. The inferences that the argument
uses are: inferring a conjunct from a conjunction; inferring a disjunction
from a disjunct; and the disjunctive syllogism: A, —A v B - B. Of course, all
these are valid in the modal logics we have looked at. If contradictions do
not entail everything, then one of these must be wrong. We will return to

this point in a later chapter.

4.9.3 Lewis also argued that there is a connection in the case of the
conditional A3(B v —B) as well. The connection is provided by the

5 A fourth kind of example is provided by certain fictional situations, in which contra-
dictory states of affairs hold. This may well be the case without everything holding in
the fictional situation.
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following argument:

A
(AAB)V (AA—B)
AA BV —B)
(Bv —B)

This argument is less convincing than that of 4.9.2, however, since the first
step seems evidently to smuggle in the conclusion.

4.10 *Proofs of Theorems

4.10.1 THeOREM: The tableaux for N are sound with respect to their
semantics.

Proof:
The proofis as for K (2.9.2-2.9.4) with a couple of minor amendments. First,

we add a new clause to the definition of faithfulness, namely:
f(0)eN

The proof of the Soundness Lemma proceeds as before, except for the cases
for the modal rules. The negated rules are taken care of by 4.2.4. For the
<O-rule: Suppose that f shows Z to be faithful to b, and that we apply the
rule to ©A,i to get A, j for a new j; then either i = 0 or i is O-inhabited. In
either case, f(i) is normal. (In the first case, this is obvious; in the second
case, there is some node of the form OB, i on b; and since f shows Z to be
faithful to b, OB is true at f(i); but OB is false at every non-normal world.)
Hence there is a world, w, such that A is true at w. Let f’ be the same as f,
except that f'(j) = w. Then f’ shows 7 to be faithful to the extended branch,
as in the corresponding case for K. For the O-rule: suppose that f shows 7
to be faithful to b, and that we apply the rule to OA, i and irj to get A, j. Since
DA is true at f (i), f (i) must be normal; and since f (i)Rf (j), it follows that A
is true at f (j).

In the proof of the Soundness Theorem proper, suppose that ¥ [~ A. Let
Z = (W,N,R,v) and w € N be such that at w every member of ¥ is true and
A is false. Let f(0) = w. Then f shows Z to be faithful to the initial list. The
argument then goes as for K. |
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4.10.2 THEOREM: The tableaux for extensions of N with p, 7, etc., and their
various combinations, are sound with respect to their respective semantics.

Proof:
The argument is as for K (3.7.1-3.7.2). [ ]

4.10.3 THEOREM: The tableaux for N are complete with respect to their
semantics.

Proof:

The proofis as for K (2.9.5-2.9.7) with a couple of minor amendments. First,
given an open branch, b, we define the induced interpretation as for K,
except thati € N iff i = 0 or i is O-inhabited on b.

The argument for the Completeness Lemma is the same as that for K,
except the cases for the modal operators, which go as follows. Suppose that
OA,iison b. If i ¢ N then ©A is true at w; by definition. If i € N then the
<O-rule has been applied to it. Hence, for some new j, irj and A, j occur on b.
By induction hypothesis, w;Rw;, and A is true at wj. Since w; is normal, ¢A is
true at w;, as required. If —=CA, i is on b then 0—A, i is on b. By definition, i is
O-inhabited. Hence, for every j such that irjis on b, —A, j is on b. By induction
hypothesis, A is false at every w; such that w;Rw;; and since i is normal, CA
is false at wj. The case for O is similar.

The proof of the Completeness Theorem proper is the same as that
for K. |

4.10.4 THEOREM: The tableaux for extensions of N with p, 7, etc., and
their various combinations, are complete with respect to their respective
semantics.

Proof:
The argument is as for K (3.7.3-3.7.4). |

4.10.5 THeEOREM: The tableau systems for L and its extensions are sound and
complete with respect to the corresponding semantics.

Proof:

The soundness proofs are trivial modifications of4.10.1, 4.10.2. The induced
interpretation is defined as for other non-normal logics, except that N =
{wo}; and for i > 0, vy, (0A) = 1if OA,i is on the branch, and vy, (0A) = 0
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if —0OA, i is on the branch; similarly for ¢. The completeness proof'is then a
trivial modification of 4.10.3 and 4.10.4. |

4.10.6 THEOREM: The addition of each of the constraints ¢ and 7 to L and
Lp do not produce proper extensions. The addition of both constraints to
Lp does not give a proper extension.

Proof:

Consider a tableau for L (or Lp) in which the 7 rule may also be invoked. This
will have lines of the form Ori, but since no world other than 0 is normal,
the ¢ rule is never applied at i, so we never obtain anything of the form irj.
The transitivity rule is never, therefore, applied, and the tableau closes iff
it closed without it.

Consider a tableau for L (or Lp) in which the ¢ rule may also be invoked.
This will have lines of the form 0ri, and therefore ir0 , but no other r-lines.
But since the O rule is never applied at i, the lines of the form ir0 have no
effect, and the tableau closes iff it closes without an application of the ¢ rule.

Consider a tableau for Lp in which both rules may be invoked. This will
have lines of the form Ori, and therefore ir0, and so 0r0 and iri. None of
these lines have any further effect. |

4.10.7 THEOREM: DA is logically valid in L or Lp iff A is valid in virtue of its
truth-functional structure.

Proof:

If A is valid in virtue of its truth-functional structure, then it is true in all
worlds. Hence, DA is a logical truth. For the converse, consider the tableau
for DA. In two moves we arrive at a line of the form —A, 1. The only way
for the tableau to close is for us to be able to obtain lines of the form B, 1
and —B, 1 by the application of the truth-functional rules to this. (No others
get applied at this world - or any other.) In this case, the tableau for —A
closes by the tableau rules for the classical propositional calculus, which
are sound and complete with respect to classical propositional inference
(1.11.3, 1.11.6). [ |

4.11 History

The notion of a non-normal world, and the semantics for S2 and S3, were

invented by Kripke (1965a). The Lewis system S1 proved recalcitrant to a
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semantical modelling. A suitable one was eventually given by Cresswell
(1995). The semantics has non-normal worlds, but the behaviour of modal
formulas at these requires more complex machinery. The logics E2 and E3
were proposed by Lemmon (1957). S6 and S7 (see 4.13, problem 8) were
produced in the 1940s. For their history, see Hughes and Cresswell (1996,
p- 207, 1. 24). In axiomatic form S0.5 is due to Lemmon (1957). The semantics
are due to Cresswell (1966).

The argument of 4.7.4 is due to Anderson and Belnap (1975, p. 17), the
founders of relevant logic, which we will come to in later chapters. The
Lewis argument that everything follows from a contradiction was known
in the Middle Ages, for example, by Scotus. Its earliest known appearance
in logic appears to be in the work of William of Soissons in the twelfth
century. See Martin (1985).

4.12 Further Reading

For a good discussion of some of the history of Lewis’ investigations
of modal logic, and of non-normal systems, see Hughes and Cresswell
(1996, ch. 11). For some philosophical discussion of non-normal worlds,
see Cresswell (1967). Tableaux for non-normal logics can be found in Girle
(2000, ch. 5).

For papers on either side of the debate about the adequacy of the
strict conditional, see Bennett (1969) and Meyer (1971). For a discussion
of whether contradictions entail everything, see Priest and Routley (1989Db,
pp- 483-98). Historical details of Bohr’s theory of the atom and its incon-
sistency can be found in Brown (1993); and the waterfall effect is discussed
in most psychology textbooks on perception, for example, Robinson (1972).
For an essentially inconsistent fictional situation, see Priest (1997a).

4.13 Problems

1. Check the details omittedin 4.4.3,4.4a.12,4.4a.13,4.5.4,4.6.2 and 4.6.3.
2. Show the following for N:

(a) -A=3A

(b) F ((A3B) A (B3C))-3(A=30)

(c) F (A3B)3(—B3—A)

(d) FO0-AD>O-(AAB)
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Show the following for N. Specify a counter-model and draw a picture
of it.

(@ #Bp>p

(b) ¥ Op > OOp

(c) ¥ —=(p3p)=3q

(d) ¥ D(p-3p)

(e) ¥ (p=3q)-3(0p=30q)

(f) ¥ Dop=3(0gq800q)

(8) # ©op

(h) # O0(p v —p)

Which of the above (in problem 3) hold in S2 (Np)? Which hold in S3
(Np1)?

Repeat 3.10, problem 7, with N instead of K. (Beware: in Nt, Op > 0OOp
is not valid. A little ingenuity is required here.)

6. How might one object to the arguments of 4.7 and 4.8?
7. Show that - GO (p A —p) v O(g-3q), in both S2 and S3, but that neither

10.

disjunct is valid in either S2 or S3. (Note that there is nothing odd,
in general, about having a logically valid disjunction, each disjunct of
which is not logically valid - just consider p v —p. But it is odd for this
to arise if the disjuncts have no propositional parameter in common.)
*Consider an interpretation for N. Call a world standard if it is both
normal and accesses a non-normal world. A new notion of validity
is obtained if we define it in terms of truth preservation at standard
worlds. Show that according to this definition of validity, ¢CA is valid.
If, in addition, we insist that R be reflexive, or reflexive and transi-
tive, we obtain the non-Lewis systems S6 and S7, respectively. These are
extensions of S2 and S3, respectively, but, despite the numerology, they
are not extensions of S5. Design tableau systems for S6 and S7 and prove
them sound and complete.

*Show that ¥ (Op D p) v Oq, but F1,. (Op D p) v Oq. Infer that Lot is a
proper extension of L. By a tableau-theoretic argument, show that Ly is
an extension of Lo 7. (Hint: see 4.10.6.) Show that ¥1,, Op D p, and infer
that it is a proper extension.

*What effect does the addition of the constraint » have on L and its other
extensions?
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5 Conditional Logics

5.1 Introduction

5.1.1 In this chapter we look at what have come to be called ‘conditional
logics’. These are a type of modal logic where there is a multiplicity of
accessibility relations of a certain kind.

5.1.2 The logics also introduce us to some more problematic inferences
concerning the conditional, and we discuss what to make of these.

5.2 Some More Problematic Inferences

5.2.1 Let us start with the inferences. It is easy enough to check that the
following are all valid in classical logic:

Antecedent strengthening: A DBE(AAC) DB
Transitivity: ADB,BOCEADC
Contraposition:A DB E—-B D> —A

It is also easy to check that the same is true if ‘>’ is replaced by ‘3’. (The
inferences all hold in L, and so in all modal systems.)

5.2.2 But now consider the three following arguments of the same respec-
tive forms:

(1) If it does not rain tomorrow we will go to the cricket. Hence, if it does
not rain tomorrow and I am killed in a car accident tonight then we will
go to the cricket.

(2) Ifthe other candidates pull out, John will get the job. If John gets the job,
the other candidates will be disappointed. Hence, if the other candidates
pull out, they will be disappointed.
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(3) If we take the car then it won’t break down en route. Hence, if the car
does break down en route, we didn’t take it.

If the conditional were either material or strict, then these inferences would
be valid, which they certainly do not appear to be, since they may have true
premises and a false conclusion. Hence, we have a new set of objections
against the conditional being either material or strict. (And since the con-
ditionals are indicative, they tell just as much against one who claims only
that English indicative conditionals are material.)

5.2.3 What is one to say about these objections? It is often the case that,
when one gives an argument, one does not mention explicitly some of the
premises, perhaps because they are pretty obvious. Thus, I might say: this
plane lands in Rome; therefore, this plane lands in Italy. Here I omit the fact
that Rome is in Italy. Arguments where premises are omitted in this way
are traditionally called enthymemes. Just as arguments can be enthymematic,
so can conditionals. Thus, suppose that I say: if this plane lands in Rome,
it lands in Italy. Strictly speaking, one may say, the conditional is false. It
is an enthymeme of the true conditional: if this plane lands in Rome, and
Rome is in Italy, then this plane lands in Italy.

5.2.4 Now consider the first argument of 5.2.2. A natural thing to say is that
the inference is valid. It is just that the premise is not, strictly speaking,
true. What we are assenting to, when we assent to the premise, is really
the conditional: if it does not rain tomorrow and I am not Kkilled in a car
accident tonight, then we will go to the cricket tomorrow. The premise is
an enthymematic form of that. Similar comments can be made about the
other arguments of 5.2.2. Thus, the second premise of the second argument
is, strictly speaking, false. What is true is that if John gets the job and the
other candidates do not pull out, they will be disappointed. Thus, one may
defuse these counter-examples.

5.2.5 This move is essentially right, but it is a bit too swift, though. Come
back to the premise of the first argument. If the conditional ‘if it does not
rain tomorrow, we will go to the cricket’ is not true, then neither is the
conditional ‘if it does not rain tomorrow and I am not killed in a car accident
tonight, we will go to the cricket’. I might be killed in a domestic accident,
all means of transport may break down tomorrow, we might be invaded by
Martians, etc. The list of conditions is, arguably, open-ended and indefinite.
So no conditional of this kind that we could formulate explicitly is true!
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5.2.6 Fortunately, though, we can capture all the open-ended conditions
in a catch-all clause. We can say: ‘if it does not rain tomorrow then, other
things being equal, we will go to the cricket’ or ‘if it does not rain tomorrow
and everything else relevant remains unchanged, we will go to the cricket’.
The Latin for ‘other things being equal’ is ceteris paribus, so we can call this
a ceteris paribus clause. It is the conditional with the ceteris paribus clause
that we are really assenting to when we assent to the premise of the first
argument. Similarly for the other arguments.

5.2.7 A conditional of this kind is of the form ‘if A and C4 then B’, where Cx
is the ceteris paribus clause. How does this clause function? It is no ordinary
conjunct. For a start, as we have seen, it captures an open-ended set of
conditions. It also depends very much on A. (That is what the subscript A is
there to remind you of.) If A is ‘it does not rain tomorrow’, then C4 includes
the condition that we are not invaded by Martians. If A is ‘flying saucers
arrive from Mars’, it does not.

Finally, it is context-dependent. For example, suppose that I am driving,
and am stuck behind a truck. A is ‘I overtake now’. From where I sit, I can
see that there is a car coming the other way. This is part of my C4. Hence,
I can truly assert ‘If I overtake now, there will be an accident.” You, on the
other hand, are sitting in the passenger seat and cannot see the oncoming
traffic. You do know, however, that I am a safe driver. That is part of your
Ca. Hence you can truly assert ‘If Graham overtakes now, there will not be
an accident’.

5.2.8 Let us write A > B for a conditional with a ceteris paribus clause.
Suppose one accepts a strict account of the conditional. Then a condi-
tional A-3B is true (at a world) if A D B is true at every (accessible)
world; that is, if B is true at every (accessible) world at which A is true.
Thus, the conditional A > B is true (at a world) if B is true at every
(accessible) world at which AAC, is true. How do we spell out this idea more
precisely?

5.3 Conditional Semantics

5.3.1 First, we extend our formal language with the connective >. Thus, if
A and B are formulas of the extended language, so is A > B. Let the set of
formulas of the language be F.
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5.3.2 To keep things simple, we assume that the logic of the modal oper-
ators is Kv. In this way, we need not worry about an accessibility relation
for the modal operators in an interpretation. (It is possible, of course, for
the modal operators to behave in a more complicated way. For example,
they could behave as in some other normal modal logic, in which case,
an interpretation would need an extra component, the modal accessibility
relation, R.)

5.3.3 An interpretation for the extended language is a structure of the form
(W,{Ra: A € F},v). W and v are as for Kv. The middle component, {Ry: A €
F}, is a collection of binary relations on W, R4, one for every formula, A.
Intuitively, wiRq4w, means that A is true at wy, which is, ceteris paribus, the
same as wq.

5.3.4 Given an interpretation, v is extended to give a truth value to every
formula at every world. The conditions for the truth functions, and for O
and <, are as for the modal logic Kv. For > the condition is:

vy (A > B) = 1iff for all w' such that wRow’, v,y (B) = 1

One may look at the situation like this: every formula, A, gives rise to a
corresponding necessity operator, | A |. A > B is then just B.1

5.3.5 A little bit of notation will make many of the following details easier
to follow. Let us write the set of worlds accessible to w under R4 as fa(w).
Thus, fo(w) = {x € W: wRux}. R and f are, in fact, interdefinable, since wRyw’
iff w' € fa(w). Thus, we may couch any discussion in terms of R or f indif-
ferently. Next, let [A] be the class of worlds where A is true, {w: vy (A) = 1}.
With these conventions, the truth conditions of A > B can be stated very
simply: A > B is true at w iff fy(w) C [B]. Note also that A-3B is true at w
iff [A] C [B]. (Since we are operating in K,,, the truth value of A-3B does not
depend on w.)

5.3.6 Validity is defined as truth preservation over all worlds of all inter-
pretations, as in normal modal logics. We will call this conditional logic C.?
Since no constraints are placed on the relations Ry, C is the analogue for
conditional logics of the modal logic K.

1 See the footnote at 3.6a.5.
2 In the notation we are employing. C is also used as a variable for formulas. But the
context will always disambiguate.

85



86

An Introduction to Non-Classical Logic

5.4 Tableaux for C

5.4.1 Tableaux for C are obtained simply by modifying those for K. Nodes
may now be of the form A, i or irsj. The rules for the truth-functional and
modal connectives are as in Kv. The rules for > are as follows:

A>B,i —(A > B),i

iraj J
) iraj
B,j —B, j

In the first rule, this is applied for every iraj on the branch. In the second,
j has to be new. (The first rule is just like the rule for O; the second rule is
just like the rule for ¢, given that —0OC is equivalent to ¢—C.)

5.4.2 Here is an example tableau, demonstrating that A > B¢ A > BV C):

A>B,0
—-(A> Bv(0),0
0ral
-(Bv0),1
—-B,1
-C,1
B,1

X

The third and fourth lines are obtained from the second by the rule for
negated >. The last line is obtained from the first and third by the rule
for >.

5.4.3 Here is another to show thatp > r t/c (p A q) > 1:

p>r0
—~((prq) >1),0
-r,1

Note that we cannot apply the rule for > to the first line, to close off the
tableau. For this, we would need Or,1, which we do not have. It is easy
enough to check that the other inferences corresponding to the arguments
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of 5.2.2 are invalid, as is to be expected: p > q,q > r /cp >1,p > q /¢
—q > —p. Details are left as an exercise.

5.4.4 Counter-models are read off from the tableau in a natural way. If there
is something of the form A > B or —(A > B) on the branch, then Ry is as the
information about r4 on the branch specifies. Otherwise, R4 may be arbi-
trary. Thus, in the counter-model given by 5.4.3, W = {wg, W1}; WoRprqW1
(and those are the only things that Ry.q relates); R, relates nothing to any-
thing; for every other formula, A, Ry can be anything one likes; and v is such
that vy, (r) = 0. In pictures:

It is easy to check directly that this makes the premise true and the conclu-
sion false at wp. r is true at every world accessible to wg via Ry. (There are
none.) Hence, p > r is true at wy. And at some world accessible to wy via
Rpng» 1 is false. Hence, (p A q) > r is false at wo.

5.4.5 The tableaux for C are sound and complete with respect to their
semantics. The proof of this can be found in 5.9.

5.5 Extensions of C

5.5.1 Just as with K, one can extend C by adding constraints on the acces-
sibility relations. A couple of these are mandated by the very intuition
explained in 5.2.8. No doubt, the reader will have been wanting to point
out for some time now that there is nothing in the semantics, so far, that
requires A to be true at w’ if wRyw'. Thus the following condition is very
natural:

(1) faw) S [A]

Moreover, if the world, w, is already such that A is true there, then, pre-
sumably, the worlds that are essentially the same as w, except that A is true
there, must include w itself. This motivates the condition:

(2) If w € [A], then w € fy(w)
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It is difficult to get any other conditions uncontentiously out of the
motivating conditions of 5.2.8.

5.5.2 We call the logic in which validity is defined in terms of truth
preservation at all worlds of all interpretations where, for every formula
A, Ry satisfies conditions (1) and (2), C*. For the usual reasons, C* is an
extension of C.

5.5.3 Tableaux for C* are obtained by modifying the rule for negated > to:

—(A > B),i
!
iraj
A,j
—B,j

(where j is new). This takes care of (1). For (2), we have to apply the following
rule:

<N
—A,i A

iTAi

for every integer, i, occurring on the branch, and every A which is the
antecedent of a conditional or negated conditional at a node.

5.5.4 Here is an example, to show that A,A > B ¢+ B (modus ponens for >):

A0
A>B,0
-B,0
e N
-A,0 A,0
X 0ra0
B,0

X

It is not difficult to check that modus ponens for > fails in C. C* is therefore
a proper extension of C.
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5.5.5 Here is another tableau to show that p > r t/c+ p > (r A q):

p>r,0
—(p > (r Ag),0
Orpl
p.1
_'(T A Q), 1
r,1
v N
=r,1 —q,1
X v\
—p,0 p,0
0rp0
r,0
v\
-p,1 p,1
X 1rpl

Only the first and third branches from the left close.

5.5.6 Counter-models can be read off from an open branch of a tableau
as before. If A does not occur as the antecedent of a conditional or
negated conditional at a node, we can no longer allow R4 to be arbi-
trary, however, since it must satisfy (1) and (2). The simplest trick is to
let fa(w) = [A] (for every w).> With this definition, (1) and (2) are clearly
satisfied.

5.5.7 Thus, in the counter-model for the tableau of 5.5.5, read off from the
rightmost branch, W = {wo, w1}; WoRpywo, WoRpyw1 and wiR,w1; for all other
A’ fA(W) = [A]’ Vwg (p) = Vyy, (1") = Vwy (1") = Vwy (p) =1, and Vwq (CD =0.In
pictures:

p p
Y% (%
p
Wo —> w1
p.r p.r,—q

3 This is legitimate, since f4 is not required to define the truth value of A at a world. To
evaluate the truth value of A at a world, one needs to know only f for those B that occur
as the antecedents of conditionals within A.
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5.5.8 As is probably clear, the tableaux for C* branch very rapidly. It may
often, therefore, be easier to construct counter-models directly, by trial
and error. Thus, one might construct the interpretation depicted in 5.5.7

directly. (Or even a simpler one. Details are left as an exercise.)

5.5.9 Soundness and completeness proofs for the C* tableaux can be found
in 5.9.

5.6 Similarity Spheres

5.6.1 There are many other conditions that one might impose on each Ry,
and so create extensions of C. Perhaps the most important constraints of
this kind arise in the following way.

5.6.2 The founders of conditional logic (Stalnaker and Lewis*) suggested
that the worlds accessible to w via R4 - that is, the worlds essentially the
same as w, except that A is true there - should be thought of as the worlds
most similar to w at which A is true. How to understand similarity in this
context is a difficult question. It is clear, though, at least, that similarity is
something that comes by degrees. We will return to what to make of the
notion philosophically later.

5.6.3 A way of making the notion precise formally is as follows. We
suppose that each world, w, comes with a system of ‘spheres’. All the worlds
in a sphere are more similar to w than any world outside that sphere. We
may depict the idea thus. (The spheres are depicted as rectangles here for

typographical reasons.)

4 This is David Lewis, not to be confused with C. . Lewis. All references to Lewis in this
chapter are to David.
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All the worlds in Sg" are more similar to w than the worlds in SY that are
not in S (SY — S{). All the worlds in S} are more similar than the worlds
in Sy — SY, etc.

5.6.4 Technically, for any world, w, there is a set of subsets of W,
{Sy,SY,....Sy} (for some n), such thatw € S € SY € ... € S = W,
We omit the superscript when no confusion can arise as to which world’s
spheres it is that are at issue.

5.6.5 fa(w) may now be defined as follows. If [A] is empty, then fy(w) is
empty. Otherwise, there is a smallest of w’s spheres whose intersection
with [A] is not empty, S;, and fa(w) is S; N [A]. In terms of the motivation of
5.2.8, the sphere S; can be thought of as containing exactly those worlds
at which the ceteris paribus clause, C,, is true. To help picture the situation,
consider the following diagram; f4 (w) is the area marked with crosses.”

| [A]
I
| x x
| x x
w S Ixx[s |1 S
| x x
| x x
|
|

5.6.6 Itis clear that this conception verifies conditions (1) and (2). For (1): if
faw) = ¢, then fy(w) C [A]; and if fa(w) = S; N [A], then again, fa(w) C [A].
For (2): if w € [A], then [A] is not empty, and since w € Sp, Sp is the smallest
sphere with a non-empty intersection with [A]. So w € Sp N [A] = fa(w).

5 We have assumed, for simplicity, that the system of spheres is finite. This is not neces-
sary, but infinite systems give rise to certain complications. In particular, if there is an
infinite number of spheres, there may be no smallest sphere with a non-empty inter-
section with [A]. (Suppose that there is a world, wy, at every point on the real line, x;
that A holds at wy iff x > 0; and that the spheres around wg are of the Zenonian kind
{wx @ |x] < 1}, {wx @ |x] < 1/2}, {wx : |x| < 1/4},...) The non-existence of a smallest
sphere can be accommodated by changing the truth conditions of > to: A > Bis true at
w iff there is some sphere around w, S, such that S N [A] # ¢ and S N [A] C [B], which is
equivalent to the construction of the text if there is a finite number of spheres.
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5.6.7 The conception also verifies further constraints on R; for exam-
ple, by definition, if there are any worlds at which A is true, fy(w) is
non-empty, i.e.:

(3) If [A] # ¢, then fa(w) # ¢

5.6.8 The sphere conception also verifies the following two conditions:

(4) If fo(w) € [B] and fg(w) < [A], then fa (W) = fg(w)
(5) If fa(w) N [B] # ¢, then fap(W) C fa(w)

The arguments are given in 5.6.9, and can be skipped if desired.

5.6.9 For (4): suppose, for reductio, the antecedent and the negation of the
consequent. Then either there is some x € fy(w) such thatx ¢ fz(w), or vice
versa. Consider the first case (the second is the same). Let fy(w) = S; N [A], S;
being the smallest sphere for which this intersection is non-empty. By the
first conjunct of the antecedent, x < [B]. And since x ¢ fg(w), and fg(w) # ¢,
by (3), there must be some S; C S; such that fg(w) = S;N[B]. Lety € fg(w). Then
y € [A], by the second conjunct of the antecedent. But this is impossible,
since S; N [A] = ¢.

For (5): suppose that fy(w) N [B] is non-empty. Then fa(w) is non-empty.
Let fa(w) = S; N [A], S; being the smallest sphere for which this intersection
is non-empty. Hence, S; N [A] N [B] = S; N [A A B] is non-empty. Indeed, S; is
the smallest sphere such that the intersection is non-empty. (If S; C S;, then
SiN[A] = ¢.) Hence, farp(w) = S; N [A AB] C §; N [A] = fa(w).

5.6.10 Let us call the system where validity is defined in terms of all
interpretations where f satisfies conditions (1)-(5), S. S is clearly an
extension of C*.

5.6.11 Itis, in fact, a proper extension. For example, the following inference
is not valid in C*, as may be checked with a tableau, or directly:

p>q.q9>pk@p>r=(@q>r)

ButitisvalidinS. Suppose that the premise is true at world w, i.e., f(w) C [q]
and f;(w) € [p]. Then, by condition (4), f,(w) = fy(w). Hence, f,(w) < [r] iff
faw) S [rlie, (p > r)istrueatwiff (q > r)istrueatw,ie,(p>r =@ >71)
is true at w.
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5.6.12 There are presently no known tableau systems of the kind used in
this book for S (and its extensions that we will meet in the next section).
Hence, demonstrations that an inference is valid have to be given directly,
asin 5.6.11.

5.6.13 And demonstrations that an inference is invalid in S must be per-
formed by constructing a counter-model directly. An easy way to do this is
to construct an appropriate sphere structure. Here is an example to show
that (p v q) > r [£s p > r. To invalidate this inference, we need a sphere
model with a world, wy say, such that at the nearest worlds to wy where
pV qis true, so is r; but at the nearest world where p is true, r is not. Here
is a simple example.

Wo Wy
p,q,r p,-r

Jpvg(wo) = {wo} < [r]; hence, (pVv q) > ris true at wo; but fp(wo) = {w1} £ [r];
hence, p > r is false at wo. We know that all sphere models satisfy the
conditions (1)-(5) of S. Hence, the inference is invalid in S.

5.6.14 Notice that if inferences involve nested conditionals, then demon-
strations of validity or invalidity may have to take into account the
systems of spheres around more than one world. Here, for example, is a
counter-model demonstrating that s p > (@ > (p A q)):

Wy Wo S W, S
P--q -P d,-p

Wo wy S Wy st
-P p.-q q,-p
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The top diagram shows the system of spheres around wp; the bottom dia-
gram depicts the system of spheres around wy. g > (p A q) is false at wq,
since at some of the nearest worlds to w; where q is true (wy), p A q is false.
Hence, p > (q > (p A q)) is false at wp, since at a nearest world to wo where
pis true (w1), g > (p A q) is false. Note that the worlds in the two diagrams
must be the same, as must the truth values of every formula at each world.
It is only the system of spheres that may vary from picture to picture.

5.6.15 One final matter: (1) and (4) together entail that for all w:
(P) If[A] = [B], then fy (W) = fg(w)

For suppose that [A] = [B]. Then, by (1), fa(w) € [A] = [B], and fzg(w) C
[B] = [A]. Hence, by (4), fa(w) = fz(w).

5.6.16 Now, the truth value of A > B at a world, w, depends on fy(w). But
if condition (P) holds, then fy(w) is determined completely by [A]. Hence,
the truth value of A > B depends, not on the formula A, but on the set of
worlds at which A is true. (Some philosophers think of this as the proposition
expressed by A.) If this is the case, then an interpretation can be formulated
as a structure of the form (W, {Rx : X € W}, v), where truth conditions are
the same as before, except that for >:

vw(A > B) = 1 ifffia)(w) C [B]

where fy(w) = {w' : wRxw'}.°

5.6.17 Constraints on f can then be couched in the same terms. Thus, (1)
becomes fiz;(w) C [A], or more generally, fx(w) € X, and so on.

5.7 C1 and Cy

5.7.1 Perhaps the two best-known conditional logics are obtained from S,
each by adding one further constraint. A natural thought is that, for any
world, w, if there are any worlds at which A is true, then there is a unique
world closest to w at which A is true (condition (3) guarantees that there is

6 This is legitimate, since A is a part (proper subformula) of A > B, and hence [A] is
determined before the truth value of A > B.
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at least one world), i.e.:
(6)Ifx e fa(w) and y € fa(w), thenx =y

5.7.2 The system which is the same as S, except that in its interpretations f
satisfies condition (6), is often called C,.” What is distinctive about Cs is that
it verifies Conditional Excluded Middle: (A > B) v (A > —B). (This is not logically
valid in S; details are left as an exercise.) Proof: Either [A] = ¢ or not. In the
first case, for any w, fa(w) = ¢ (by (1)), and so fa(w) C [B] and fa(w) C [—B].
Hence, the disjunction is true at w. In the second case, let fa(w) = {x}. (It
has only one member, by (6).) Either B is true at x or it is false at x. In the
first case, fo(w) C [B]. In the second case, f(w) € [—B]. In either case, the
disjunction is therefore true at w.

5.7.3 One may object to condition (6) - as did Lewis - on the ground that
there is no reason to believe that the nearest world to w where something
holds must be unique. There may be different worlds where something
holds which are symmetrical with respect to w, so that neither is nearer
than the other. Consider, for example, Bizet and Verdi. These were contem-
poraries, but the first was French and the second was Italian. There would
appear to be no unique world most similar to ours in which the two are
compatriots. In some, they are both French, and in some they are both
Italian. (Any world in which they are both, say, German, would be even less
similar to ours.)

5.7.4 Conditional Excluded Middle is, in any case, problematic. Both of the
following conditionals would appear to be false: if it will either rain tomor-
row or it won’t, then it will rain tomorrow; if it will either rain tomorrow
or it won’t, then it won’t rain tomorrow.

5.7.5 Inresponse to this, Lewis suggested dropping (6), but replacing it with:
(7) If w € [A] and W' € fy(w), then w =W’

If A is true at w, then the most similar worlds at which A is true comprise
just w itself. (Any world is more similar to itself than any other world.) (6),
together with (2), obviously implies (7), but not vice versa.

7 Stalnaker, whose system C, is, makes f4(w) a singleton for every A. He does this by
having, in addition to all the usual worlds, one ‘absurd world’, where everything holds.
This is the unique world in f4 (w) if A is true at no ordinary worlds. Because everything
holds at the absurd world, the net effect of this is the same.
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5.7.6 If this replacement is made, we get a system often called C;. C; does
not verify Conditional Excluded Middle (see 5.7.9), but (like Cy) it does verify
the inference: AAB = A > B. (The inference is not valid in S; details are left
as an exercise.) Proof: Suppose that A A B is true at w. Then A and B are true
at w. Moreover, by (7), there is only one world in f3 (w), and that is w. Hence
Jaw) € [BI.

5.7.7 This inference is itself problematic, however. Suppose that you go
to a fake fortune-teller, who says that you will come in to a large sum of
money. And suppose that, purely by accident, you do. The conditional ‘If the
fortune-teller says that you will come into a large sum of money, you will’
would still appear to be false, though both antecedent and consequent are
true. Or suppose that food x is normal, but food y is poisoned; and that, as a
matter of fact, you will eat both and consequently become ill. According to
this account, the conditional ‘If you eat food x you will become ill’ is true.
But this seems false: it is y that will make you ill.

5.7.8 Invalidity in C; and C; may be shown in the same way as for S in
5.6.13. We just need to construct a sphere model which verifies either (6) or
(7). It is easy to see that a sphere model will verify (7) if S is a singleton (has
just one member). For Sy is the smallest sphere containing w, so if w € [A],
fa(w) = {w}. Similarly, a sphere model will verify (6) if Sy is a singleton and
for every other S;, S; — S;_1 is also a singleton. For then if S; is the smallest
sphere such that S; N [A] # ¢, S; N [A] must be a singleton.?

5.7.9 Thus, the interpretation depicted in 5.6.13 shows that the inference
in question there is also invalid in C; and C,. And the following depicts a
counter-model to (p > q) V (p > —q) in Cy:

Wy p.q
Wo P
W,  pP-q

At some of the worlds nearest to wo where p is true, q is true; at some, it is
false. Hence, neither p > g nor p > —q is true at wy.

8 Note that these conditions are sufficient to verify conditions (6) and (7), but they are
not necessary.
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5.7.10 To summarise all the systems of conditional logic that we have met
in this chapter: the following are systems of properly increasing strength:
C,C*,S,Cq1,Cy.°

5.8 Further Philosophical Reflections

5.8.1 Let us finish by picking up a couple of philosophical loose ends. We
start with the notion of similarity between worlds. The sphere models
assume that there is a sensible notion of this kind, but is there? Presumably,
how similar two worlds are will depend on what holds in each of these. But
how can one define similarity in terms of these things?

5.8.2 One certainly cannot define it in terms of the number of propositions
over which the worlds differ. For if there are any differences at all, there
will be an infinite number. For example, if A is true at w; and false at
wp, then for any B false at wp, A v B will be true at wy and false at wy.
(Since there is an infinite number of sentences, and ‘half’ of these are false
at wyp, there will be an infinite number of such B.)

5.8.3 Clearly, some changes are more important than others. The world
coming to an end now, for example, would appear to be a bigger differ-
ence than my raising my arm. But how can one give an account of such

importance?

5.8.4 Moreover, even if one can, is the account one that will validate the
sphere models? These require of any two worlds that they have either the
same degree of similarity to the actual world, or that one is more similar
than the other. (All worlds are comparable in their similarity.) But why
should this be the case? Consider two worlds: one is the same as ours,
except that snow is green; the other is the same as ours, except that coal
is green. Are these equally similar, or is one more similar than the other? I
have no idea.

5.8.5 Even if there is some story to be told here, the analysis of condition-
als in terms of similarity seems to be vulnerable to a more fundamental

9 1t should be noted that the postulates characteristic of some of the stronger systems
render some of the postulates characteristic of weaker systems redundant. For example,
(1), (4) and (6) together entail (5). For suppose that fy(w) N [B] # ¢. By (1), fasp(w) <
[A A B] = [A] N [B] C [A]l. And since fy(w) is a singleton (by (6)), fa(w) < [B]. Since
faw) S [A] (by (1)), fa(w) S [A] N [B] = [A A B]. By (4), fa(w) = farp(w).
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objection. Consider worlds which are like ours, except that, during the
Cuban Missile blockade, President Kennedy pushed the button. In some
of these, a nuclear holocaust occurred; in others, something happened to
prevent this (maybe a circuit short-circuited), and life continued much as
we know it. On almost any understanding of similarity, the second sce-
nario is more similar to the actual world than the first. Hence, according to
the similarity account, the conditional ‘If Kennedy had pushed the button,
something would have happened to prevent a nuclear holocaust’ is true;
but it seems plainly false.

5.8.6 These considerations cast doubt on any theory of the behaviour of the
ceteris paribus clause that is motivated by similarity considerations; but not
C™, which does not depend on these. This brings us to the second issue.
How does the theory of C* fare?

5.8.7 First, consider any interpretation for Kv. Turn this into a conditional-
logic interpretation by setting fs(w) = [A]. It is easy to see that thisisa C*
interpretation, since conditions (1) and (2) are satisfied. Moreover, in this
interpretation > is just 3. Hence, if any inference is invalid in Kv, it is invalid
in C* when ‘>’ is substituted for ‘3’. Thus, this theory does not reintroduce
the problems of the material conditional, since -3 is free of these (4.5).

5.8.8 But, on the other hand, it does nothing to avoid the problems of the
strict conditional, on which it piggy-backs. For OB =A > Band O—-A A >
Bin C*, as may easily be checked. In particular, |= (A A —A) > B. So we still
face the problems that we discussed in 4.7 and 4.8, especially the problem
of explosion.

5.9 *Proofs of Theorems

5.9.1 THEOREM: C is sound and complete with respect to its semantics.

Proof:

The soundness argument is essentially the same as that for K (2.9.2-2.9.4).
The definition of faithfulness is modified in the obvious way. Thus, ‘if itj is
on b, then f(i)Rf (j) in Z° is replaced by:

for every formula, A, if ir4j is on b, then f()Raf (j) in Z.'0

10 In this proof and the next, f is always used for the function that shows a branch to be
faithful to an interpretation. It is never used as the world selection function, f4 (w).
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In the Soundness Lemma, the cases for the truth functions, O and ©, are
as for Kv (3.10, problem 17). For >: suppose that f shows that 7 is faith-
ful to b, and that we apply the rule for > to A > B,i and ir,j to get B,j. By
faithfulness, A > B is true at f(i) and f(i)Raf (j). Hence, B is true at f(j), as
required. Suppose, on the other hand, that we apply the rule for negated >
to =(A > B),i to get irnj, and —B,j (j new). By faithfulness, A > B is false at
f(i). Hence, there is some w such that f (i)Rqyw and B is false at w. Let f’ be the
same as f, except that f(j) = w. Then, as in the normal case for <, f’ shows
that 7 is faithful to b. The rest of the proof of the Soundness Theorem is
the same.

The completeness argument is also a modification of that for K
(2.9.5-2.9.7). In the induced interpretation, W and v are defined in the same
way. And, for every A:

if A occurs as the antecedent of a conditional or negated conditional at a node
of b, then w;Rqw; iff irsj is on b;

otherwise, w;Rqaw; iff A is true at w;.

Two comments should be made on this definition. First, the second clause
is, in fact, irrelevant to the following argument. If A is not an antecedent
on b, then how Ry behaves is completely irrelevant to the inference in
question. We give the definition in this form, however, since the second
clause is required for the completeness proof for C* in the next theorem.
Secondly, note that the clause is well defined. The definition of A’s truth
at a world requires the definition of Rg only for those B that are proper
subformulas of A.

In the Completeness Lemma, the cases for the truth functions, and for
O and <, are as for Kv (3.10, problem 17). For >: suppose that A > B,i is
on b. Then for every j such that irsj is on b, B,j is on b. By the definition
of the induced interpretation, and induction hypothesis, for every w; such
that w;Rqswj, B is true at w;. Hence A > B is true at w;. Finally, suppose that
—(A > B),iis on b. Then there is a j such that iryj and —B,j is on b. By the
definition of the induced interpretation, and induction hypothesis, there is
a wj such that w;Rawj, and B is false at w;. Hence A > B is false at w;. The
Completeness Theorem then goes through as before. |

5.9.2 THEOREM: C* is sound and complete with respect to its semantics.

99



100

An Introduction to Non-Classical Logic

Proof:

The proof is a modification of that for C. For soundness, we merely have to
check the cases for the rules of 5.5.3 in the Soundness Lemma. The argument
for the first of these is the same as that for the rule for negated > in C, except
that we have an extra A,i to worry about. But since f(i)Raf (j), vfj(A) = 1
by condition (1), as required. For the second, suppose that we apply the
rule to obtain one branch containing —A, i, and one containing iri and A, i.
Condition (2) tells us that either vy (A) = 0, or vy (A) = 1 and f(i)Raf (). In
the first case, f shows 7 to be faithful to the left branch; in the second case,
it shows 7 to be faithful to the right branch.

For the Completeness Theorem, we have to check, in addition, only that
the induced interpretation satisfies conditions (1) and (2). There are two
cases, depending on whether or not A occurs as an antecedent on b. If it
does not, the result holds simply by the definition of R4 (5.9.1). In the other
case, let us consider the two conditions in turn. For (1), suppose that w;Rywj;
then irsj occurs on b. The only way for this to occur is for the node to be the
result of an application of one of two rules. But in each of them, when we
introduce this node, we also add a node of the form A, j on the same branch.
By the Completeness Lemma, vy, (A) = 1, as required. For (2), suppose that
v, (A) = 1. Then, since the second rule has been applied, either —A, i or irai
is on the branch. But by the Completeness Lemma, it cannot be the first.
Hence, w;Rqw;, as required. |

5.10 History

The first conditional logic was proposed by Stalnaker (1968), who thought
it adequate for both indicative and subjunctive conditionals. His system is
essentially C,. C; was proposed by Lewis (1973a,b), who took it to be appro-
priate for subjunctive conditionals (the indicative conditional being D).
C; is also called VC in the literature. Some care is required when reading the
literature, since both C; and C; get formulated in slightly different ways.
The versions given here are taken, essentially, from Nute (1984). The notion
of sphere semantics is also due to Lewis (1973a,b). Sphere semantics not only
provide a modelling for selection-function semantics for conditional logics,
but, in a sense, are intertranslatable with them. In particular, the systems
S, C1 and C; are sound and complete with respect to appropriate versions of
the sphere semantics. Details for C; and C; can be found in Lewis (1971). The
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first person to realise that conditional logics could be seen as modal logics
with accessibility relations indexed by formulas (or propositions) appears
to have been Chellas (1975), who invented the system C. (Strictly speaking,
what he calls C is what I have called C plus condition (P) of 5.6.15.) C* and
S are not standard names. Tableaux for conditional logics of a kind very
different from those used in this chapter were given by de Swart (1983)
and Gent (1992). The argument of 5.8.5 is due to Fine. It is discussed in
Lewis (1979).

5.11 Further Reading

A good survey of conditional logics is Nute (1984). See also Nute (1980).
A systematic account of many conditional logics, seen as indexed modal
logics, can be found in Segerberg (1989). A debate between Stalnaker and
Lewis on C; versus C, can be found in papers collected in Harper, Stalnaker
and Pearce (1981), which also contains a number of other useful papers
on conditionals and conditional logics. A discussion of the Lewis-Stalnaker
semantics can be found in Read (1994, ch.3).

5.12 Problems

1. Complete the details left open in 5.2.1, 5.4.3, 5.5.4, 5.5.8, 5.6.11, 5.7.2,
5.7.6 and 5.8.8.
2. Show that the following are true in C:
(@ DA=B)F (C>A)=(C>B)
b)) A> BAOFA>B AA>C)
(0 A>BBPAA>CFA>BAC
(dA>BO>COFA>BD>A=>C0
() FA> (BVv —B)
3. Show the following are false in C, but true in C*. Specify a C counter-
model.
(@rFp>p
(b) p.p>4qtq
(c) p2at-p>q
d) pAr—qE—=@p>aq
4. Show that the following are false in C*. Specify a counter-model, either
by constructing a tableau, or directly.
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(@p>qa=@Arr)>q
b p>qkE—g>-p
©p>dq>rEp>r

5. Show that the following fail in C, but hold provided we add the condition
on f indicated.

(@ v >rE@>=nAr@>"1
fp(W) qu(W) Efpvq(W)

b @>nNr@>nNE@Eve>r
JovaW) S forw) U fa(w)

©p>aqq>rE@rq>r
Iffy(w) S [g], then fynq(w) S fq(w)

6. Show that the following fail in C*, but hold in S:
(@) op =@ > @A —q)
b)p>qg-p>-1EPAT)>(q
€ Dp=pE@>n=@>71)

7. By constructing a suitable sphere model, show that the inferences
of problem 4 also fail in C;. Show that the following is also false in
C:pv >rEQ@>rA@>1).

8. Determine whether the following hold in each of C; and C:
@p>@vniE@>9VvE>7
(b) p>q.—qF—q>-p
(c) ©p.p>qE=—@>—q
@p>@>DEp>q
@p>@>nNkEq>@=>1

9. It seems natural to suppose that the inference from (svt) > rtos > r
ought to be valid. (For example. ‘If you have a broken arm or you have
a broken leg, you can claim the allowance. Hence, if you have a bro-
ken arm, you can claim the allowance.’) Now, suppose that p > r. Since
EOp = ((pAqg V(@A —q)), it follows in S - and, in fact, any logic
satisfying the condition (P) - that (p Aq) VvV (p A —q)) > r. (See problem 6
(c).) If the form of inference in question were valid, then, it would follow
that (p Aq) > r. But we know that the inference fromp > rto (pA q) > r
is invalid. Discuss.



6 Intuitionist Logic

6.1 Introduction

6.1.1 In this chapter, we look at another logic that has a natural possible-
world semantics: intuitionist logic, a logic that arose originally out of certain
views in the philosophy of mathematics called intuitionism.

6.1.2 We will also look briefly at the philosophical foundations of intuition-
ism, and at the distinctive account of the conditional that intuitionist logic

provides.

6.2 Intuitionism: The Rationale

6.2.1 Let us start with a look at the original rationale for intuitionism. Con-
sider the sentence ‘Granny had led a sedate life until she decided to start
pushing crack on a small tropical island just south of the Equator.” You can
understand this, and indefinitely many other sentences that you have never
(I presume) heard before. How is this possible?

6.2.2 We can understand a sentence of this kind because we understand
its individual parts and the way they are put together; the meaning of a
sentence is determined by the meanings of'its parts, and of the grammatical
construction which composes these. This fact is called compositionality.

6.2.3 An orthodox view, usually attributed to Frege, is that the meaning
of a statement is given by the conditions under which it is true, its truth
conditions. Thus, by compositionality, the truth conditions of a statement
must be given in terms of the truth conditions of its parts. Thus, for exam-
ple, —A is true iff A is not true; A A B is true iff A is true and B is true;
and so on.
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6.2.4 Now, truth, as commonly conceived, is a relationship between lan-
guage and an extra-linguistic reality. Thus, ‘Brisbane is in Australia’ is
true because of certain objective social and geographical arrangements
that obtain in the southern hemisphere of our planet. But many have
found the notion of an objective extra-linguistic reality problematic - for
mathematics, in particular.

6.2.5 What is the extra-linguistic reality that corresponds to the truth of
‘243 = 5’? Some (mathematical realists) have suggested that there are objec-
tively existing mathematical objects, like 3 and 5. To others, such a view
has just seemed like mysticism. These include mathematical intuitionists,
who rejected the common conception of truth, as applied to mathematics,

for just this reason.

6.2.6 But in this case, how is meaning to be expressed? The intuitionist
answer is that the meaning of a sentence is to be given, not by the conditions
under which it is true, where truth is conceived as a relationship with some
external reality, but by the conditions under which it is proved, its proof
conditions - where a proof is a (mental) construction of a certain kind.

6.2.7 Thus, supposing that we know what counts as a proof of the simplest
sentences (propositional parameters), the proof conditions for sentences
constructed using the usual propositional connectives are as follows. In the
following sections, it will make matters easier if we use new symbols for
negation and the conditional. Hence, we will now write these as — and 3,

respectively.

A proof of A A B is a pair comprising a proof of A and a proof of B.

A proof of A v B is a proof of A or a proof of B.

A proof of — A is a proof that there is no proof of A.

A proof of A 1 Bis a construction that, given any proof of A, can be applied
to give a proof of B.

6.2.8 Note that these conditions fail to verify a number of standard logi-
cal principles - most notoriously, some instances of the law of excluded
middle: Av — A. For example, a famous mathematical conjecture whose
status is currently undecided is the twin prime conjecture: there is an infinite
number of pairs of primes, two apart, like 3 and 5, 11 and 13, 29 and 31.
Call this claim A. Then there is presently no proof of A; nor is there a proof
that there is no proof of A. Hence, there is no proof of Av — A, which
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claim is not, therefore, acceptable. Thus, intuitionism generates a quite
distinctive logic.

6.3 Possible-world Semantics for Intuitionism

6.3.1 To obtain a better understanding of this logic, intuitionist logic, let
us look at a possible-world semantics which, arguably, captures the above

ideas.

6.3.2 The language of propositional intuitionist logic is a language whose

only connectives are A, vV, — and .

6.3.3 Anintuitionist interpretation for the language is a structure, (W, R, v),
which is the same as an interpretation for the normal modal logic K,,; (so
that R is reflexive and transitive) apart from one further constraint, namely
that for every propositional parameter, p:

forallw e W, if vy (p) = 1 and wRW/, vy (p) = 1

This is called the heredity condition.

6.3.4 The assignment of values to molecular formulas is given by the

following conditions:

vw(A AB) =1if vy(A) =1 and vy (B) = 1; otherwise it is 0.

vw(AV B) =1if vy(A) =1 or vy(B) = 1; otherwise it is 0.

vw(— A) = 1 if for all w’ such that wRw’, v,,»(A) = 0; otherwise it is 0.

vw(AJB) = 1 if for all w’ such that wRw’, either v, (A) = 0 or v,(B) = 1;
otherwise it is 0.

Note that — A is, in effect, O—A, and ATB is, in effect, O(A > B).!

6.3.5 Given these truth conditions, the heredity condition holds, as a matter
of fact, not just for propositional parameters, but for all formulas. The proof
is relegated to a footnote, which can be skipped if desired.”

1 Sometimes, the language is taken to contain a propositional constant, L, which is true
at no world. The truth conditions of — A then reduce to those of A 1.

2 The proof is by induction on the construction of formulas. Suppose that the result
holds for A and B. We show that it holds for — A, AA B,Av B and A 1 B. For — A: we
prove the contrapositive. Suppose that wRw’, and — A is false at w’. Then for some w”
such that w'Rw”, A is true at w”. But then wRw”, by transitivity. (cont. on next page)
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6.3.6 Before we complete the definition of validity, let us see how an
intuitionist interpretation arguably captures the intuitionist ideas of the
previous section. Think of a world as a state of information at a certain time;
intuitively, the things that hold at it are those things which are proved at
this time. uRv is thought of as meaning that v is a possible extension of u,
obtained by finding some number (possibly zero) of further proofs. Given
this understanding, R is clearly reflexive and transitive. (For z: any exten-
sion of an extension is an extension.) And the heredity condition is also
intuitively correct. If something is proved, it stays proved, whatever else

we prove.

6.3.7 Given the provability conditions of 6.2.7, the recursive conditions of
6.3.4 are also very natural. A A B is proved at a time iff A is proved at that
time, and so is B; A v B is proved at a time iff A is proved at that time, or
Bis. If — A is proved at some time, then we have a proof that there is no
proof of A. Hence, A will be proved at no possible later time. Conversely, if
— A is not proved at some time, then it is at least possible that a proof of
A will turn up, so A will hold at some possible future time. Finally, if A J B
is proved at a time, then we have a construction that can be applied to any
proof of A to give a proof of B. Hence, at any future possible time, either
there is no proof of A, or, if there is, this gives us a proof of B. Conversely,
if A 1 B is not proved at a time, then it is at least possible that at a future
time, A will be proved, and B will not be. That is, A holds and B fails at some

possible future time.

6.3.8 Back to validity: this is defined as truth preservation over all worlds
of all interpretations, in the usual way. We will write intuitionist logical

consequence as =7, when necessary.

6.3.9 Observe that if an intuitionist interpretation has just one world,
the recursive conditions for the connectives of 6.3.4 just reduce to the
standard classical conditions. A one-world intuitionist interpretation is, in

Hence, — A is false at w. For A A B: suppose that A A B is true at w, and that wRw'. Then A
and B are true at w. By induction hypothesis, A and B are true at w'. Hence, A A B is true
at w'. For A v B: the argument is similar. For A J B: we again prove the contrapositive.
Suppose that wRw’ and A 1 B is false at w'. Then for some w” such that w'Rw”, A is true
and B is false at w”. But, by transitivity, wRw". Hence A 1 B is false at w.
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effect, therefore, a classical interpretation. Thus, if truth is preserved at
all worlds of all intuitionist interpretations, it is preserved in all classical
interpretations. If an inference is intuitionistically valid, it is therefore
classically valid (when — and 7 are replaced with — and D, respectively). The
converse is not true, as we shall see. Hence, intuitionist logic is a sub-logic
of classical logic.?

6.3.10 Note, finally, that logics stronger than intuitionist logic, but still
weaker than classical logic, can be obtained by putting further constraints
on the accessibility relation, R. These are usually known as intermediate logics.
Perhaps the best known of these is a logic called LC, obtained by insisting
that R be a linear order, that is, by adding the constraint that for all w1, wy €
W, wiRwy or woRw1 or wq = wa.

6.4 Tableaux for Intuitionist Logic

6.4.1 To obtain tableaux for intuitionist logic, we modify those for normal
modal logics. The first modification is that a node on the tableau is now of
the form A, +i or A, —i. The first means, intuitively, that A is true at world
i; the second means that A is false at i. For previous modal logics, the fact
that A was false at a world was indicated by —A, i. But now, A may be false
at a world without — A being true there.

6.4.2 The initial list of a tableau for a given inference now comprises B, +-0,
for every premise, B, and A, —0, where A is the conclusion.

3 This is not true of intuitionist mathematics in general. Intuitionist mathematics
endorses some mathematical principles which are not endorsed in classical mathe-
matics; in fact, they are inconsistent classically. But because intuitionist logic is weaker
than classical logic, the principles are intuitionistically consistent. For the record, it is
worth noting that there is a certain way of seeing classical logic as a part of intuitionist
logic too. For it can be shown that if ¥ + A in classical logic, then —— ¥ ;j—— A, when
all occurrences of — and O are replaced by — and J, and —— ¥ = {—— A:A € Z}.
(The converse is obviously the case, given that intuitionist logic is a sub-logic of clas-
sical logic, and the law of double negation holds for the latter.) This was proved by V.
Glivenko in 1929. It also follows (unobviously) that the logical truths of classical logic,
expressible using only A and —, are identical with those of intuitionist logic (when — is
replaced by —). Every sentence of classical propositional logic is logically equivalent to
one employing only A and —. On these matters, see Kleene (1952, pp. 492-3).
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6.4.3 Closure of a branch occurs just when we have nodes of the form A, +i

and A, —i.

6.4.4 The rules of the tableau for the connectives are as follows:

AANB,+i ANB,—i
! VAR
A +i A,—i B,—i
B, +i
AV B,+i AV B, —i
7N !
A,+i B,+i A, —i
B, —i
A DB, +i ADB,—i
irj !
v\ irj
A,—j B,+j A, +j
B,

— A, +i — A, —i

{ irj

A, —j A, +j

b, +i
irj
!

b, tj

The rules for A and Vv are self-explanatory. The first rule for each of J and
— is applied for every j on the branch. In the second, for each, the j is new.
The rules are easier to remember if one recalls that A J B means, in effect,
O(A D B), and — A means, in effect, O—A. Note that, in particular, we can
never ‘tick off” any node of the form A O B, +i or — A, +i, since we may
have to come back and reapply the rule if anything of the form irj turns
up. The final rule is applied only to propositional parameters, and, again, to
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every j (distinct from i). The rule is required by the heredity condition, and
we will refer to it as the heredity rule. Note that there is no corresponding
rule for p, —i.

6.4.5 We also have the rules p and t (of 3.3.2), as required for the reflexivity
and transitivity of R.

6.4.6 As an example, here is a tableau to show that ; p J—— p:

p3——p,—0 (1)
0r0
orl (2)
p,+1 (3)
——p,—1 (4)
1r1
1r2 (5)
— p,+2 (6)
2r2,0r2
p,—2 (7)
p, 42 (8)
X

(2)-(4) are obtained from (1) by the rule for false 3. (5) and (6) are obtained
from (4) by the rule for false —. (7) is obtained from (6) by the rule for true
— (and the fact that 2r2). Finally, (8) is obtained from (3) by the heredity
rule (and the fact that 1r2).%

6.4.7 Here is another example to demonstrate thatp 3 q f1 — pVq. (Since
the inference is classically valid - when 3 and — are replaced by > and

4 Note a distinctive feature of intuitionist tableaux. Suppose that we had constructed the
tableau using, not a propositional parameter, p, but an arbitrary formula, A. Then we
could not apply the heredity rule to close off the tableau in the same way. But since
anything of the form A J—— A is logically true, and the tableau system is complete,
tableaux for all such formulas will close, though not in a uniform way. (That is, for
each sentence that A represents, the tableau will continue to closure in a different
way.) This could be changed by making the heredity rule apply to all formulas, not just
propositional parameters. And since heredity does hold for arbitrary formulas (6.3.5),
this rule is sound. But this complicates tableaux enormously, and, by completeness, is
unnecessary anyway.
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— - this shows that intuitionist logic is a proper sub-logic of classical logic.)

p3q,+0
—pvg,—0
0r0
—p,—0
q,—0
orl
p,+1
1rl
v N
p,—0 q,+0
s ] x
p,—1 q,+1

X

The sixth and seventh lines are given by the rule for false —, applied to the
fourth line. Both splits are caused by an application of the rule for true I to
the first line, to worlds 0 and 1, respectively. Note that there are no possible
applications of the heredity rule.

6.4.8 Counter-models are read off from an open branch of a tableau in a
natural way. The worlds and accessibility relation are as the branch of the
tableau specifies. If a node of the form p, +i occurs on the branch, p is set
to true at w;; otherwise, p is false at w;. (In particular, if a node of the form
p, —i occurs on the branch, p is set to false at w;.) Thus, reading from the
open branch of the tableau of 6.4.7, W = {wg, w1 }; woRwg, woRw; and w1Rwy;
Vwo (P) = Yy (@) = 0 and vy, (p) = vw, (@) = 1.

6.4.9 In pictures:

~ ~
Wo — W1
-p +p
—q +q

We indicate the fact that p is true (at a world) by +p, and the fact that it is
false by —p. It is a simple matter to check directly that the interpretation

is a counter-model. At every world accessible from wy, p is false or q is true.
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Hence, p 1 q is true at wp. p is true at wy; hence — p is false at wy. But g is
also false there. Hence, — p Vv q is false there.

6.4.10 The tableaux are sound and complete with respect to the semantics.
This is demonstrated in 6.7.

6.4.11 Note that, as for K,;, open tableaux for intuitionist logic may be
infinite. Here, for example, is the start of a tableau which establishes that
V1——p 3p:

——p3Jp,—0
0ro
orl

——p,+1
p,—1
1r1
—p,—1
1r2
p,+2
2r2,0r2
— p,—2
2r3

Every time we open a new world, i, the fourth line (and transitivity) requires
us to write — p, —i there; but this requires us to open a new world, j, such
that irj and p, 44, and so on.

6.4.12 Again, as with K,;, in such cases it is usually easier to con-
struct counter-models directly. Thus, for —— p I p, the following will
work:

Wo — W1

-p +p

Since p is true at wy, — p is false at wy and wy. Hence, —— p is true at wy.
Since p is false there, —— p 3 p is false at wp.
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6.5 The Foundations of Intuitionism

6.5.1 So much for formal details: in this section we look a little further into
the foundations of intuitionism.

6.5.2 The intuitionist critique of classical logic described in 6.2, is not, as a
matter of fact, very persuasive. For even if one rejects a realm of indepen-
dently existing mathematical objects, one might simply say that, for atomic
sentences, truth is to be considered as provability. Yet once truth is defined
in this way for atomic sentences, truth conditions for connectives are given
as in classical logic. Thus, if we are dealing with arithmetic, something like
‘2 + 3 = 5’ is true if the numerical algorithm for addition verifies it. Then,
for any sentence, A, —A is true iff A is not true, and so on. Thus, classical
logic is not impugned.

6.5.3 A much more subtle but radical argument for intuitionism has been
elaborated in recent years by a number of people, but most notably by
Dummett, based on quite different considerations. In nuce, it goes as fol-
lows. Someone who understands the meaning of a sentence must be able
to demonstrate that they grasp its meaning, or we would not be able to
recognise that they understood it (nor, the argument sometimes continues,
would we ever be able to learn the meaning of the sentence from others). In
particular, we demonstrate our understanding of the meaning of a sentence
by being prepared to assert it in those conditions under which it obtains
(and just those). But if classical truth conditions were employed, this would
be impossible. For such conditions allow for the possibility that a sentence
could be true, even though we could never recognise this. For example, the
sentence ‘It is not the case that there are unicorn-like creatures somewhere
in space and time’ might be true, even though we could never establish
this. Hence, meanings must be specified in terms of something which we
can recognise as obtaining, namely the conditions under which a sentence
is shown to be true, that is, verified.

6.5.4 Clearly, Dummett’s argument applies to all language, not just to math-
ematical language. Intuitionist claims about mathematics are just a special
case, proof being mathematical verification. If this critique is right, then,
intuitionist logic would be correct quite generally.

6.5.5 But one may have doubts about Dummett’s argument for several rea-
sons. For a start, why must it always be necessary to be able to manifest
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a grasp of meaning? Some aspects of meaning might simply be innate, or
hard-wired into us. We do not need to learn them; nor do we need an a pos-
teriori guarantee that a speaker possesses them. (Chomsky has argued that
our grammar is innate in just this way.)

6.5.6 But even granting that the grasp of meaning must be manifestable,
why does it have to be manifestable in a way as strong as the argument
requires? Why is it not sufficient simply to assent to a sentence when the
state of affairs it describes is manifest, and not when it isn’t?

6.5.7 It might be suggested that such a manifestation would not be ade-
quate. There will be cases where people assent to the same sentence, but do
not mean the same thing by it, as would be demonstrated by some situation
that will never, as a matter of fact, come to light, but in which they would
differ. Thus, for example, you and I might agree that standard objects are
red, but yet mean different things by the word, as would be exposed by a
disagreement about the redness of some totally novel object that will, as a
matter of fact, never come to light.

6.5.8 This may be so. But if people not only agree on given cases, but also
manifest a disposition to agree on novel cases when they do arise, this
is sufficient to show (if not, perhaps, conclusively, then at least beyond
reasonable doubt) that they are operating with the notion in question in
the same way. (This is essentially what following an appropriate rule comes
to, in Wittgensteinian terms.)

6.6 The Intuitionist Conditional

6.6.1 Setting aside the intuitionist critique in general, let us finish by con-
sidering the intuitionist conditional in its own right. All the claims about
= in the following subsections can be checked by suitable tableaux, and
are left as exercises.

6.6.2 The intuitionist conditional has an unusual mixture of properties. It
validates the paradoxes of the material conditional,q Ep 3¢,— pE=p ¢,
and so is liable to the objections of 1.7 (which, as we saw there, are not
conclusive). However, the following are false:

@A dIsE@EIs)V@Is)
@PaIPAGSIHE@EIDVEEIQ
—@PIDEP
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So the conditional does not fall to the more damaging objections of 1.9.

6.6.3 The following hold in intuitionist logic:

pPIqE—qI—p
p3gqIskEpIs
pIsE@AQ s

Hence, the intuitionist conditional is not suitable as an account of a condi-
tional with an enthymematic ceteris paribus clause, for reasons that we saw
in 5.2.

6.6.4 Most importantly, the intuitionist conditional also validates the strict
paradox: = (pA — p) 1 ¢, and sois not suitable as an account of the ordinary

conditional, for reasons that we saw in 4.8.

6.6.5 Intuitionist logic also validates the strict paradox 0Og = p T g - or, at
least, obviously would do so if the language were augmented with the modal
operator. But it does not validate the classical instance: = p 3 (qV — ).
The reason for this is that qv — ¢ is not a logical truth: there are situations
in which something of the form qv — g may fail. This thought takes us into
the next chapter.

6.7 *Proofs of Theorems

6.7.1 The soundness and completeness proofs for intuitionist tableaux are
modifications of those for normal modal logics. We start by redefining
faithfulness.

6.7.2 DEFINITION: Let 7 = (W, R, v) be any intuitionist interpretation, and b
be any branch of a tableau. Then 7 is faithful to b iff there is a map, f, from
the natural numbers to W such that:

for every node A, +i on b, A is true at f(i) in Z.
for every node A, —i on b, A is false at f(i) in Z.
ifirj is on b, f )RS (j) in Z.

6.7.3 SOUNDNESS LEMMA: Let b be any branch of a tableau, and 7 = (W,R, v)
be any intuitionist interpretation. If 7 is faithful to b, and a tableau rule is
applied to b, then this produces at least one extension, b/, such that 7 is
faithful to b'.



Intuitionist Logic

Proof:

Let fbe a function which shows Z to be faithful to b. The proof proceeds by a
case-by-case consideration of the tableau rules. The cases for the rules p and
7 are as 3.7.1. The propositional rules for A and v are straightforward. For :
suppose that A 1 B, +i and irj are on b, and that we apply the rule, splitting
the branch, to get A, —j on one branch and B, 44, on the other. Then A 7 B
is true at f (i), and f ())Rf (j); hence, either A is false at f(j) and 7 is faithful to
the first branch, or B is true at f(j) and it is faithful to the second. Suppose
that A 1 B, —i is on b, and that we apply the rule to get irj, A, +j and B, —j,
where j is new. Then A T B is false at f(i). Hence, there is a w such that
f(i)Rw, A is true at w, and B is false at w. Let f’ be the same as f, except that
f’(j) = w. Then f’ shows that 7 is faithful to the extended branch, as usual.
For —: suppose that — A, +i and itj are on b, and that we apply the rule to
get A, —j. Then — A is true at f (i), and f(i)Rf (j); hence, A is false at f(j), as
required. Suppose that — A, —i is on b, and that we apply the rule to get irj,
A, +j, where j is new. Then — A is false at f (i). Hence, there is a w such that
f(H)Rw, and A is true at w. Let f be the same as f, except that f'(j) = w. Then
f” shows that 7 is faithful to the extended branch, as usual. This leaves the
heredity rule. Suppose that p, +i and irj are on b, and that we apply the rule
to get p, +j. Since p is true at f (i) and f (i)Rf (j), p is true at f (), by the heredity
condition. |

6.7.4 SOUNDNESS THEOREM: For finite ¥, if ¥ 7 A then X =1 A.

Proof:
This follows from the Soundness Lemma in the usual way. |

6.7.5 DEFINITION: Let b be an open branch of a tableau. The interpretation,
T = (W,R,v), induced by b, is defined as in 6.4.8. W = {w; : i occurs on b}.
w;Rw; iff irj occurs on b. vy, (p) = 1 iff p, +i occurs on b.

6.7.6 LEMMA: If b is an open branch of a tableau, and 7 is the interpretation
it induces, 7 is an intuitionist interpretation.

Proof:

First, R satisfies the conditions p and 7, as in 3.7.3. For the heredity condi-
tion, suppose that p is true at w; and w;Rw;. Then p, +i and irj occur on b.
Since the heredity rule has been applied, p, +j is on b, and hence p is true
at w; in 7, as required. |
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6.7.7 COMPLETENESS LEMMA: Let b be any open completed branch of a
tableau. Let Z = (W, R, v) be the interpretation induced by b. Then:

if A, +i is on b, then A is true at w;
if A, —i is on b, then A is false at w;

Proof:

The proof is by recursion on the complexity of A. If A is atomic, the result
is true by definition, and the fact that b is open. If B v C, +i is on b, then
either B, +i or C, +i is on b. By induction hypothesis, either B or C is true at
w;. So BV Cis true at w;. If Bv C, —i is on b, then B, —i and C, —i are on b. By
induction hypothesis, B and C are false at w;. Hence, B v C is false at w;. The
argument for B A C is similar. If B J C, +i is on b, then for every j such that
irj is on b, either B, —j or C, +j is on b. Hence, by construction and induction
hypothesis, for every w; such that w;Rwj, either B is false at w; or C is true at
wj. Thus, B 1 C is true at w;. If B 3 C, —i is on b, then for some j, irj, B, 4j and
C, —j are on b. By construction and induction hypothesis, there is a w; such
that w;Rwj, B is true at w;, and C is false at w;. Hence, B 3 C is false at w;.
Finally, if — B, +i is on b, then for every j such that irj is on b, B, —j is on b.
By construction and induction hypothesis, for every w; such that w;Rwj, B is
false at w;. Thus, — B is true at w;. If — B, —i is on b, then for some j, irj and
B, +j are on b. By construction and induction hypothesis, there is a w; such
that w;Rw; and B is true at w;. Hence, — B is false at w;. [ ]

6.7.8 COMPLETENESS THEOREM: For finite X, if ¥ =1 A then X Fy A.

Proof:
The result follows from the previous two lemmas in the usual fashion. B

6.8 History

Intuitionism was first advocated by the Dutch mathematician Brouwer in
a number of papers from just before the First World War until the early
1950s. (The name ‘intuitionism’ comes from the fact that Brouwer took him-
self to be endorsing the Kantian claim that arithmetic is the pure form of
temporal intuition.) Intuitionist logic was formulated first (as an axiom sys-
tem) by the Dutch logician Heyting in 1930. For a history of the intuitionist
movement, see Fraenkel, Bar-Hillel and Levy (1973, ch. 4). The close connec-

tion between intuitionist logic and Kptr was observed (before the advent
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of possible-world semantics) by Godel (1933a) and later, in a different way,
by McKinsey and Tarski (1948). (See 6.10, problem 11.) The possible-world
semantics for intuitionist logic were first given by Kripke (1965b). The logic
LC was first formulated by Dummett (1959). Frege expressed the view that
meaning is determined by truth conditions in section 32 of volume 1 of his
Grundgesetze der Arithmetik. Dummett advocated intuitionist logic in a num-
ber of places starting in the mid-1970s (see the next section). The innateness
of grammar was advocated by Chomsky (1971). Innateness was advocated in
semantics by Fodor (1975). Cryptic remarks on rule-following can be found
in Wittgenstein (1953, esp. sects. 201-40).

6.9 Further Reading

A gentle introduction to intuitionism can be found in Haack (1974, ch. 5).
A more technical introduction can be found in Fraenkel, Bar-Hillel and Levy
(1973, ch. 4). A systematic account of intuitionist logic, mathematics and
philosophy can be found in Dummett (1977). His argument for intuitionism
is spelled out there in 7.1, and also in Dummett (1975a). It is generalised
to all language in Dummett (1976). A critique of Dummett’s position can
be found in Wright (1987). For a readable introduction to constructivism in
general, see Read (1994, ch. 8). On intermediate logics, see van Dalen (2006),
section 5.

6.10 Problems

1. Verify the claims made about intuitionist validity, left as exercises
in 6.6.

2. Show that in an intuitionist interpretation, —— A is true at a world, w,
iff for all w’ such that wRw’, there is a w” such that w'Rw” and A is true
atw’.

3. Show the following in intuitionist logic:

(@ +F@A(=pVv)3q
(b) =— (A — p)

(€ —pvaFpaq

(d) — @V +-—pr—q
(€) —pr—qb— (Vg
(f) =pv—aqF-— ®Arq)
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@ pra3@39kpaq
(h) F—— (pv — p)

. Either using tableaux, or by constructing counter-models directly, show

each of the following. In each case, define the interpretation and
draw a picture of it. (For simplicity, omit the extra arrows required by
transitivity. Take them as read.) Check that the interpretation works.
(@) Epv —rp

(b) —pIpEp

(€) — @A E—Dpv—4q

() —p3—qKEq3p

€(p3@vniE@E I QVE 31

. Show that if F AvB then F A or F B. (Hint: take counter-models for A and

B; let A fail in the first at wy, and B fail in the second at wg. Construct a
counter-model for A v B by putting the two together in an appropriate
way, adding a new world, w, such that wRw, and wRwp.) Show that it is
not the case that if  =(A A B) then F —A or £ —B. (Hint: consider the
formula —(p A —p).)

. Show that in intuitionist logic ¥ (p 1 q) v (¢ O p). Show that this is valid

in LC. (Hint: suppose that it is not, and argue by reductio.)

. How else might one manifest an understanding of the meaning of a

sentence, other than by asserting it when it becomes manifest that the
situation described obtains?

. * Consider the following tableau rule:

p.—J
irj
\

p,—i

Show that if this rule is added to tableaux for intuitionist logic, they are
still sound. Use the completeness of intuitionist tableaux to infer that

the rule is redundant.

. *Call a strong intuitionist interpretation one where R satisfies the addi-

tional condition: for all x,y € W, if xRy and yRx, then x = y. (This
makes R a partial order.) If an inference is intuitionistically valid, it is
obviously truth-preserving in all worlds of strong intuitionist interpre-
tations. Show the converse. (Hint: Consider the interpretation induced
by an open branch of a tableau for an invalid inference.)



Intuitionist Logic

10. * Construct a tableau system for LC. (Hint: look at 3.6b.) Prove that this

11.

is sound and complete with respect to the semantics.

* The McKinsey-Tarski translation is a map, M, from the sentences of
intuitionist propositional logic into the language of Kpt, defined, by
recursion, thus:

M

p = Op
AABM = AM A\ BM
AVvBM = AM\pM

A BM = ouM->BM)
(=AM = 0-AM

Given an intuitionist interpretation (which is also, of course, a Kpt
interpretation), show by recursion on the construction of sentences
that A is true at a world, w, iff AM is true at w. Let =M = {AM: A € %}.
Infer that if M |x,, AM, then ¥ = A. Suppose that M ¢, AM
(and hence that M ,}LKMAM ), and consider the interpretation induced
by an open branch of the tableau. Show that this satisfies the heredity
condition, and hence infer the converse.
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7 Many-valued Logics

7.1 Introduction

7.1.1 In this chapter, we leave possible-world semantics for a time, and turn
to the subject of propositional many-valued logics. These are logics in which
there are more than two truth values.

7.1.2 We have a look at the general structure of a many-valued logic, and
some simple but important examples of many-valued logics. The treatment
will be purely semantic: we do not look at tableaux for the logics, nor at
any other form of proof procedure. Tableaux for some many-valued logics
will emerge in the next chapter.

7.1.3 We also look at some of the philosophical issues that have moti-
vated many-valued logics, how many-valuedness affects the issue of the
conditional, and a few other noteworthy issues.

7.2 Many-valued Logic: The General Structure

7.2.1 Let us start with the general structure of a many-valued logic. To
simplify things, we take, henceforth, A = B to be defined as (A D> B) A
(BDA).

7.2.2 Let C be the class of connectives of classical propositional logic
{A, Vv, =, D}. The classical propositional calculus can be thought of as defined
by the structure (V, D, {f;;c € C}). V is the set of truth values {1,0}. D is the
set of designated values {1}; these are the values that are preserved in valid
inferences. For every connective, c, f; is the truth function it denotes. Thus,
f- is a one-place function such that f-.(0) = 1 and f~.(1) = 0; f, is a two-place
function such that f, (x,y) = 1ifx =y = 1, and f. (x, y) = 0 otherwise; and so
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on. These functions can be (and often are) depicted in the following ‘truth
tables’.

f- fal1l 0
110 1(10
0|1 010 0

7.2.3 Aninterpretation, v, is a map from the propositional parameters to V.
An interpretation is extended to a map from all formulas into V by applying
the appropriate truth functions recursively. Thus, for example, v(—=(pAq)) =
F~v@ A Q) = f~FAv(®),v(@))- (So if v(p) = 1 and v(q) = 0, v(—~(p A Q) =
f~(fA(1,0)) = f~(0) = 1.) Finally, an inference is semantically valid just if
there is no interpretation that assigns all the premises a value in D, but
assigns the conclusion a value not in D.

7.2.4 Amany-valued logicis a natural generalisation of this structure. Given
some propositional language with connectives C (maybe the same as those
of the classical propositional calculus, maybe different), a logic is defined
by a structure (V, D, {f;;c € C}). V is the set of truth values: it may have
any number of members (> 1). D is a subset of V, and is the set of desig-
nated values. For every connective, c, f; is the corresponding truth function.
Thus, if c is an n-place connective, f; is an n-place function with inputs and
outputs in V.

7.2.5 An interpretation for the language is a map, v, from propositional
parameters into V. This is extended to a map from all formulas of the lan-
guage to V by applying the appropriate truth functions recursively. Thus,
if ¢ is an n-place connective, v(c(A1,...,Ap)) = fe(v(A1),...,v(Ap)). Finally,
Y [k A iff there is no interpretation, v, such that for all B € ¥, v(B) € D,
but v(A) ¢ D.Ais alogical truth iff ¢ = A, i.e., iff for every interpretation
v(A) € D.

7.2.6 If V is finite, the logic is said to be finitely many-valued. If V has n
members, it is said to be an n-valued logic.

7.2.7 For any finitely many-valued logic, the validity of an inference with
finitely many premises can be determined, as in the classical propositional
calculus, simply by considering all the possible cases. We list all the possible
combinations of truth values for the propositional parameters employed.
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Then, for each combination, we compute the value of each premise and
the conclusion. If, in any of these, the premises are all designated and the
conclusion is not, the inference is invalid. Otherwise, it is valid. We will
have an example of this procedure in the next section.

7.2.8 This method, though theoretically adequate, is often impractical
because of exponential explosion. For if there are m propositional param-
eters employed in an inference, and n truth values, there are n™ possible
cases to consider. This grows very rapidly. Thus, if the logic is 4-valued and
we have an inference involving just four propositional parameters, there
are already 256 cases to consider!

7.3 The 3-valued Logics of Kleene and Lukasiewicz

7.3.1 In what follows, we consider some simple examples of the above
general structure. All the examples that we consider are 3-valued logics.
The language, in every case, is that of the classical propositional calculus.

7.3.2 A simple example of a 3-valued logic is as follows. V = {1, i,0}. 1 and
0 are to be thought of as true and false, as usual. i is to be thought of as
neither true nor false. D is just {1} . The truth functions for the connectives
are depicted as follows:

fa fil1 i 0 fol1 i o 51 i
10 1|14 0 10111 11 i
i i i lii o0 i1 i1
0|1 0/0 00 01 i 0 01 11

Thus, if v(p) = 1 and v(q) = i,v(—p) = 0 (top row of f_),v(—=pV q) =i
(bottom row, middle column of f,,), etc.

7.3.3 Note that if the inputs of any of these functions are classical (1 or 0),
the output is exactly the same as in the classical case. We compute the other
entries as follows. Take A AB as an example. If A is false, then, whatever B is,
this is (classically) sufficient to make A A B false. In particular, if B is neither
true nor false, A A B is false. If A is true, on the other hand, and B is neither
true nor false, there is insufficient information to compute the (classical)
value of A A B; hence, A A B is neither true nor false. Similar reasoning
justifies all the other entries.
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7.3.4 The logic specified above is usually called the (strong) Kleene 3-valued
logic, often written K3.!

7.3.5 The following table verifies that p D q =k, —q D —p:

14 poSq —>—p
1 1 1 010
1 i i i i 0
10 0 100
i 1 1 0 1 i
i i i i i i
i 0 i 1 i i
0 1 1 01 1
0 i 1 i 1 1
0 0 1 11 1

In the last three columns, the first number is the value of —gq; the last
number is that of —p, and the central number (printed in bold) is the value
of the whole formula. As can be seen, there is no interpretation where
the premise is designated, that is, has the value 1, and the conclusion

is not.

7.3.6 In checking for validity, it may well be easier to work backwards.
Consider the formula p D (q D p). Suppose that this is undesignated. Then
it has either the value 0 or the value i. If it has the value 0, then p has the
value 1 and g D p has the value 0. But if p has the value 1, so does g D p.
This situation is therefore impossible. If it has the value i, there are three

possibilities:
bp|gqop
1 i
i i
i 0

The first case is not possible, since if p has the value 1, so does g O p. Nor is
the last case, since if p has the value i,q D p has value either i or 1. But the

1 Weak Kleene logic is the same as K3, except that, for every truth function, if any input
is i, so is the output.
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second case is possible, namely when both p and g have the value i. Thus,
v(p) = v(q) = iis a counter-model to p D (@ D p), as a truth-table check
confirms. So g, p O (9 D p).

7.3.7 A distinctive thing about K3 is that the law of excluded middle is not
valid: g, p v —p. (Counter-model: v(p) = i.) However, K3 is distinct from
intuitionist logic. As we shall see in 7.10.8, intuitionist logic is not the same
as any finitely many-valued logic.

7.3.8 In fact, K3 has no logical truths at all (7.14, problem 3)! In particular,
the law of identity is not valid: &g, p D p. (Simply give p the value i.) This
may be changed by modifying the middle entry of the truth function for >,
so that f5 becomes:

110 o
111 i o
i1 o1 i
0|1 1 1

(The meaning of A > B in K3 can still be expressed by —A Vv B, since this
has the same truth table, as may be checked.) Now, A > A always takes the
value 1.

7.3.9 The logic resulting from this change is one originally given by
Lukasiewicz, and is often called L3.

7.4 LP and RM3

7.4.1 Another 3-valued logic is the one often called LP. This is exactly the
same as K3, except that D = {1, i}.

7.4.2 In the context of LP, the value i is thought of as both true and false.
Consequently, 1 and 0 have to be thought of as true and true only, and false
and false only, respectively. This change does not affect the truth tables,
which still make perfectly good sense under the new interpretation. For
example, if A takes the value 1 and B takes the value i, then A and B are both
true; hence, A A B is true; but since B is false, A A B is false. Hence, the value
of A A Bisi. Similarly, if A takes the value 0, and B takes the value i, then A
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and B are both false, so A A B is false; but only B is true, so A A B is not true.
Hence, A A B takes the value 0.

7.4.3 However, the change of designated values makes a crucial differ-
ence. For example, |=;p p vV —p. (Whatever value p has, p v —p takes either
the value 1 or i. Thus it is always designated.) This fails in K3, as we saw
in 7.3.7.

7.4.4 On the other hand, p A —p [£1p q. Counter-model: v(p) = i (making
v(p A —p) = i), v(q) = 0. But p A —p can never take the value 1 and so be
designated in K3. Thus, the inference is valid in K3.

7.4.5 A notable feature of LP is that modus ponens is invalid: p,p D q Fi1p q.
(Assign p the value i, and q the value 0.)

7.4.6 One way to rectify this is to change the truth function for > to the
following:

f~11 i 0
1/1 0 0
i |1 i 0
01 1 1

(As in 7.3.8, the meaning of A D B in LP can still be expressed by —A v B.)
Now, if A and A D B have designated values (1 or i), so does B, as a moment
checking the truth table verifies.

7.4.7 This change gives the logic often called RM3.

7.5 Many-valued Logics and Conditionals

7.5.1 Further details of the properties of A, v and — in the logics we have
just met will emerge in the next chapter. For the present, let us concentrate
on the conditional.

7.5.2 In past chapters, we have met a number of problematic inferences
concerning conditionals. The following table summarises whether or not
they hold in the various logics we have looked at. (A tick means yes; a cross
means 1o.)
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K3 L3 IP RMj
(1) qaEP>q NEERVARRVAEER
2) -pEPOq v vV X
B @AQDrE@EDNVEDN v VY
4 @EoPATDHNE@EDIVEDD |V v v OV
5) —~@>9kEp v NV
6) pOrE@AQDT v vV
(7) p>qqDrEpOT v /o Y
(8) po>qE—gD-p v VY
9 Ep>@Vv—9 x x4 x
(10) E(PA—-P Dq x x 4 X

(1) and (2) we met in 1.7, and (3)-(5) we met in 1.9, all in connection with the
material conditional. (6)-(8) we met in 5.2, in connection with conditional
logics. (9) and (10) we met in 4.6, in connection with the strict conditional.
The checking of the details is left as a (quite lengthy) exercise. For K3, a gen-
erally good strategy is to start by assuming that the premises take the value
1 (the only designated value), and recall that, in K3, if a conditional takes
the value 1, then either its antecedent takes the value 0 or the consequent
takes the value 1. For L3, it is similar, except that a conditional with value 1
may also have antecedent and consequent with value i. For LP, a generally
good strategy is to start by assuming that the conclusion takes the value 0
(the only undesignated value), and recall that, in LP, if a conditional takes
the value 0, then the antecedent takes the value 1 and the consequent takes
the value 0. For RM3, it is similar, except that if a conditional has value 0,
the antecedent and consequent may also take the values 1 and i, ori and O,
respectively. And recall that classical inputs (1 or 0) always give the classical
outputs.

7.5.3 As can be seen from the number of ticks, the conditionals do not
fare very well. If one’s concern is with the ordinary conditional, and not
with conditionals with an enthymematic ceteris paribus clause, then one may
ignore lines (6)-(8). But all the logics suffer from some of the same problems
as the material conditional. K3 and L3 also suffer from some of the problems
that the strict conditional does. In particular, even though (10) tells us that
(pA—p) D qisnotvalid in these logics, contradictions still entail everything,
since p A —p can never assume a designated value. By contrast, this is not
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true of LP (as we saw in 7.4.4), but this is so only because modus ponens is
invalid, since (p A—p) D qisvalid, as (10) shows. (Modus ponens is valid for the
other logics, as may easily be checked.) About the best of the bunch is RM3.

7.5.4 But there are quite general reasons as to why the conditional of any
finitely many-valued logic is bound to be problematic. For a start, if disjunc-
tion is to behave in a natural way, the inference from A (or B) to A v B must

be valid. Hence, we must have:
(i) if A (or B) is designated, sois AV B

Also, A = A ought to be a logical truth. (Even if A is neither true nor false,
for example, it would still seem to be the case that if A then A, and so, that
Aiff A.) Hence:

(ii) if A and B have the same value, A = B must be designated (since A = A is).

Note that both of these conditions hold for all the logics that we have looked
at, with the exception of K3, for which (ii) fails.

7.5.5 Now, take any n-valued logic that satisfies (i) and (ii), and consider
n+ 1 propositional parameters, p1,pa, . . ., Pnt1. Since there are only n truth
values, in any interpretation, two of these must receive the same value.
Hence, by (ii), for some j and k,p; = py must be designated. But then the
disjunction of all biconditionals of this form must also be designated, by (i).
Hence, this disjunction is logically valid.

7.5.6 But this seems entirely wrong. Consider n + 1 propositions such as
‘John has 1 hair on his head’, John has 2 hairs on his head’, ..., ‘John has
n + 1 hairs on his head’. Any biconditional relating a pair of these would
appear to be false. Hence, the disjunction of all such pairs would also appear
to be false - certainly not logically true.

7.6 Truth-value Gluts: Inconsistent Laws

7.6.1 Let us now turn to the issue of the philosophical motivations for
many-valued logics and, in particular, the 3-valued logics we have met.
Typically, the motivations for those logics that treat i as both true and
false (a truth-value glut), like LP and RM3, are different from those that treat
i as neither true nor false (a truth-value gap), like K3 and L3. Let us start
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with the former. We will look at two reasons for supposing that there are
truth-value gluts.?

7.6.2 The first concerns inconsistent laws, and the rights and obligations
that agents have in virtue of these. We have already had an example of this

in 4.8.3 concerning inconsistent traffic regulations.

7.6.3 Here is another example. Suppose that in a certain (entirely hypothet-
ical) country the constitution contains the following clauses:

(1) No aborigine shall have the right to vote.
(2) All property-holders shall have the right to vote.

We may suppose that when the law was made, the possibility of an
aboriginal property-holder was so inconceivable as not to be taken seri-
ously. Despite this, as social circumstances change, aborigines do come to
hold property. Let one such be John. John, it would appear, both does and
does not have the right to vote.

7.6.4 Of course, if a situation of this kind comes to light, the law is likely
to be changed to resolve the contradiction. The fact remains, though, that
until the law is changed the contradiction is true.

7.6.5 One way that one might object to this conclusion is as follows. The
law contains a number of principles for resolving apparent contradictions,
for example lex posterior (that a later law takes precedence over an earlier
law), or that constitutional law takes precedence over statute law, which
takes precedence over case law. One might insist that all contradictions
are only apparent, and can be defused by applying one or other of these
principles.

7.6.6 Itis clear, however, that there could well be cases where none of these
principles are applicable. Both laws are made at the same time; they are both
laws of the same rank, and so on. Hence, though some legal contradictions
may be only apparent, this need not always be the case.

2 Other examples of truth-value gluts that have been suggested include the state of affairs
realised at an instant of change; statements about some object in the border-area of
a vague predicate; contradictory statements in the dialectical tradition of Hegel and
Marx; statements with predicates whose criteria of application are over-dertermined;
and certain statements about micro-objects in quantum mechanics.
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7.7 Truth-value Gluts: Paradoxes of Self-reference

7.7.1 A second argument for the existence of truth-value gluts concerns the
paradoxes of self-reference. There are many of these; some very old; some
very modern. Here are a couple of well-known ones.

7.7.2 THE LIAR PArRADOX: Consider the sentence ‘this sentence is false’.
Suppose that it is true. Then what it says is the case. Hence it is false. Sup-
pose, on the other hand, that it is false. That is just what it says, so it is true.
In either case - one of which must obtain by the law of excluded middle -
it is both true and false.

7.7.3 RUSSELL's PARADOX: Consider the set of all those sets which are not
members of themselves, {x; x ¢ x}. Call this r. If r is a member of itself, then
it is one of the sets that is not a member of itself, so r is not a mem-
ber of itself. On the other hand, if  is not a member of itself, then it is
one of the sets in r, and hence it is a member of itself. In either case -
one of which must obtain by the law of excluded middle - it is both true
and false.

7.7.4 These (and many others like them) are both prima facie sound argu-
ments, and have conclusions of the form AA —A. If the arguments are sound,
the conclusions are true, and hence there are truth-value gluts.

7.7.5 Many people have claimed that the arguments are not, despite appear-
ances, sound. The reasons given are many and complex; let us consider,
briefly, just a couple.

7.7.6 Some have argued that any sentence which is self-referential, like
the liar sentence, is meaningless. (Hence, such sentences can play no role
in logical arguments at all.) This, however, is clearly false. Consider: ‘this
sentence has five words’, ‘this sentence is written on page 129 of Part I of
An Introduction to Non-Classical Logic’, ‘this sentence refers to itself’.

7.7.7 The most popular objection to the argument is that the liar sentence
is neither true nor false. In this case, we can no longer appeal to the law of
excluded middle, and so the arguments to contradiction are broken. (Thus,
the paradoxes of self-reference are sometimes used as an argument for the
existence of truth-value gaps, too.)

129



130

An Introduction to Non-Classical Logic

7.7.8 This suggestion does not avoid contradiction, however, because of
‘extended paradoxes’.® Consider the sentence ‘This sentence is either false
or neither true nor false.” If it is true, it is either false or neither. In both
cases it is not true. If, on the other hand, it is either false or neither (and
so not true), then that is exactly what it claims, and so it is true. In either
case, therefore, it is both true and not true.

7.8 Truth-value Gaps: Denotation Failure

7.8.1 Let us now turn to the question of why one might suppose there to
be truth-value gaps. One reason for this, we saw in the last chapter. If one
identifies truth with verification then, since there may well be sentences,
A, such that neither A nor —A can be verified, there may well be truth-value
gaps. Intuitionism can be thought of as a particular case of this.* Since we
discussed intuitionism in the last chapter, we will say no more about this
argument here. Instead, we will look at two different arguments.”

7.8.2 The first concerns sentences that contain noun phrases that do not
appear to refer to anything, like names such as ‘Sherlock Holmes’, and
descriptions such as ‘the largest integer’ (there is no largest).

7.8.3 It was suggested by Frege that all sentences containing such terms are
neither true nor false.® This seems unduly strong. Think, for example, of
‘Sherlock Holmes does not really exist’, or ‘either 2 is even or the greatest
prime number is’.

7.8.4 Still, there are some sentences containing non-denoting terms that
can plausibly be taken as neither true nor false. One sort of example

3 Moreover, and in any case, not all of the paradoxical arguments invoke the law of
excluded middle. Berry’s paradox, for example, does not.

4 Though, note, in the Kripke semantics for intuitionist logic, every formula takes the
value of either 1 or 0 at every world.

5 Other examples of truth-value gaps that are sometimes given include category mistakes.
Such as ‘The number 3 is thinking about Sydney’, and other ‘nonsense’ statements;
statements in the border-area of some vague predicate; and cases of presupposition
failure.

6 Though he also thought that denotation failure ought not to arise in a properly
constructed language. Non-denoting terms should be assigned an arbitrary reference.
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concerns ‘truths of fiction’. It is natural to suppose that ‘Holmes lived in
Baker Street’ is true, because Conan Doyle says so; ‘Holmes’ friend, Watson,
was a lawyer’ is false, since Doyle tells us that Watson was a doctor; and
‘Holmes had three maiden aunts’ is neither true nor false, since Doyle tells
us nothing about Holmes’ aunts or uncles.

7.8.5 This reason is not conclusive, though. An alternative view is that all
such sentences are simply false. A fictional truth is really a shorthand for
the truth of a sentence prefixed by ‘In the play/novel/film (etc.), it is the
case that’. Thus, in Doyle’s stories (it is the case that) Holmes lived in Baker
Street. Fictional falsities are similar. Thus, in Doyle’s stories it is not the
case that Watson was a lawyer. And a fictional truth-value gap, A, is just
something where neither A nor —A holds in the fiction. Thus, it is not the
case in Doyle’s stories that Holmes had three maiden aunts; and it is not
the case that he did not.

7.8.6 Another sort of example of a sentence that can plausibly be seen as
neither true nor false is a subject/predicate sentence containing a non-
denoting description, like ‘the greatest integer is even’. (Maybe not every
predicate, though: ‘The greatest integer exists’ would seem to be false. But

existence is a contentious notion anyway.)”

7.8.7 But again, this view is not mandatory. One may simply take such sen-
tences to be false (so that their negations are true, etc.). This was, essentially,
Russell’s view.

7.8.8 And Russell’s view would seem to work better than a truth-value gap
view in many cases. Thus, let ‘Father Christmas’ be short for the description
‘the old man with a white beard who comes down the chimney at Christmas
bringing presents’. Then the following would certainly appear to be false:
‘The Greeks worshipped Father Christmas’ and ‘Julius Caesar thought
about Father Christmas.’

7.8.9 Note, though, that even Russell’s view appears to be in trouble with
some similar examples. For example, it appears to be true that the Greeks

7 Arelated suggestion concerns names that may denote objects, but not objects that exist
in the world or situation at which truth is being evaluated. Thus, Aristotle exists in this
world, but consider some world at which he does not exist. It may be suggested that
‘Aristotle is a philosopher’ is neither true nor false at that world.
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worshipped the gods who lived on Mount Olympus, and that little Johnny
does think about Father Christmas on 24 December.

7.8.10 Thus, though non-denotation does give some reason for supposing
there to be truth-value gaps, the view has its problems, as do most views
concerning non-denotation.®

7.9 Truth-value Gaps: Future Contingents

7.9.1 The second argument for the existence of truth-value gaps concerns
certain statements about the future - future contingents. The suggestion is
that statements such as ‘The first pope in the twenty-second century will
be Chinese’ and ‘It will rain in Brisbane some time on 6/6/2066’ are now
neither true nor false. The future does not yet exist; there are therefore,
presently, no facts that makes such sentences true or false.

7.9.2 It might be replied that such sentences are either true or false; it’s
just that we do not know which yet. But there is a very famous argument,
due to Aristotle, to the effect that this cannot be the case. It can be put in
different ways; here is a standard version of it.

7.9.3 Let S be the sentence ‘The first pope in the twenty-second century
will be Chinese.’ If S were true now, then it would necessarily be the case
that the first pope in the twenty-second century will be Chinese. If S were
false now, then it would necessarily be the case that the first pope in the
twenty-second century will not be Chinese. Hence, if S were either true or
false now, then whatever the state of affairs concerning the first pope in
the twenty-second century, it will arise of necessity. But this is impossible,
since what happens then is still a contingent matter. Hence, it is neither
true nor false now.

7.9.4 One might say much about this argument, but a standard, and very
plausible, response to it is that it hinges on a fallacy of ambiguity. State-
ments of the form ‘if A then necessarily B’ are ambiguous between ‘if
A, then, it necessarily follows that B - O > B) - and ‘if A, then B is
true of necessity’ - A O OB. Moreover, neither of these entails the other
(even in Kv).

8 We will meet the topic of denotation-failure again in chapter 21 (Part II).



Many-valued Logics

7.9.5 Now, consider the sentence ‘If S were true now, then it would
necessarily be the case that the first pope in the twenty-second century
will be Chinese’, which is employed in the argument. If this is interpreted
in the first way (O(A D B)), it is true, but the argument is invalid. (Since
A,0(A D B) |~ OB.) If we interpret it in the second way (A D> OB), the argu-
ment is certainly valid, but now there is no reason to believe the conditional
to be true (or, if there is, this argument does not provide it). Similar con-
siderations apply to the second part of the argument. Aristotle’s argument
does not, therefore, appear to work.’

7.10 Supervaluations, Modality and Many-valued Logic

7.10.1 Let us finish with two other matters that arise in connection with
Aristotle’s argument of the previous section, though they have wider
implications.

7.10.2 First, those who have taken future contingents to be neither true
nor false, like Aristotle, have not normally taken all statements about the
future to be truth-valueless - only statements about states of affairs that
are as yet undetermined have that status. In particular, instances of the
law of excluded middle, S v =S, are usually endorsed, even if S is a future
contingent. Since this is not valid in K3 or L3, these logics do not appear to
be the appropriate ones for future statements.

7.10.3 A logic better in this regard can be obtained by a technique called
supervaluation. Let v be any K3 interpretation. Define v < v’ to mean that v/
is a classical interpretation that is the same as v, except that wherever v(p)
is i, v/(p) is either 0 or 1. (So v’ ‘fills in all the gaps’ in v.) Call v’ a resolution
of v. Define the supervaluation of v, v*, to be the map such that for every
formula, A:

vt(A) = 1iffforall v such thatv </, vV(A) =1
v (A) = 0 iff for all v/ such that v < v/, V/(A) =0
vt (A) = i otherwise

The thought here is that A is true on the supervaluation of v; just in case
however its gaps were to get resolved (and, in the case of future contingents,

9 1 will have more to say about the argument in 11a.7.
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will get resolved), it would come out true. We can now define a notion
of validity as something like ‘truth preservation come what may’, ¥ =5 A
(supervalidity), as follows:

¥ =5 Aifffor every v, if v+ (B) is designated for all B € £, vT (A) is designated
(where the designated values here are as for K3).

7.10.4 A fundamental fact is that © =5 A iff A is a classical consequence
of ¥. (In particular, therefore, =5 A v —A even though A may be neither
true nor false!) The argument for this is as follows. First, suppose that the
inference is not classically valid; then there is a classical interpretation that
makes all the members of T true and A false. But the only resolution of
v is v itself. So every resolution of v makes all the premises true and the
conclusion false. That is, for all B € =, vF(B) = 1, and vt (A) = 0. Hence,
¥ 5 A.'0 Conversely, suppose that ¥ 5 A. Then there is a v such that for
allBe X, v (B) =1and v (A) # 1. Consequently, there is some resolution
w > v such that u(A) = 0, but for all B € ¥, u(B) = 1. Since p is a classical
interpretation, the inference is not classically valid.

7.10.5 The alignment between classical validity and supervaluation validity
is not, in fact, as clean as 7.10.4 makes it appear. For any logic, including
classical logic, one can define a natural notion of multiple-conclusion valid-
ity. For this, the conclusions, like the premises, may be an arbitrary set of
formulas (not just a single formula) and the inference is valid iff every inter-
pretation (of the kind appropriate for the logic) that makes every premise
true makes some conclusion true. Thus, in classical logic (and ignoring set
braces for the conclusions as well as the premises), A v B E A, B. This infer-
ence is not valid for 5. To see this, just consider an interpretation, v, such
that v(p) =i. Then v (p Vv =p) = 1, but v (p) = v (—p) =i.

7.10.5a A slightly different way of proceeding avoids this consequence.
Define an inference to be valid iff, for every K3 interpretation, v, every
resolution of v that makes every premise true makes some (or, in the single
conclusion case, the) conclusion true. Since the class of resolutions of all K3

10 In certain contexts, there may be reason to suppose that not all resolutions of an
evaluation are ‘genuine possibilities’. In that case, one may wish to restrict the super-
valuation of an evaluation to an appropriate subclass of its resolutions. If one does
so, this half of the proof may break down, and the inferences that are supervaluation
valid may actually extend the classically valid inferences.



Many-valued Logics

interpretations is exactly the set of classical evaluations, this gives exactly
classical logic (single or multiple conclusion, as appropriate).’’

7.10.5b It is worth noting that there is a technique dual to supervaluation
for the logic LP. Given any LP interpretation, define < and validity exactly
as in 7.10.3 (remembering that the designated values have now changed).
In this context, it is usual to use the term subvaluation rather than supervalu-
tation; correspondingly, we will use ks instead of =5 (and call this subvalidity).
This time, A =g X iff the multiple conclusion inference from A to X is clas-
sically valid (and a fortiori for single conclusion inferences). The argument
for this is as follows. First, suppose that the inference is not classically valid;
then there is a classical interpretation that makes A true and every mem-
ber of ¥ false. But the only resolution of v is v itself. So every resolution
of v makes the premise true and all the conclusions false. That is, for all
Be X,v"(B) =0, and v (A) = 1. Hence, A ¥5 X.'? Conversely, suppose that
A ¥g . Then there is a v such that v (A) # 0, and for allB € X, v (B) = 0.
Consequently, there is some resolution x > v such that u(A) = 1, but for
allB € ¥, u(B) = 0. Since p is a classical interpretation, the inference is not

classically valid.

7.10.5c The result does not extend to multiple-premise inferences. Thus, in
classical logic, A, B £ A A B. This inference is not valid for Es. Just consider
an interpretation, v, such that v(p) = i. Then v*(p) = v*t(-=p) = i, but
vt(p A —p) = 0. However, if validity is defined as in 7.10.5a, replacing K3
with LP, then it coincides with classical validity, for the same reason.

7.10.5d Clearly, applying the super/subvaluation technique provides a num-
ber of different notions of validity. In deciding whether or not to apply the
technique, and if so how, one has to decide what one wishes one’s notion

11 Note that supervaluation techniques can be applied to the logicZ3, but are less appro-
priate. Supervaluation is essentially a gap-filling exercise. It should not destabilise
things that already have a determinate truth. A resolution of a K3 interpretation pre-
serves classical truth values in the appropriate way. That is, if v < 1/, and v(A) is 0 or
1, v/(A) has the same value. The same is not true of £3. Similarly, subvaluations (about
to be defined) do not destabilise classical values in LP, but they may do so in RM3. See
7.14, problem 4.

12 Again, if one restricts the subvaluation to an appropriate class of its resolutions, this
half of the proof may break down, and subvaluation validity may extend the classically
valid inferences.
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of'validity to preserve: designated value under an interpretation, designated
value under a super/subvaluation, or designated value under a resolution.
In the case of future contingents, for example, are we interested in preserv-
ing actual truth value, truth value we can ‘predict now’, or ‘eventual’ truth
value? Quite possibly, the answer may depend on why, exactly, gaps/gluts
are supposed to arise in the application at hand. Conceivably, the answer
may be different for different applications (e.g., future contingents and
vagueness'>).

7.10.6 Let us now turn to the second matter. This concerns the connection
between modality and many-valued logic. Notwithstanding the issue con-
cerning the law of excluded middle that we have just discussed, Lukasiewicz
was motivated to construct his logic L3 by the problem about future con-
tingents. According to him, statements about the past and present are now
unalterable in truth value. If they are true, they are necessarily true; if they
are false, they are necessarily false. But future contingents, those things tak-
ing the value i, are merely possible. Things that are true are also possible,
of course. He therefore augmented the language with a modal possibility
operator, <, and gave it the following truth table:

fo
11
i
0|0

Defining DA in the standard way, as =0—A, gives it the truth table:

jjs

1|1
i |0
0|0

7.10.7 These definitions give a modal logic that, in the light of modern
modal logic, has some rather strange properties. For example, it is easy
to check that p =, Op. (This is not the Rule of Necessitation.) Given the
Aristotelian motivation, this may be acceptable. But there are other con-
sequences that are certainly not. For example, it is easy to check that

13 For vagueness, see 11.3.7.
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CA, OB k=1, O(A A B). This is not acceptable - even to an Aristotelian. It
is possible that the first pope in the twenty-second century will be Chinese
and possible that she will not. But it is not possible that she both will and
will not be.

7.10.8 In fact, none of the modal logics that we have looked at (nor condi-
tional logics, nor intuitionist logic) is a finitely many-valued logic. The proof
of this is essentially a version of the argument of 7.5.4, 7.5.5. The proof is
givenin 7.11.1-7.11.3.

7.10.9 There is a certain sense in which every logic can be thought of as
an infinitely many-valued logic, however. A uniform substitution of a set of
formulas is the result of replacing each propositional parameter uniformly
with some formula or other (maybe itself). Thus, for example, a uniform
substitution of the set {p,p D (pVv @)} is {r As, (r As) D (r As) V). Alogicis
closed under uniform substitution when any inference that is valid is also valid
for every uniform substitution of the premises and conclusion. All standard
logics are closed under uniform substitution.'*

7.10.10 Now, it can be shown that every logical consequence relation, +,
closed under uniform substitution, is weakly complete with respect to a
many-valued semantics. That is, - A iff A is logically valid in the semantics.
This is proved in 7.11.5. The semantics is somewhat fraudulent, though,
since it involves taking every formula as a truth value. Moreover, the result
can be extended to strong completeness (that is, to inferences with arbitrary
sets of premises - not just empty ones) only under certain conditions.'?

7.11 *Proofs of Theorems

7.11.1 DEFINITION: Let A¢3B be (A-3B) A (B3A),andletA =21 Bbe(A O B)A
(B 1 A). Let Dy 1 be the disjunction of all sentences of the form p;s-3p; (if

14 The general reason is as follows. Suppose that some substitution instance of an infer-
ence is invalid. Then there is some interpretation, Z (appropriate for the logic in
question), which makes the premises true and the conclusion untrue (at some world).
Now consider the interpretation that is exactly the same as Z, except that it assigns
to every parameter (at a world) the value of whatever formula was substituted for it
(at that world) in Z. It is not difficult to check that the truth value of every formula
(at every world) is the same in this interpretation as its substitution instance was in 7.
Hence, the inference is invalid also.

15 See Priest (2005b).

137



138

An Introduction to Non-Classical Logic

we are dealing with a modal logic), or pj C 3 py (if we are dealing with
intuitionist logic), for 1 <j <k <n+1.

7.11.2 LEMMA: For no n is D44 a logical truth of any modal logic weaker
than Kv or of intuitionist logic.

Proof:
The proof is by constructing counter-models in Kv and I, either directly or
with the aid of tableaux. Details are left as an exercise. [ ]

7.11.3 THEOREM: No modal logic between L and Kv is a finitely many-valued
logic.

Proof:
Suppose that it were, and that it had n truth values. Since A =1 A Vv B:

(i) wheneverAe D,AvBeD

Since AAB &1 A:
(i) whenever AAB e D,A €D

(and the same for B in both cases). Moreover, since =1 p 3 p:
(iii) for any x € V, f3(x,%x) € D

Now, consider any interpretation, v. Since there are only n truth values, for
some1 <j <k <n+1,v(pj) = v(py). Hence, v(p; 3 px) € Dand v(px3p)) € D,
by (iii), v(pje3px) € D, by (ii), and v(Dy11) € D, by (i). Thus, Dy 1 is logically
valid, which it is not, by the preceding lemma. |

7.11.4 THEOREM: Intuitionist logic is not a finitely many-valued logic. Nor
is any logic that extends intuitionist logic or any of the modal logics above
with extra connectives. In particular, no conditional logic is a finitely many-
valued logic.

Proof:

The proof for intuitionist logic is exactly the same, replacing £3 with CJ.
The argument for any linguistic extension of the logics in question is also
exactly the same. |

7.11.5 THEOREM: Any logical consequence relation, i, closed under uniform
substitution, is weakly complete with respect to a many-valued semantics.
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Proof:

We define the components of a many-valued logic as follows. Let V be the
set of formulas of the language. Let D = {A : - A}. For every n-place con-
nective, ¢, let fe(A1, ..., Ay) = c¢(A1, ..., Ap). Now, suppose that - A. Consider
any interpretation, v. Then it is easy to check that v(A) is simply the for-
mula A with every propositional parameter, p, replaced by v(p). Call this
A,. Since F is closed under uniform substitution, - A,. That is, v(A) € D.
Conversely, suppose that t# A. Consider the interpretation, v, which maps
every propositional parameter to itself. It is easy to check that v(A) = A.
Hence, v(A) ¢ D. [ |

7.12 History

The first many-valued logic was L3. This, and its generalisation to n-valued
logics, L, were invented by the Polish logician Lukasiewicz (pronounced
Woo/ka/syey/vitz) around 1920. See Lukasiewicz (1967). (This paper also dis-
cusses future contingents and Lukasiewicz’ modal logic.) At about the same
time, the US mathematician Post (1921) was also constructing a many-valued
logic. (Post’s system has no simple philosophical motivation, though.) The
logic K3 was invented by Kleene (1952, sect. 64). He was brought to it by
considering partial functions, that is, functions that may have no value for
certain inputs (such as division when this is by 0). An expression such as
3/0 can be thought of as an instance of denotation failure. Some, such as
Kripke (1975), have argued that i should be thought of as a lack of truth
value, rather than as a third truth value; but this is a subtle distinction to
which it is hard to give substance. LP (which stands for ‘Logic of Paradox’)
was given by Priest (1979). RM3 is one of a family of n-valued logics, RMj,,
related to the logic RM (R Mingle), which we will meet in chapter 10. See
Anderson and Belnap (1975, pp. 470f.).

The view that there are true contradictions, dialetheism, had a number
of historical adherents; but, in its modern form, is relatively recent. For
its history, see Priest (1998a). Kripke (1975) gave an influential account of
the liar sentence as neither true nor false. Frege’s views on non-denotation
can be found in Frege (1970). A more nuanced defence of the same idea is
in Strawson (1950). Russell’s account of descriptions appeared in Russell
(1905). Aristotle’s argument for truth-value gaps is to be found in De
Interpretatione, chapter 9.
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Supervaluations were invented by van Fraassen (1969). For subvaluations
see Varzi (2000). The proof that intuitionist logic is not many-valued was first
given by Godel (1933b). The idea was applied to modal logic by Dugunji
(1940). The proof that every logic is weakly characterised by a many-valued
logic is due to Lindenbaum (see Rescher 1969, p. 157).

7.13 Further Reading

For an excellent overview of many-valued logics, including their history,
see Rescher (1969). Urquhart (1986) and Malinowski (2001) are shorter
and also very good. The literature on the paradoxes of self-reference is
enormous, but reasonable places to start are Haack (1979, ch. 8), Sains-
bury (1995, ch. 5) and Priest (1987, chs. 1 and 2). Chapter 13 of the last
of these also contains a discussion of inconsistent laws. The literature on
non-denotation is also enormous. A suitable place to start is Haack (1979,
ch. 5). A good discussion of Aristotle’s argument for truth-value gaps, and
its employment by Lukasiewicz, is Haack (1974, ch. 4). Many of the pos-
sible examples of truth-value gluts are discussed in Priest and Routley
(1989a,b). Many of the possible examples of truth-value gaps are discussed
in Blamey (1986, sect. 2). For multiple-conclusion logic, see Shoesmith and
Smiley (1978).

7.14 Problems

1. Check all the details omitted in 7.5.2.

2. Call a many-valued logic in the language of the classical propositional
calculus normal if, amongst its truth values are two, 1 and 0, such that 1
is designated, O is not, and for every truth function corresponding to a
connective, the output for those inputs is the same as the classical output.
(K3, L3, LP and RM3 are all normal.) Show that every normal many-valued
logic is a sub-logic of classical logic (i.e., that every inference valid in the
logic is valid in classical logic).

3. Observe that in K3 if an interpretation assigns the value i to every propo-
sitional parameter that occurs in a formula, then it assigns the value i to
the formula itself. Infer that there are no logical truths in K3. Are there
any logical truths in Z3?
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. Let v; and v, be any interpretations of K3 or LP. Write v; < v, to mean
that for every propositional parameter, p:

if v1(p) =1, then vy(p) =1;andif v1(p) =0, then vy(p) =0
Show by induction on the way that formulas are constructed, that if
v1 < vy, then the displayed condition is true for all formulas. Does the
result hold for £3 and RM3?
. By problem 2, if =1p A, then A is a classical logic truth. Use problem 4
to show the converse. (Hint: Suppose that v is an LP interpretation such
that v(A) = 0. Consider the interpretation, v’, which is the same as v,
except that if v(p) =1, v'(p) =0.)

6. What is the truth value of ‘this sentence is true™?
7. Tolkien tells us in The Hobbit that Bilbo Baggins is a hobbit, and all hobbits

are short. Graham Priest is 6'4”. What is the truth value of ‘Graham Priest
is taller than Bilbo Baggins’, and why?

. Under what conditions is it appropriate to apply a super/subvaluation
technique, and what determines the appropriate form to apply?

. * Fill in the details omitted in 7.11.2.
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8 First Degree Entailment

8.1 Introduction

8.1.1 In this chapter we look at a logic called first degree entailment (FDE). This
is formulated, first, as a logic where interpretations are relations between
formulas and standard truth values, rather than as the more usual functions.
Connections between FDE and the many-valued logics of the last chapter

will emerge.

8.1.2 We also look at an alternative possible-world semantics for FDE, which

will introduce us to a new kind of semantics for negation.

8.1.3 Finally, we look at the relation of all this to the explosion of
contradictions, and to the disjunctive syllogism.

8.2 The Semantics of FDE

8.2.1 The language of FDE contains just the connectives A, v and —. A D B
is defined, as usual, as —=A v B.

8.2.2 In the classical propositional calculus, an interpretation is a function
from formulas to the truth values 0 and 1, written thus: v(A) = 1 (or 0).
Packed into this formalism is the assumption (usually made without com-
ment in elementary logic texts) that every formula is either true or false;

never neither, and never both.

8.2.3 As we saw in the last chapter, there are reasons to doubt this
assumption. If one does, it is natural to formulate an interpretation, not as
a function, but as a relation between formulas and truth values. Thus, a for-
mula may relate to 1; it may relate to 0; it may relate to both; or it may relate
to neither. This is the main idea behind the following semantics for FDE.
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8.2.4 Note that it is now very important to distinguish between being false
in an interpretation and not being true in it. (There is, of course, no differ-
ence in the classical case.) The fact that a formula is false (relates to 0) does
not mean that it is untrue (it may also relate to 1). And the fact that it is
untrue (does not relate to 1) does not mean that it is false (it may not relate
to 0 either).

8.2.5 An FDE interpretation is a relation, p' between propositional parame-
ters and the values 1 and 0. (In mathematical notation, p € P x {1, 0}, where
P is the set of propositional parameters.) Thus, pp1 means that p relates to
1, and pp0 means that p relates to 0.

8.2.6 Given an interpretation, p, this is extended to a relation between all
formulas and truth values by the recursive clauses:

A ABp1iff Ap1 and Bp1
A A Bp0 iff ApO or BpO

AV Bpliff Ap1 or Bpl
AV Bp0 iff Ap0O and Bp0O

-Ap1iff ApO
—-Ap0 iff Apl

Note that these are exactly the same as the classical truth conditions,
stripped of the assumption that truth and falsity are exclusive and exhaus-
tive. Thus, a conjunction is true (under an interpretation) if both conjuncts
are true (under that interpretation); it is false if at least one conjunct is
false, etc.

8.2.7 As an example of how these conditions work, consider the formula
=p A (q Vv r). Suppose that pp1, pp0, gol and rp0, and that p relates no
parameter to anything else. Since p is true, —p is false; and since p is
false, —p is true. Thus —p is both true and false. Since q is true, q v r
is true; and since q is not false, q v r is not false. Thus, g Vv r is sim-
ply true. But then, —p A (q Vv 1) is true, since both conjuncts are true;
and false, since the first conjunct is false. That is, =p A (@ Vv 1)p1 and
—p A (qV 1)p0.

1 Not to be confused with the reflexive p of normal modal logics.
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8.2.8 Semantic consequence is defined, in the usual way, in terms of truth
preservation, thus:

¥ = A iff for every interpretation, p, if Bp1 for all B € ¥ then Ap1
and:

= Aiff¢p = A, ie, forall p, Apl

8.3 Tableaux for FDE

8.3.1 Tableaux for FDE can be obtained by modifying those for the classical
propositional calculus as follows.

8.3.2 Each entry of the tableau is now of the form A, + or A, —. Intuitively, A,
+ means that A is true, A, — means that it isn’t. As we noted in 8.2.4, and as
with intuitionist logic (6.4.1), —A, + no longer means the same, intuitively,
as A, —.

8.3.3 To test the claim that A4, ...,A, F B, we start with an initial list of the

form:
A1, +

An, +
B, —

8.3.4 The tableaux rules are as follows:

AAB,+ ANB,—

l VRN
A, + A, — B, -
B, +

AV B, + AVB,—
VRN 1
A,+ B, + A, —

B, —

—=(AAB),+ —(AAB),—

—AvV =B, + —AvV —B, —
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—(AVB),+ —-(AVB),—
i l
—-AA—B,+ —A A =B, —
——A, + ——A, —

l !

A+ A, —

The first two rules speak for themselves: if A A B is true, A and B are true;
if A A B is not true, then one or other of A and B is not true. Similarly for
the rules for disjunction. The other rules are also easy to remember, since
—(A AB) and —A v =B have the same truth values in FDE, as do —(A v B) and
—AA—-B, and ——A and A. (De Morgan’s laws and the law of double negation,
respectively.)

8.3.5 Finally, a branch of a tableau closes if it contains nodes of the form
A,+and A, —.

8.3.6 For example, the following tableau demonstrates that =(B A =C) A A
= (—BvC)VvD:

—=(BA=C)AA,+
(-BvC)vD,—
—(BA=0),+
A+
-Bv —-—C,+
-BvC(C,—
D, —

—B, —

C,_

b N\
—B, + -—C, +
X C,+

X

The third and fourth lines come from the first, by the rule for true
conjunctions. The next line comes from the third by De Morgan’s laws.
The next two lines come from the second by the rule for untrue disjunc-
tions, which is then applied again, to get the next two lines. The branching
arises because of the rule for true disjunctions, applied to line five. The left
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branch is now closed because of —B, — and —B, +; an application of double
negation then closes the righthand branch.

8.3.7 Here is another example, to show thatp A (@ VvV —q) / r:

pA@YV—Q,+
r—
p,+
qv—q,+
v N
q, + —-q, +

8.3.8 Counter-models can be read off from open branches in a simple way.
For every parameter, p, if there is a node of the form p, +, set pp1; if there
is a node of the form —p, +, set pp0. No other facts about p obtain.

8.3.9 Thus, the counter-model defined by the righthand branch of the
tableau in 8.3.7 is the interpretation p, where pp1 and qp0 (and no other
relations hold). It is easy to check directly that this interpretation makes
the premises true and the conclusion untrue.

8.3.10 The tableaux are sound and complete with respect to the semantics.
This is proved in 8.7.1-8.7.7.

8.4 FDE and Many-valued Logics

8.4.1 Given any formula, A, and any interpretation, p, there are four
possibilities: A is true and not also false, A is false and not also true, A
is true and false, A is neither true nor false. If we write these possibilities as
1, 0, b and n, respectively, this makes it possible to think of FDE as a 4-valued
logic.

8.4.2 The truth conditions of 8.2.6 give the following truth tables:

f- fAl1 b n O 11 b n O
1|0 11 b n O 1/1 1 1 1
b|b bbb 0 0 b{1 b 1 b
ni|n nin 0 n O n|{l 1 n n
0|1 0|0 0 0 O 0(1 b n O
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The details are laborious, but easy enough to check. Thus, suppose that A is
n and B is b. Then it is not the case that A and B are both true; hence, A A B
is not true. But B is false; hence, A A B is false. Thus, A A B is false but not
true, 0. Since B is true, A v B is true; and since A and B are not both false,
A v Bis not false. Hence, A v B is true and not false, 1. The other cases are
left as an exercise.

8.4.3 An easy way to remember these values is with the following diagram,
the ‘diamond lattice’:

The conjunction of any two elements, x and y, is their greatest lower bound,
that is, the greatest thing from which one can get to both x and y going up
the arrows. Thus, for example, b An = 0 and b A 1 = b. The disjunction
of two elements, x and y, is the least upper bound, that is, the least thing
from which one can get to both x and y going down the arrows. Thus, for
example,bvn =1,bVv1=1.Negation toggles 0 and 1, and maps each of n
and b to itself.?

8.4.4 Since validity in FDE is defined in terms of truth preservation, the set
of designated values is {1, b} (true only, and both true and false).

8.4.5 This is not one of the many-valued logics that we met in the last
chapter, but two of the ones that we did meet there are closely related
to FDE.

8.4.6 Suppose that we consider an FDE interpretation that satisfies the
constraint:

Exclusion: for no p, pp1 and pp0

2 In fact, this structure is more than a mnemonic. The lattice is one of the most funda-
mental of a group of structures called ‘De Morgan lattices’, which can be used to give a
different semantics for FDE.
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i.e., no propositional parameter is both true and false. Then it is not difficult
to check that the same holds for every sentence, A.°> That is, nothing takes
the value b.

8.4.7 The logic defined in terms of truth preservation over all interpre-
tations satisfying this constraint is, in fact, Kz. For if we take the above
matrices, and ignore the rows and columns for b, we get exactly the matri-
ces for K3 (identifying n with i). (In K3, A D B can be defined as —A v B, as we
observed in 7.3.8.)

8.4.8 K3 is sound and complete with respect to the tableaux of the previous
section, augmented by one extra closure rule: a branch closes if it contains
nodes of the form A, + and —A, +. (This is proved in 8.7.8.) Here, for example,
is a tableau showing that p A —p g, q. (The tableau is open in FDE.)

DA—D+
q.—
p,+

-p, +

X

Counter-models are read off from open branches of tableaux in exactly the
same way as in FDE.

8.4.9 Suppose, on the other hand, that we consider an FDE interpretation
that satisfies the constraint:

Exhaustion: for all p, either pp1 or pp0

i.e., every propositional parameter is either true or false - and maybe
both. Then it is not difficult to check that, again, the same holds for every
sentence, A.* That is, nothing takes the value n.

3 Proof: The proof is by an induction over the complexity of sentences. Suppose that it is
true for A and B; we show that it is true for —A, A A B and A v B. Suppose that —Ap1 and
—Ap0; then Ap0 and Ap1, contrary to supposition. Suppose that A A Bp1 and A A BpO;
then Ap1 and Bp1, and either ApO or Bp0; hence, either Ap1 and ApO, or the same for B.
Both cases are false, by assumption. The argument for A v B is similar.

4 Proof: The proofis by an induction over the complexity of sentences. Suppose that it is
true for A and B; we show that it is true for —A, A AB and A v B. Suppose that either Ap1
or ApO; then either —=Ap0 or —Ap1. Since Ap1 or Ap0, and Bp1 or Bp0, then either Ap1
and Bp1, and so AABp1; or ApO or Bp0, and so A ABp0. The argument for Av B is similar.
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8.4.10 The logic defined by truth preservation over all interpretations
satisfying this constraint is, in fact, LP. For if we take the matrices of 8.4.2
and ignore the rows and columns for n, we get exactly the matrices for LP
(identifying b with i). (Again, in LP, A D B can be defined as —A v B, as we
observed in 7.4.6.)

8.4.11 LPis sound and complete with respect to the tableaux of the previous
section, augmented by one extra closure rule: a branch closes if it contains
nodes of the form A, — and —A, —. (This is proved in 8.7.9.) Here, for example,
is a tableau showing that p 1p g v —q. (The tableau is open in FDE.)

p,+
av—q,—

q, —

-q, —

X

Counter-models are read off from open branches of tableaux by employing
the following rule: if p, — is not on the branch (and so, in particular, if p, +
is), set pp1; and if —p, — is not on the branch (and so, in particular, if —p, +
is), set ppO0.

8.4.12 Finally, and of course, if an interpretation satisfies both Exclusion and
Exhaustion, then for every p, pp0 or pp1, but not both, and the same follows
for arbitrary A. In this case, we have what is, in effect, an interpretation
for classical logic. Adding the closure rules for K3 and LP to those of FDE,
therefore gives us a new tableau procedure for classical logic.

8.4.13 Since all K3 interpretations are FDE interpretations, and all LP inter-
pretations are FDE interpretations, FDE is a sub-logic of K3 and LP. It is a
proper sub-logic of each, as the tableaux of 8.4.8 and 8.4.11 show.

8.4a Relational Semantics and Tableaux for I3 and RM;

8.4a.1 Before we move on to a different kind of semantics for FDE, it is
worth noting that the semantics for L3 and RM3 can be reformulated in a
relational fashion as well. The only difference from K3 and LP (respectively)
concerns the appropriate conditional.
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8.4a.2 For L3, we consult the truth table of 7.3.8, and recall that i is n - that
is, neither true (relates to 1) nor false (relates to 0). It is not difficult to check
that:

A D Bp1iff ApO or Bp1or (none of Ap1, Ap0O, Bp1, Bp0)
A D Bp0 iff Ap1and Bp0

8.4a.3 For LP, we consult the truth table of 7.4.6, and recall that i is b - that
is, both true (relates to 1) and false (relates to 0). It is not difficult to check
that:

A D Bp1 iff it is not the case that Ap1 or it is not the case that Bp0 or (Ap1
and Ap0O and Bp1 and Bp0)
A D Bp0 iff Ap1and Bp0

8.4a.4 In virtue of these truth conditions, it is straightforward to give
tableaux systems for the two logics. The tableaux for Z3 are the same as
those for K3, with the additional rules for O:

ADB,+ ADB,—
. \ s\
—-A,+ B+ AV -A, — A+ -B,+

Bv =B, — B,— —A, —

—(ADB),+ —(ADB), -
l VAN
A+ A, — -B,—
—B, +

8.4a.5 The tableaux for RM3 are the same as those for LP, with the additional
rules for O:

ADB,+ ADB,—
A \ /N
A, — —B,— AA-A+ A+ -B,+

BA—-B,+ B,— —A,—
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—-(ADB),+ —(ADB),—
l VAN
A+ A — —B,—
-B, +

8.4a.6 The tableau systems are sound and complete with respect to the
appropriate semantics. (See 8.10, problem 11.)

8.5 The Routley Star

8.5.1 We now have two equivalent semantics for FDE, a relational semantics
and a many-valued semantics.” For reasons to do with later chapters, we
should have a third. This is a two-valued possible-world semantics, which
treats negation as an intensional operator; that is, as an operator whose
truth conditions require reference to worlds other than the world at which
truth is being evaluated.

8.5.2 Specifically, we assume that each world, w, comes with a mate, w*,
its star world, such that —A is true at w if A is false, not at w, but at w*. If
w = w* (which may happen), then these conditions just collapse into the
classical conditions for negation; but if not, they do not. The star operator
is often described with a variety of metaphors; for example, it is sometimes
described as a reversal operator; but it is hard to give it and its role in the
truth conditions for negation a satisfying intuitive interpretation.

8.5.3 Formally, a Routley interpretation is a structure (W, %, v), where W is a
set of worlds, * is a function from worlds to worlds such that w** = w, and v
assigns each propositional parameter either the value 1 or the value 0 at
each world. v is extended to an assignment of truth values for all formulas
by the conditions:

vw(A AB) =1if vy (A) =1 and vy(B) = 1; otherwise it is 0.
vw(AV B) =1if vy (A) = 1 or vy (B) = 1; otherwise it is 0.
vw(—A) = 1 if vy« (A) = 0; otherwise it is 0.

5 At least, they are equivalent given the standard set-theoretic reasoning employed in
the reformulation. Such reasoning employs classical logic, however, and in a set theory
based on a paraconsistent logic it may fail. See Priest (1993).
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Note that vy« (—=A) = 1 iff vy« (A) = 0 iff vy (A) = 0. In other words, given a
pair of worlds, w and w*, each of A and —A is true exactly once. Validity is

defined in terms of truth preservation over all worlds of all interpretations.

8.5.4 Appropriate tableaux for these semantics are easy to construct. Nodes

are now of the form A, +x or A, —x, where x is either i or i¥, i being a natural
number. (In fact, i will always be 0, but we set things up in a slightly more

general way for reasons to do with later chapters.) Intuitively, i¥ represents

the star world of i. Closure occurs if we have a pair of the form A, +x and

A, —x. The initial list comprises a node B, 4-0 for every premise, B, and A, —0,

where A is the conclusion. The tableau rules are as follows, where x is either

i or i¥, and whichever of these it is, ¥ is the other.

8.5.5 Here are tableaux demonstrating that ~(BA =C) AAF (=BV C) v D

andpA(qVv—q) Fr:

AAB,+x

i

A, +x
B, +x

AANB,+x

e N
A,+x B,+x

AAB,—x

Ve N
A,—x B,—x

AVB,—x

A, —X
B, —x

—A, —X

l

A, +X

=B A—=C)AA+0
(-BvC)vD,-0
(=Bv (),-0
D,-0
-B, -0
C,—0
B, +0*

!
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=B A=C),+0
A,+0
B A—C,—0%
v N
B,—-0*  —C,—0%
X C,+0

X

Line two is pursued as far as possible. Then line one is pursued to produce
closure.
pA(@Vv—q),+0
r,—0
p,+0
qv —q,+0
v N
q,+0 —q,+0
g, —0*

8.5.6 To read off a counter-model from an open branch: W = {wg, wy#}
(there are only ever two worlds); w; = wgs and (wWg#)* = wp. (W and x
are always the same, no matter what the tableau.) v is such that if p, +x
occurs on the branch, vy, (p) = 1, and if p, —x occurs on the branch, vy, (p) =
0. Thus, the counter-model defined by the righthand open branch of the
second tableau of 8.5.5 has vy, (p) = 1, vy, (r) = 0 and Vg (@) = 0. It is easy
to check directly that this interpretation does the job. Since q is false at wys,
—q is true at wy, as, therefore, is q v —q; but p is true at wy, hence p A (q Vv —q)
is true at wy. But r is false at wy, as required.

8.5.7 The soundness and completeness of this tableau procedure is proved
in 8.7.10-8.7.16.

8.5.8 It is not at all obvious that the * semantics are equivalent to the
relational semantics, but it is not too difficult to establish this. Essentially,
it is because a relational interpretation, p, is equivalent to a pair of worlds,
w and w*. Specifically, the relation and the worlds do exactly the same job
when they are related by the condition:

v (p) = 1iff ppl
vy (p) = 0 iff pp0
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for all parameters, p. The proof of the equivalence is given in 8.7.17 and
8.7.18.

8.6 Paraconsistency and the Disjunctive Syllogism

8.6.1 As we have seen (8.4.8 and 8.4.11), both of the following are false in
FDE: p = qV —q,p A —p = q. This is essentially because there are truth-value
gaps (for the former) and truth-value gluts (for the latter). In particular, then,
FDE does not suffer from the problem of explosion (4.8).

8.6.2 Alogicin which the inference from p and —p to an arbitrary conclusion
is not valid is called paraconsistent. FDE is therefore paraconsistent, as is
LP (7.4.4).

8.6.3 It is not only explosion that fails in FDE (and LP). The disjunctive syl-
logism (DS) is also invalid: p, —p V q Frpr q. (Relational counter-model: pp1
and pp0, but just gp0.)

8.6.4 Thisisa significant plus. We have seen the DS involved in two problem-
atic arguments: the argument for the material conditional of 1.10, and the
Lewis argument for explosion of 4.9.2. We can now see that these arguments
do not work, and (at least one reason) why.°

8.6.5 Note, also, that the DS is just modus ponens for the material conditional.
Since this fails, we have another argument against the adequacy of the
material conditional to represent the real conditional.

8.6.6 The failure of the DS has also been thought by some to be a significant
minus. First, it is claimed that the DS is intuitively valid. For if —p v q is true,
either —p or q is true. But, the argument continues, if p is true, this rules out
the truth of —p. Hence, it must be g that is true. But once one countenances
the possibility of truth-value gluts, this argument is patently wrong. The
truth of p does not rule out the truth of —p: both may hold. From this
perspective, the inference is intuitively invalid.

8.6.7 A more persuasive objection is that we frequently use, and seem to
need to use, the DS to reason, and we get the right results. Thus, we know

6 For good measure, the argument of 4.9.3 for the validity of the inference from A to
B v =B is also invalid in FDE, since p ¥ (p A q) V (p A —q), as may be checked.
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that you are either at home or at work. We ascertain that you are not at
home, and infer that you are at work - which you are. If the DS is invalid,
this form of reasoning would seem to be incorrect.

8.6.8 If the DS fails, then the inference about being at home or work is
not deductively valid. It may be perfectly legitimate to use it, none the less.
There are a number of ways of spelling this idea out in detail, but at the root
of all of them is the observation that when the DS fails, it does so because
the premise p involved is a truth-value glut. If the situation about which
we are reasoning is consistent - as it is, presumably, in this case - the DS
cannot lead us from truth to untruth. So it is legitimate to use it. This fact
will underwrite its use in most situations we come across, since consistency
is, arguably, the norm.

8.6.9 In the same way, if we have some collection, X, one cannot infer
from the fact that some other collection, Y, is a proper subset of X that
it is smaller.” But provided that we are working with collections that are
finite, this inference is perfectly legitimate: violations can occur only when
infinite sets are involved.

8.6.10 Thus, this objection can also be set aside.

8.7 *Proofs of Theorems

8.7.1 The soundness and completeness proofs for the relational semantics
for FDE modify those for classical logic (1.11).

8.7.2 DEFINITION: Let p be any relational interpretation. Let b be any branch
of a tableau. p is faithful to b iff for every node, A, +, on the branch, Ap1, and
for every node, A, —, on the branch, it is not the case that Ap1.

8.7.3 SOUNDNESS LEMMA: If p is faithful to a branch of a tableau, b, and a
tableau rule is applied to b, then p is faithful to at least one of the branches
generated.

7 For example, the set of all natural numbers is the same size as the set of all even
numbers, as can be seen by making the following correlation:
0 1 2 3 4
A
0 2 4 6 8
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Proof:

The proof is by a case-by-case examination of the tableau rules. First, the
rules for A. Suppose that we apply the rule for A A B, +; then since p is
faithful to the branch, A A Bp1. Hence, Ap1 and Bp1. Hence, p is faithful to
the extended branch. Next, suppose that we apply the rule for AAB, —; then
since p is faithful to the branch, it is not the case that A ABp1. Hence, either
it is not the case that Ap1 or it is not the case that Bp1. Hence, p is faithful
to either the left branch or the right branch. The argument for Vv is similar.
For the other rules, it is easy to check that in FDE, —(A A B) is true under
an evaluation iff —A v —B is true; the same goes for —(A v B) and —A A —B,
and ——A and A. (Details are left as an exercise.) The cases for the other rules
follow simply from these facts. |

8.7.4 SOUNDNESS THEOREM FOR FDE: For finite T, if ¥ - A then X = A.

Proof:
The proof follows from the Soundness Lemma in the usual way. [ ]

8.7.5 DEFINITION: Let b be an open branch of a tableau. The interpreta-
tion induced by b is the interpretation, p, such that for every propositional
parameter, p:

ppliff p,+ occurs on b
ppO0 iff =p, 4+ occurs on b

8.7.6 COMPLETENESS LEMMA: Letb be an open completed branch of a tableau.
Let p be the interpretation induced by b. Then:

if A, +, occurs on b, then Ap1

if A, — occurs on b, then it is not the case that Ap1
if —A, +, occurs on b, then Ap0Q

if —=A, — occurs on b, then it is not the case that Ap0

Proof:

The proof is by an induction on the complexity of A. If A is a propositional
parameter, p: if p, + occurs on b, then pp1 by definition. If p, — occurs on b,
then p, + does not occur on b, since it is open. Hence, by definition, it is not
the case that pp1. The cases for 0 are similar. For B A C: if B A C, + occurs
on b, then B, + and C, + occur on b. By induction hypothesis, Bp1 and Cp1.
Hence, BACp1 as required. The argument for BAC, — is similar. If =(BAC), +
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occurs on b, then by applications of a De Morgan rule and a disjunction rule,
either —B, 4+ or —C, + are on b. By induction hypothesis, either Bp0 or Cp0.
In either case, B A Cp0. The case for —=(B A C), — is similar. The argument for
v is symmetric. This leaves negation. Suppose that —B, 4+ occurs on b. Since
the result holds for B, Bp0. Hence, —Bp1, as required. Similarly for —B, —.
If ——B, + is on b, B, + is on b. Hence, by induction hypothesis, Bp1, and so
——Bp1 as required. The case for ——B, — is similar. |

8.7.7 COMPLETENESS THEOREM FOR FDE: For finite X, if ¥ = A then T + A.

Proof:
The proof follows from the Completeness Lemma in the usual way. |

8.7.8 THEOREM: The tableau rules of 8.4.8 are sound and complete for K3.

Proof:

The soundness proof is exactly the same as that for FDE. (If the rules are
sound with respect to FDE interpretations, they are sound with respect to
K3 interpretations, which are a special case.) The completeness proofis also
essentially the same. All we have to check, in addition, is that the induced
interpretation is a K3 interpretation. It cannot be the case that pp1 and ppO0,
for then we would have both p, + and —p, + on b. But this is impossible, or
b would be closed by the new closure rule. |

8.7.9 THEOREM: The tableau rules of 8.4.11 are sound and complete for LP.

Proof:

The soundness proof is exactly the same as that for FDE. (If the rules are
sound with respect to FDE interpretations, they are sound with respect to
LP interpretations, which are a special case.) In the completeness proof, the
induced interpretation is defined slightly differently, thus:

ppliffp, —isnotonb
pp0 iff =p, — isnoton b

Note that this makes p an LP interpretation. By the new closure rule, either
p,— or —p, — is not on b. Hence, either pp1 or pp0. In the Completeness
Lemma, the new definition makes the argument for the basis case different.
If p, + occurs on b, then p, — does not occur on b, by the FDE closure rule, so
ppl. If p, — occurs on b, then it is not the case that pp1, by definition. The
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argument for —p is the same. The rest of the Completeness Lemma, and the
proof of the Completeness Theorem itself, are as usual. |

8.7.10 The soundness and completeness proofs for the x semantics are vari-
ations on those for intuitionist tableaux (6.7). We start off, as usual, with a
redefinition of faithfulness.

8.7.11 DEFINITION: Let Z = (W, %, v) be any Routley interpretation, and b be
any branch of a tableau. Then 7 is faithful to b iff there is a map, f, from
the natural numbers to W, such that:

for every node A, +x on b, A is true at f(x) in Z,
for every node A, —x on b, A is false at f(x) in Z,

where f (i*) is, by definition, f(i)*.

8.7.12 SOUNDNESS LEMMA: Let b be any branch of a tableau, and Z = (W, %, v)
be any Routley interpretation. If 7 is faithful to b, and a tableau rule
is applied, then it produces at least one extension, b/, such that 7 is
faithful to b'.

Proof:

Let f be a function which shows 7 to be faithful to b. The proof proceeds
by a case-by-case consideration of the tableau rules. Suppose we apply the
rule to A A B, +x, then, by assumption A A B is true at f (x). Thus, A and B are
both true at f(x), and so f shows that 7 is faithful to b'. If we apply the rule
to A A B, —x, then, by assumption, A A B is false at f(x). Consequently, A is
false at f(x) or B is false at f(x), i.e., f shows that 7 is faithful to either the
left branch or the right branch. The arguments for the rules for disjunction
are also similar. This leaves the rules for negation. Suppose that we apply
the rule to —A, +i. Then, by assumption, —A is true at f(i). Hence, A is false
at f(i)*, as required. If we apply the rule to —A, +i*, then we know that —A
is true at f(i)*. Hence, A, is false at f(i), as required. The argument for the
other negation rule is similar. |

8.7.13 SOUNDNESS THEOREM: For finite ¥, if £ + A then T = A.

Proof:
This follows from the Soundness Lemma in the usual way. [ ]
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8.7.14 DEFINITION: Let b be an open branch of a tableau. The interpreta-
tion, Z = (W, x,v), induced by b, is defined as in 8.5.6. W = {wo, wo# }.w =

Wo#, (Wo#)* = wo. v is such that:

v, (p) = 1ifp,+xisonb
v, (p) = 0ifp,—xisonb

(where x is either 0 or 0¥). Since the branch is open, this is well defined. Note
also that, by the definition of %, wj* = wy, i.e., the induced interpretation is
a Routley interpretation.

8.7.15 COMPLETENESS LEMMA: Let b be any open completed branch of a
tableau. Let 7 = (W, %, v) be the interpretation induced by b. Then:

if A, +x is on b, A is true at wy
if A, —x is on b, A is false at wy

Proof:

This is proved by induction on the complexity of A. If A is atomic, the result
is true by definition. If B A C, +x occurs on b, then B, +x and C, +x occur on
b. By induction hypothesis, B and C are true at wy. Hence, BAC is true at wy.
If BAC, —x occurs on b, then either B, —x, or C, —x occurs on b. By induction
hypothesis, B is false at wy or C is false at wy. Hence, B A C is false at wy
as required. The cases for disjunction are similar. For negation: if —B, +x
occurs on b, then B, —x occurs on b. By induction hypothesis, B is false at
wy; hence, by the definition of «, B is false at w}, that is, —B is true at wy, as
required. The other negation rule is the same. |

8.7.16 COMPLETENESS THEOREM: For finite ¥, if £ = A then X - A.

Proof:
The result follows from the Completeness Lemma in the usual fashion. B

8.7.17 THEOREM: If £ = A under the relational semantics, ¥ = A under the

Routley semantics.

Proof:
We prove the contrapositive. Suppose that there is a Routley interpretation,
(W, %,v), and a world w € W, which makes all the members of X true and
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A false (i.e., untrue). Define a relational interpretation, p, by the following
conditions:

ppliffvw(p) =1
PO iff vy« (p) =0

If it can be shown that the displayed conditions hold for all formulas, then
the result follows. This is proved by induction on the construction of A. If
A is a propositional parameter, the result holds by definition. Suppose that
the result holds for B and C. B A Cp1 iff Bpl and Cp1; iff v,(B) = 1 and
vw(C) = 1, by induction hypothesis; iff vy, (BA C) = 1. BA Cp0 iff Bp0 or CpO0;
iff vy« (B) = 0 or vy+(C) = 0, by induction hypothesis; iff vy«(B A C) = 0, as
required. The cases for disjunction are similar. —Ap1 iff ApO; iff vy« (A) = 0,
by induction hypothesis; iff vy (—A) = 1. =Ap0 iff Ap1; iff vy(A) = 1, by
induction hypothesis; iff vy« (—A) = 0, as required. |

8.7.18 THEOREM: If & = A under the Routley semantics, ¥ = A under the
relational semantics.

Proof:

We prove the contrapositive. Suppose that there is a relational interpreta-
tion, p, which makes all the members of ¥ true and A untrue. Define a
Routley interpretation, (W, x, v), where W = {a,b}, a* =band b* = a, and v
is defined by the conditions:

va(p) = 1iff pp1
v, (p) = 1iff it is not the case that pp0

If it can be shown that the displayed condition holds for all formulas, then
the result follows. This is proved by induction on the construction of A. If
A is a propositional parameter, the result holds by definition. Suppose that
the result holds for Band C. v;(BAC) = 1 iff v;(B) = 1 and v, (C) = 1; iff
Bp1 and Cp1, by induction hypothesis; iff BA Cp1l. v,(BAC) = 1iff y,(B) =1
and v,(C) = 1; iff it is not the case that Bp0 and it is not the case that Cp0,
by induction hypothesis; iff it is not the case that B A Cp0. The cases for
disjunction are similar. vy (—B) = 1 iff v4«(B) = 0; iff v,(B) = 0; iff Bp0 by
induction hypothesis; iff =Bp1. vy(—B) = 1 iff v« (B) = 0; iff v, (B) = 0; iff
it is not the case that Bp1, by induction hypothesis; iff it is not the case
that —Bp0. ]
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8.8 History

The logic FDE is the core of a family of relevant logics (which we will meet in
later chapters), developed by the US logicians Anderson and Belnap, start-
ing at the end of the 1950s. (Strictly speaking, A =ppg B iff A — B is valid
in their system of first degree entailment.) See Anderson and Belnap (1975,
esp. ch. 3). The relational semantics were discovered by Dunn in the 1960s as
a spin-off from his algebraic semantics for FDE (on which, see Anderson and
Belnap 1975, sect. 18). He published them only later, however, by which
time they had been discovered by others too. The Routley semantics for
FDE were first given by Richard Routley (later Sylvan) and Val Routley (later
Plumwood) in Routley and Routley (1972). There are many paraconsistent
logics. FDE, LP and the relevant logics that we will meet in later chapters
constitute one kind. Paraconsistent logics of different kinds were developed
by the Polish logician JaSkowski in 1948 (see JaSkowski 1969) and the Brazil-
ian logician da Costa in the 1960s (see da Costa 1974). A general history and
survey of paraconsistent logics can be found in Priest (2002a).

8.9 Further Reading

On the various semantics for FDE covered in this chapter, see Priest (2002a,
sects. 4.6 and 4.7); and for a much more detailed account, see Routley, Plum-
wood, Meyer and Brady (1982, sects. 3.1 and 3.2). For the Routleys’ own
discussion of the meaning of the star operator, see Routley and Routley
(1985). For a defence of the Routley star, see Restall (1999). Discussions of
the disjunctive syllogism can be found in Burgess (1983), Mortensen (1983)
and Priest (1987, ch. 8).

8.10 Problems

1. Using the tableau procedure of 8.3, determine whether or not the
following are true in FDE. If the inference is invalid, specify a relational
counter-model.

(@ pArgkp
(b) pEpva
©pA@VvnDE@ADY @A)
dpv@rnkE@Eva v
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() pk——p

() ——ptp

€ pAqQ) Dr-(pPA—-r)D—q
(h) pA—-pEpv—p

() pA-pEqv—q

() pvat-pArgq

(k) p.—~(@ A=) Fq

) PAQ DTEPD(=qVT)

. For the inferences of problem 1 that are invalid, determine which ones

are valid in K3 and LP, using the appropriate tableaux.

. Check all the details omitted in 8.4.2.

4. By checking the truth tables of 8.4.2, note that if A and B have truth

value n, then so do A v B,A A B and —A. Infer that if A is any formula
all of whose propositional parameters take the value n, it, too, takes the
value n. Hence infer that there is no formula, A, such that =ppg A.

. Similarly, show that if A is a formula all of whose propositional param-

eters take the value b, then A takes the value b. Hence, show that if
A and B have no propositional parameters in common, A F=rpg B. (Hint:
Assign all the parameters in A the value b, and all the parameters in B the
value n.)

6. Repeat problem 1 with the % semantics and tableaux of 8.5.
7. Using the x semantics, show that if A |=ppp B, then —B =ppr —A. (Hint:

10.
11.

Assume that there is a counter-model for the consequent.) Why is this
not obvious with the many-valued or the relational semantics? (Note
that contraposition of this kind does not extend to multiple-premise

inferences: p, q =rpp p, but p, —p Frps —q.)

. Test the validity of the inferences in 7.5.2 using the tableau of this

chapter.

. Under what conditions is it legitimate to employ a deductively invalid

inference?

*Check the details omitted in 8.7.3.

*Show that the tableaux of 8.4a.4 and 8.4a.5 are sound and complete with
respect to the semantics of 3 and RM3. (Hint: consult 8.7.8 and 8.7.9.)



9 Logics with Gaps, Gluts
and Worlds

9.1 Introduction

9.1.1 In this chapter, we will see how the techniques of modal logic and
many-valued logic can be combined. More specifically, we will look at logics
that add some kind of strict conditional with world semantics on top of a
many-valued base-logic, specifically, FDE.!

9.1.2 The non-normal worlds of chapter 4 will also make a reappearance,
giving us some basic relevant logics. This will allow us to discuss further
what, exactly, non-normal worlds are.

9.1.3 We will end the chapter with a brief look at so called logics of con-
structible negation, which have close connections with intuitionist logic;
and an even briefer look at connexive logics.

9.2 Adding —

9.2.1 FDE has no conditional operator. The material conditional, A > B,
does not even satisfy modus ponens, as we saw in 8.6.5. In any case, as we
have seen, using possible-world semantics provides a much more promising
approach to the logic of conditional operators. Thus, an obvious thing to
do is to build a possible-world semantics on top of the relational semantics
of FDE.

9.2.2 To effect this, let us add a new binary connective, —, to the lan-
guage of FDE to represent the conditional. By analogy with Kv, a relational

1 The most obvious combination of the two techniques is in the construction of simple
many-valued modal logics. Since this material breaks the main sequence of development
of the book, I cover it in the appendix, chapter 11a.
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interpretation for such a language is a pair (W, p), where W is a set of worlds,
and for everyw € W, p,, is a relation between propositional parameters and
the values 1 and 0.

9.2.3 The truth and falsity conditions for the extensional connectives
(A, v and —) are exactly those of 8.2.6, except that they are relativised
to each world, w. Thus, for example, the truth and falsity conditions for
conjunction are:

A ABpwl iff Apyw1 and Bpy1
A A Bpy0 iff ApyO or Bpy 0

9.2.4 For the truth and falsity conditions for —, recall that the truth and
falsity conditions for 3 in Kv come to this: v, (A=3B) = 1 if for all w’ such
that vy, (A) = 1, vy (B) = 1; and v, (A-3B) = 0 if for some W/, v,y (A) = 1 and
vy (B) = 0. Making the obvious generalisation:

A — Bpy1 iff for all W € W such that Ap,,1, Bp,1
A — Bpy0 iff for some w' € W, Ap,»1 and Bp,,,0

9.2.5 Semantic consequence is defined in terms of truth preservation at all
worlds of all interpretations:

¥ [k A iff for every interpretation, (W, p), and all w € W: if Bpy1 for all
Be 2, prl

9.2.6 A natural name for this logic would be Kvs. We will call it, more
simply, Ky.

9.3 Tableaux for K4

9.3.1 A tableau system for K4 can be obtained by modifying the system
for FDE of 8.3, in the same way that the tableau system for classical
propositional logic is modified in order to obtain one for Kv (3.5.3).

9.3.2 A node now has the form A, +i or A, —i, where i is a natural number.
The initial list comprises a node of the form B, +-0 for every premise, B, and
A, —0, where A is the conclusion. A branch closes if it contains a pair of the
form A, +i and A, —i.

9.3.3 The rules for the extensional connectives are exactly the same
as those of 8.3.4 for FDE, except that i is carried through each rule.
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Thus, for example, the rules for A are:

AAB,+i
AAB,—i
¢ Ve N
A, +i
] A, —i B,—i
B, +i

9.3.4 The rules for the conditional are as follows:

A— B, +i A— B, —i
e N !
A, —j B+ A, +j
B, —j

—-(A — B), +i —(A — B), —i
\ v N
A+ A,—j -B,—j
—B, +j

In the rules that split the branch, j is every number that occurs on the
branch. In the other two rules, j is a new number.

9.3.5 Example: A —- B,B— C+HA — C:

A — B,+0
B—C,+0
A—C,—0
A, +1
C,—1
d N
A, -1 B, +1
X v\
B,—1 C,+1

X X

The fourth and fifth lines are obtained by applying the rule for untrue —
to the third line. The two splits are then obtained by applying the rule for
true — to the first and second lines respectively.
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9.3.6 Example: p — q t/ =q — —p:

p—4q,+0
-q — —p,—0
—q,+1
—p, -1
v N
p,—0 q,+0
N v N

p.—1 ¢q,+1 p,—1 ¢q,+1

9.3.7 Counter-models are read off from open branches of tableaux in the
natural way. There is a world w; for each i on the branch; for propositional
parameters, p, if p, +i occurs on the branch, set ppy,1; if —p, +i occurs on
the branch, set ppy,0. p relates no parameter to anything else. Thus, the
counter-model defined by the leftmost branch of the tableau of 9.3.6 may

be depicted thus:
Wo w1
-P -p
-p
+—q

(+A indicates that A is true; —A indicates that it is untrue.) At every world,
p is untrue. Hence, p — ¢ is true at wy. But —q is true at wy, and —p is not
true there. Hence, —q — —p is not true at wy.

9.3.8 The tableaux are sound and complete with respect to the semantics.
This is proved in 9.8.1-9.8.7.

9.4 Non-normal Worlds Again

9.4.1 Asisto be expected, and is not difficult to check, the following do not
holdinK4: =p — (@ Vv —q), = (p A —p) — q. The conditional of K4 does not,
therefore, suffer from these paradoxes of the strict conditional.

9.4.2 But, as is also easy to see, it is still the case that if = A then =B — A.
(If A is true at all worlds of all interpretations, it is true at all worlds of all
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interpretations where B is true).” In particular, for example, since = q — q,
Ep—@— 9.

9.4.3 This may well be felt to be unsatisfactory. ¢ — ¢ is an instance of the
law of identity. Yet the following conditional would hardly seem to be true:
if every instance of the law of identity failed, then, if cows were black, cows
would be black. If every instance of the law failed, then it would precisely
not be the case that if cows were black, they would be black.

9.4.4 Clearly, if we are thinking in terms of worlds, to do justice to this
conditional, we need to countenance worlds where the laws of logic are
different, and so where laws of logic, like the law of identity, may fail.
This is exactly what non-normal worlds are, as we saw in 4.4.8 and 4.4a.14.
Hence, it is natural to augment the semantic machinery with appropriate
non-normal worlds.

9.4.5 Now, it is exactly conditionals - which guarantee truth preservation
from antecedent to consequent at all worlds - that express laws of logic.
(A conditional such as ‘If it does not rain, we will go to the cricket’ does not
express a law of logic, of course. But, as we noted in 5.2.4, such a conditional
is not, arguably and strictly speaking, true.) Hence, we need to consider
worlds where formulas of the form A — B may take values different from
the values they may take in Kj.

9.4.6 How different? If logical laws may change, then there would seem to
be no a priori bound on how this may happen. Hence, at a non-normal world
A — B might be able to take on any sort of value. It therefore behaves in

exactly the same way as do modal formulas in the logic L of 4.4a.

9.4.7 A way of making these ideas precise is to take an interpretation to
be a structure (W, N, p), where W is a set of worlds, N € W is the set of
normal worlds (so that W — N is the set of non-normal worlds), and p does
two things. For every w, py is a relation between propositional parameters
and the truth values 1 and 0, in the usual way. But also, for every non-normal
world, w, py is a relation between formulas of the form A — B and truth
values.

2 The dual (if = —A then = A — B) does not hold. For example, even though = ——(p — p),
¥ —(p — p) — ¢, as may be checked.
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9.4.8 The truth conditions for all the connectives are exactly as in K4 (9.2.4),
except that at non-normal worlds, the truth values of — formulas are not
determined recursively: they are already determined by p.

9.4.9 Validity is defined in terms of truth preservation at all normal worlds
of all interpretations, as in 4.2.5. (After all, we are interested in what follows
from what in the worlds where logic is not different.) Call this logic N4.3

9.5 Tableaux for N4

9.5.1 Tableaux for N4y can be obtained by modifying those for Kj.
Specifically, the rules are exactly the same as those for K4, except that the
rules for — apply at world 0 only. (It turns out that we never need to assume
that there is more than one normal world in a counter-model.)

9.5.2 For example: I =(p — p) — (@ — q):

~®—p) — (@~ @), 0
~(p— ). +1
q— .1

The tableau finishes there! (In K4 an application of the rule for untrue — to
the last line would immediately close it.)

9.5.3 We read off a counter-model from an open branch exactly as for Ky
(9.3.7), except that the only normal world is wg - all others are non-normal -
and the recipe for determining p is applied to propositional parameters at
all worlds, and to any formula of the form A — B at non-normal worlds.
Thus, in the tableau of the previous paragraph, W = {wg,w1}; N = {wp} and
p — Ppw, 0, there being no other facts about p. Since —(p — p) is true at wq,
and g — q is not true at w1, ~(p — p) — (@ — q) is not true at wo.

9.5.4 Since interpretations for K4 are special cases of interpretations for N4
(namely, when W — N = ¢), N4 is a sub-logic of K4, but not the other way
around, as this example shows.

3 Since the logic is conceptually much closer to the non-normal modal logic L than N,
‘L4’ would be a more appropriate name. (Similarly for N, in 9.6.) However, ‘N4’ was the
name used in the first edition of this book, and it would seem to cause less confusion
to stick with this.
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9.5.5 The tableaux for N4 are sound and complete with respect to the
semantics. This is proved in 9.8.8-9.8.9.

9.6 Star Again

9.6.1 Before we move on to consider some of the implications of the pre-
ceding, let us pause to note that exactly the same sorts of construction can
be performed with respect to the x semantics.

9.6.2 Let (W, x,v) be any Routley interpretation (8.5.3). This becomes an
interpretation for the augmented language when we add the following
truth condition for —:

w(A — B) = 1iff for all w’ € W such that vy, (A) = 1, v,y(B) =1

Call the logic that this generates, K.

9.6.3 Tableaux for K, can be obtained by adding to the rules of 8.5.4, these
rules for —:
A — B,+x A — B,—x
v N |
A,—y B,+y A, +j
B,

where x is either i or i*; y is anything of the form j or j#, where one or other
(or both) of these is on the branch;* and in the second rule, j must be new.
(Note that we do not need rules for negated —. The * rules take care of that.)

9.6.4 Here is a tableau to show that p A —q I/ =(p — q):

pA—q,+0
- —> 9,0
p,+0
—q,+0
q,—0*

!

4 So for a completed tableau, if either j or j* occurs on the branch, the rule needs to be
applied to both j and j*.
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p — q,+0*
v N
p,—0 q,+0
X v\
p,—0% ¢, +0%

X

The splits are caused by applying the rule for true — to the line immediately
before the first split. There are two worlds, 0 and 0%, so the rule has to be
applied to both of them.

9.6.5 Counter-models are read off as is done without — (8.5.6), except that
there may be more than two worlds now. Thus, W is the set of worlds which
contains wy for every x and x that occurs on the branch. For all i, w; = w;#
and wj, = w;. v is such that if p, +x occurs on the branch, vx(p) = 1, and
if p, —x occurs on the branch, v(p) = 0. Thus, the counter-model from the
open branch of the tableau of 9.6.4 may be depicted thus:

+p —p
+q4 —q
Wo Wy

Since g is not true at wg, —q is true at wo, as, then, is p A —q. But at every
world where p is true, q is true. Hence, p — q is true at w, and so =(p — q)
is false (untrue) at wy.

9.6.6 Asin Ky, in K, = p — (@ — q), as may easily be checked. To change
this, we may add non-normal worlds in the same way. An interpretation is
a structure (W, N, ,v), where N C W; for all w € W, w** = w; v assigns a
truth value to every parameter at every world, and to every formula of the
form A — B at every non-normal world. The truth conditions are exactly
the same as for K,, except that the truth conditions for — apply only at
normal worlds; at non-normal worlds, they are already given by v. Validity

is defined in terms of truth preservation at normal worlds. Call this logic N,.

9.6.7 The tableaux for N, are the same as those for K, except that the rules
for — (9.6.3) are applied only at 0. Counter-models are also read off in the
same way. Again, only wq is normal.
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9.6.8 Soundness and completeness for the tableaux for K, and N,. are proved
in 9.8.10-9.8.13.

9.6.9 It should be noted that although the relational semantics and the *
semantics are equivalent for FDE, as we saw in 8.5.8, this equivalence no
longer obtains once we add —. For a start, the * systems (K and N) validate
contraposition: p — q = —q — —p. (Details are left as an exercise.) The
relational systems do not. (We saw that this is not valid in K4, and a fortiori
Ny, in 9.3.6.)°

9.6.10 More fundamentally, because of the falsity conditions for —, the
relation semantics (normal and non-normal) verify p A —q = —=(p — q).
(Details are left as an exercise.) But this inference fails in K, (and a fortiori
N,), as we saw in 9.6.4.

9.7 Impossible Worlds and Relevant Logic

9.7.1 We are now in a position to make some comments on the import of
the previous constructions.

9.7.2 As we saw (9.4.4-9.4.6), non-normal worlds of the kind we have
employed in this chapter are worlds where the laws of logic are different.
Let us call these ‘logically impossible worlds’.

9.7.3 There seems to be no reason why there should not be logically
impossible worlds, in whatever sense there are possible worlds. Physically
impossible worlds, where the laws of physics are different, are entirely rou-
tine (see 3.6.5). And just as there are worlds where the laws of physics are
different, there must be worlds where the laws of logic are different.

9.7.4 After all, we seem to envisage just such worlds when we evaluate
conditionals such as ‘if intuitionist logic were correct, the law of double
negation would fail’ (true), ‘if intuitionist logic were correct, the law of

5 This may be changed by redefining the truth conditions of — (at normal worlds) in the
relational semantics, as:

A — Bpy1 iff for all w’ € W (if Ap,»1 then Bp,,1, and if Bp,,,0 then Ap,,0).

Or, more simply, and equivalently, defining a new conditional A = Bas (A — B)A(—B —
—A), and working with this.
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identity would fail’ (false). Even if one is a modal realist (2.6), why should
there not be such worlds?

9.7.5 One might suggest that there can be no worlds at which logical laws
fail: by definition, logical laws hold at all possible worlds. Maybe so. But it is
precisely impossible worlds that we are dealing with here. Or one might say:
take a world in which it is a logical law that A — (B A —B) and in which A is
also true. It would follow that B A —B is true at that world, which cannot be
the case. This argument is hardly likely to persuade someone who accepts
the possibility of truth-value gluts. But in any case, it is fallacious. For who
says that modus ponens holds at that world? In the semantics we have looked
at, it is entirely possible to have both A and A — C holding at a non-normal
world, without C holding there.

9.7.6 Note that one might take ‘logically impossible world’ to mean some-
thing other than ‘world where the laws of logic are different’. One might
equally take it to mean ‘world where the logically impossible happens’.
This need not be the same thing. If this is not clear, just consider physically
impossible worlds. The fact that the laws of physics are different does not
necessarily mean that physically impossible things happen there (though
the converse is true). For example, even if the laws of physics were to permit
things to accelerate past the speed of light, it does not follow that anything
actually would. Things at that world might be accelerating very slowly, and
the world might not last long enough for any of them to reach super-luminal
speeds.

9.7.7 But logically impossible worlds, in the sense that these occur in the
semantics we have been looking at, may be logically impossible in the sec-
ond sense as well. For example, there are, as has just been noted, worlds
where A and A — C are true, but C is not.°

9.7.8 A propositional logic is relevant iff whenever A — B is logically valid,
A and B have a propositional parameter in common. Obviously, any con-
ditional that suffers from paradoxes of implication (material implication,

6 There are no worlds at which A A B is true, but A is not, or at which ——A is true, but A is
not. But it is conditionals that express the laws of logic, not conjunctions or negations.
That is why it is their behaviour (and only theirs) that changes at non-normal worlds.
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strict implication, the intuitionist conditional) is not relevant. Neither are
K4 and K, relevant, as we have seen (9.4.2 and 9.6.6).

9.7.9 But N4 is a relevant logic. This can be seen by modifying the argu-
ment of 8.10, problem 5. Suppose that A and B share no propositional
parameters, and consider an interpretation (W, N, p), where W = {wg, w1};
N = {wp}; if D is a propositional parameter or a conditional in A, Dpy, 1 and
Dpw, 0; if D is a propositional parameter or a conditional in B, neither Do, 1
nor Dpy, 0. (D cannot occur in both, since A and B have no parameters in
common.) It is easy to check that Apy, 1 and Apy, 0, but neither Bpy, 1 nor
B,oWlO.7 In particular, A is true at wy and B is not. Hence A — B is not
true at wp.

9.7.10 A similar argument shows that N, is a relevant logic. Take a * inter-
pretation (W, N, x,v), where W = {wo,w1,W2}; N = {wo}, w5 = wo, W] =
w2, w; = wiy; for every propositional parameter or conditional, D, in A,
v, (D) = 1 and vy, (D) = 0; for every propositional parameter or condi-
tional, D, in B, vy, (D) = 0 and vy, (D) = 1. One can check that vy, (A) = 1,
and vy, (B) = 0. Hence vy, (A — B) = 0. Details are left as an exercise.

9.7.11 Itis a natural thought that for a conditional to be true there must be
some connection between its antecedent and consequent. It was precisely
this idea that led to the development of relevant logic. A sensible notion
of connection is not so easy to spell out, however (as we saw, in effect,
in 4.9.2). The parameter-sharing condition of 9.7.8 gives some content to
the idea.

9.7.12 There are some approaches to relevant logic where a conditional is
taken to be valid iff it is classically valid and satisfies some extra constraint,
for example that antecedent and consequent share a parameter. (These are

7 Proof: For the first, what we show is that every formula made up from the propositional
parameters occurring in A - and so, in particular, A - the result holds. Similarly for B. This
is proved by induction on the construction of sentences, but an induction slightly dif-
ferent from the normal kind. Note that every formula can be built up from conditionals
and parameters using the extensional connectives. Hence, the result may be proved by
induction, with parameters and conditionals as the basis case, and induction cases for
the extensional connectives. The basis case is true by definition. The induction cases
are as in the notes to 8.4.6 and 8.4.9.
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sometimes called filter logics, since the extra constraint filters out ‘undesir-
ables’.) Characteristically, such approaches give rise to relevant logics of
a kind different from those considered in this book. For example, if the
parameter-sharing filter is used, (p A (—p Vv q)) — q is valid, which it is not
in the relevant logics of this, and subsequent, chapters. Typically (though
not invariably), a feature of filter logics is the failure of the principle of
transitivity: if A = B and B |= C then A | C (thus breaking the argument
of 4.9.2).

9.7.13 In the present approach, relevance is not some extra condition
imposed on top of classical validity. Rather, relevance, in the form of param-
eter sharing, falls out of something more fundamental, namely the taking

into account of a suitably wide range of situations.

9.7.14 One final comment: one might hold that truth - real truth, not
just truth in some world - has some special properties; that unlike
truth in an arbitrary world, truth itself can have no gaps or gluts. To
accommodate this view, one could take an interpretation to include a dis-
tinguished normal world, @ (for actuality), such that truth (simpliciter) is
truth at @. Validity would then be defined as truth preservation at @ in
all interpretations.® The special properties of truth would be reflected in
semantic constraints on @. Thus, if it be held that there are no truth-
value gluts in @, one would impose the constraint that pg satisfy the
condition Exclusion of 8.4.6. If it be held that there are no truth-value
gaps in @, then one would impose the constraint that pg satisfy the con-
dition Exhaustion of 8.4.9.° Or in a = interpretation, one might require
that @ = @*, which rules out gaps and gluts. But from the present

8 One could, in fact, set up all the possible-world semantics that we have had till now in
this way. But since these semantics contain nothing to distinguish @ from any other
normal world, this would have had no effect on validity.

9 Strictly speaking, these conditions are not sufficient. To rule out truth-value gluts and
gaps with formulas containing —s, we need to make another change as well. Specif-
ically, to rule out truth-value gaps, the falsity conditions for A — B at @ have to
read:

A — Bpg0 iff (for some w’, Ap,,,1 and Bp,,,0) or (it is not the case that A — Bpwg1)
and to rule out truth-value gluts, they have to read:

A — Bpg0 iff (for some w’, Ap,,/1 and Bp,,/0) and (it is not the case that A — Bpwg1).
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perspectives, these conditions would require justification by some novel
considerations.

9.7a Logics of Constructible Negation

9.7a.1 Let us end this chapter with a brief look at a few other notable log-
ics in the same ballpark as the ones we have already considered. These
are obtained, essentially, by taking positive intuitionist logic - that is, the
negation-free part of intuitionist logic - and grafting on a different account
of negation. The logics are often called logics of constructible negation. The
mark of these logics is that, unlike intuitionist logic, they treat truth and
falsity even-handedly.

9.7a.2 Consider interpretations of the form (W, R, p), where W is the usual
set of worlds, R is a reflexive and transitive binary relation on W, and for
every w € W, and propositional parameter, p, py relates p to 1, 0, both or
neither, subject to the heredity constraints:

if pow1 and wRw’, then pp,,1
if pow0 and wRw’, then pp,,,0

The truth conditions in 9.7a.3 then ensure that these conditions hold for
all formulas, not just propositional parameters. (See 9.11, problem 9.)

9.7a.3 The truth/falsity conditions for the connectives are as follows. I write

the conditional as 1, to make the connection with intuitionist logic clear.

—Apw1 iff Apy 0

A 1 Bpy1 iff for all w’ such that wRw’, either it is not the case that Ap,,1 or
Bpw/l
A 3 Bpy0 iff Apyw1 and Bpy0
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An inference is valid if it is truth-preserving in all worlds of all interpreta-
tions, as in K. Call this logic I.°

9.7a.4 Tableaux for I4 are the same as those for K4, except that the rules for
the conditional are:

AB,+i A3JB,—i
irj !
v\ irj
A, —j B,+j A, +j
B, —j

In the first rule, j is any number on the branch. In the second, j is new to
the branch.

—~(A 3 B), +i ~ADB), i
1 v N
A, +i A,—i —B,—i
—B, +i

We also have the rules for reflexivity and transitivity of r (3.3.2), and the
heredity rules:

pv +14 _'p, +l
irj irj
! !
b+ b

where p is any propositional parameter.

A tableau closes if we have lines of the form A, +i and A, —i.

9.7a.5 Here are tableaux to show that - =—A J A, and ¥ (p A —p) O q:

—-—AJA, -0
0r0
orl,1r1
——A, +1
A, -1
A, +1

X

10 The reason that the logic is called one of constructible negation is that - unlike
intuitionist logic - for a conditional to be false, its antecedent must be true and its
consequent must be false. That is, we must be able to construct a counter-example to it.
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The last line is obtained by the rule for double negation.

®A—-p)3q,—-0
oro
orl,1r1
pA—p,+1
q,—1
p,+1
—p,+1

9.7a.6 Counter-models are read off from open branches as for K4 (9.3.7),
except that details about R are read off as in tableaux for modal logics.
Thus, the counter-model given by the tableau of 9.7a.5 is as follows:

wo = wi
+»
+p
—-q

9.7a.7 Astandard variant of 14 is obtained by adding the appropriate version
of the Exclusion Constraint of 8.4.6:

for no p and w, ppw1 and ppw0

This ensures the corresponding statement for all formulas.'' Call the logic
I3. Appropriate tableaux are obtained by adding the extra closure rule:

A, +i
—A, +i

X

Clearly, the open tableau of 9.7a.5 closes in I3, so - (p A —p) O q.

9.7a.8 It is not difficult to see that for sentences that do not contain nega-
tion, an inference is valid in I4 (and I3) iff it is valid in intuitionist logic, I.
To see this, note that any intuitionist interpretation, (W, R, v), corresponds
to an I4 (or I3) interpretation (W, R, p), where vy (p) = 1 iff ppy1; and vice

11 The proof is essentially as in the footnote of 8.4.6, except for the case for 1, which
goes as follows. Suppose that A 7 Bpyw1 and A T Bpy0. Then, by the second, Apw1 and
Bpw0. Moreover, by the first, Bpy 1. This is impossible, by induction hypothesis.
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versa. A short argument by induction (for connectives other than negation)
then shows that for every formula, A, v, (A) = 1 iff Ap,, 1. (Details are left as
an exercise.) In other words, the two sorts of interpretation are essentially
the same.

9.7a.9 Clearly, I4 (and I3) differ from I in the behaviour of negation,
however, as 9.7a.5 shows.

9.7a.10 In the context of a discussion of conditionals, a further variation is
worth noting. Suppose that in I4 we change the falsity conditions for 1 to:

A 3O Bpyw0 iff A 3 —Bpy1 (i.e., for all w’ such that wRw’, either it is not the
case that Apy,1 or Bp,,,0).

The corresponding tableau rule for negated conditionals is simply:

—~(AJB),+i

!

AT —B,+i

where the + can be disambiguated consistently either way.
Call this logic W (for Wansing).'?

9.7a.11 The change makes no difference to the negation-free inferences,
but it does affect the inferences involving negation. In particular, it is not
difficult to check that both of the following are valid:

Aristotle —(A J —A)
Boethius (A 3 B) J—~(A 3 —-B)

The principles are so named because they are endorsed, arguably, by the
philosophers in question. In modern logic, their holding characterises a
logic as a connexive logic. There are many such logics. W is one of the simplest
and most natural.

9.7a.12 One reason why connexive logics are important is the following.
All the propositional logics we will meet in this book, other than con-
nexive logics, are sub-logics of classical logic (when the various negation

12° A similar modification of I3 does not quite work. The Exclusion Constraint of 9.7a.7 is
not sufficient to ensure that all formulas are not both true and false. A 1 B may be so,
even though A and B are not (for example, if A is true at no worlds).
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and conditional symbols are identified): any inference valid in the logic
is valid in classical logic. Aristotle and Boethius are not valid in classi-
cal logic (when O is identified with D). Indeed, they have instances that
are classical contradictions. For example, F (p A =p) D —(p A —p) in classi-
cal logic (and even in most relevant logics).!®> So connexive logics are very
distinctive.

9.7a.13 Aristotle and Boethius are highly heterodox principles of con-
ditionality. However, they do have a certain intuitive appeal. This makes
connexive logics particularly interesting in the context of discussions of
the conditional.

9.7a.14 Another notable feature of W is that its class of logical truths is
inconsistent. It is not difficult to show that (p A —p) 3 —(p A —p) is valid.
(Details are left as an exercise.) This contradicts Aristotle. W is the only
propositional logic we will meet in this book with this property.'*

9.7a.15 The tableaux of this section are sound and complete with respect
to their semantics. The proofs of this can be found in 9.8.

9.8 *Proofs of Theorems

9.8.1 Soundness and completeness proofs for K4 and N4 can be obtained by
modifying the proofs for FDE, as the proofs for classical logic were modified
for normal and non-normal logics, respectively. Let us start with Ky.

9.8.2 DEFINITION: Let Z = (W, p) be any relational interpretation, and b be
any branch of a tableau. Then 7 is faithful to b iff there is a map, f, from
the natural numbers to W such that:

for every node A, +i on b, Aps;y1in 7.
for every node A, —i on b, it is not the case that Aps;)1in 7.

9.8.3 SOUNDNESS LEMMA: Let b be any branch of a tableau, and 7 = (W, p)
be any K, interpretation. If 7 is faithful to b, and a tableau rule is applied to
it, then it produces at least one extension, b’, such that 7 is faithful to b'.

13 In such logics, = (p A —p) — p. By contraposition, E —p — —(p A =p), S0 = (p A —p) —
—(@ A D).

14 Most connexive logics in the literature are, in fact, consistent. This is because
conjunction is usually taken to behave in a non-standard fashion.
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Proof:

Let f be a function which shows 7 to be faithful to b. The proof proceeds by
a case-by-case consideration of the tableau rules. The cases for the exten-
sional rules are essentially as for FDE (8.7.3). We simply rewrite p as pf -
For the rules for —: suppose that we apply the rule to A — B, +i. Then by
assumption, A — B is true at f(i). Hence, for any j on the branch, either A
is not true at f(j) or B is true at f(j). In the first case, f shows 7 to be faith-
ful to the lefthand branch; in the second, it shows Z to be faithful to the
righthand branch. Next, suppose that we apply the rule to A — B, —i. Then
A — Bisnot true at f(i). Hence, there is some w such that A is true at w and
Bis not. Let f” be the same as f, except that f'(j) = w. Then f’ shows 7 to be
faithful to the extended branch, as usual. The cases for —=(A — B), +i and
—(A — B), —i are similar. [ ]

9.8.4 SOUNDNESS THEOREM FOR K4: For finite &, if ¥ - A then & = A.

Proof:
This follows from the Soundness Lemma in the usual way. [ ]

9.8.5 DEFINITION: Let b be an open branch of a tableau. The interpretation,
T = (W, p), induced by b, is defined as in 9.3.7. W = {w;: i occurs on b}. For
every parameter, p:

pow; 1 iff p, +i occurs on b
Pow;0 iff —=p, +i occurs on b

9.8.6 COMPLETENESS LEMMA: Let b be any open completed branch of a
tableau. Let Z = (W, p) be the interpretation induced by b. Then:

if A, +i is on b, then A is true at w;
if A, —i is on b, then it is not the case that A is true at w;
if —A, +iis on b, then A is false at w;

if =A, —i is on b, then it is not the case that A is false at w;

Proof:

The proof'is by recursion on the complexity of A. If A is atomic, the result is
true by definition, and the fact that b is open. The cases for the extensional
connectives are essentially the same as for FDE (8.7.6). We merely rewrite
p as py,;. This leaves the cases for —. Suppose that B — C, +i is on b. Then
for all j, either B, —j or C, +j is on b. By induction hypothesis, either B is not
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true at w; or C is true at w;. Thus, B — C is true at w;. Suppose that B — C, —i
is on b. Then there is a j, such that B, +j and C, —j are on b. By induction
hypothesis, B is true at w; and C is not true at w;. Thus, B — C is not true at
w;. The cases for negated — are similar. |

9.8.7 COMPLETENESS THEOREM FOR Ky: For finite X, if ¥ = A then T - A.

Proof:
The result follows from the Completeness Lemma in the usual fashion. B

9.8.8 SOUNDNESS THEOREM FOR Ny4: The tableau system for N4 is sound with
respect to its semantics.

Proof:

The proof is exactly the same as for K4, except that in the definition of
faithfulness, we add the clause: f(0) € N. In the Soundness Lemma, the
rules for — are applied only at f(0); and this is normal. |

9.8.9 COMPLETENESS THEOREM FOR Ny4: The tableau system for N4 is complete
with respect to its semantics.

Proof:
The induced interpretation is now defined as follows (as in 9.5.3). W =
{wj: i occurs on b}. N = {wp}. For every parameter, p:

pow; 1 iff p, +i occurs on b
ppw;0 iff —p, +i occurs on b

and for every formula A — B, and i > 0:

A — Bpw,;1iff A — B,+i occurs on b
A — Bpw, 0 iff =(A — B), +i occurs on b

The proof of the Completeness Theorem is then as for K4. Only the induction
cases for — in the Completeness Lemma are different. In these, if w; is
normal, the arguments are exactly the same as before. If w; is non-normal,
the result holds simply by definition. |

9.8.10 Soundness and completeness proofs for K, and N, can be obtained
by modifying those for the * semantics for FDE (8.7.10-8.7.16).
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9.8.11 SOUNDNESS THEOREM: K, is sound with respect to its semantics.

Proof:

The proof is exactly the same as that for FDE. All we need to check, in
addition, are the new rules for — in the Soundness Lemma. So suppose
that we apply the rule to A — B, +x, then, by assumption, A — B is true
at some world. Hence, for any y, either A is not true at f(y), in which case
f shows 7 to be faithful to the left branch, or B is true at f(y), in which
case f shows 7 to be faithful to the right branch. If we apply the rule to
A — B, —x, then A — B s false at some world. Hence, there is a world, w, at
which A is true and B is false. Consider an f’ which is the same as f, except
that f'(j) = w. Then the result follows as usual. [ ]

9.8.12 COMPLETENESS THEOREM: K, is complete with respect to its
semantics.

Proof:

The interpretation induced by an open branch is defined in exactly the same
way as in FDE (8.7.14), except that there may be more than two worlds.
Thus, W = {wy: x or X occurs on b}, and for all i, w;’ = w;» and w;‘# = W.
The only things that need additional checking are the cases for — in the
Completeness Lemma. So suppose that A — B, +x occurs on b; then for all y
either A, —y or B, +y occurs on b. By induction hypothesis and the definition
of W, for allw € W, either A is false at w or B is true at w. Hence A — B is
true at wy. Suppose, on the other hand, that A — B, —x occurs on b. Then
for some j, A, +j and B, —j occur on b. By induction hypothesis, A is true at
wj and B is false at w;. Hence, A — B is false at wy, as required. The rest of
the proof'is the same. [ |

9.8.13 SOUNDNESS AND COMPLETENESS FOR N,: N, is sound and complete
with respect to its tableaux.

Proof:
The proof modifies the proof for K,, as that for Ny modifies that for Kj.
Details are left as an exercise. |

9.8.14 THEOREM: The tableaux for I4 are sound and complete with respect
to their semantics.
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Proof:
The proof extends that for K4 (9.8.2-9.8.7). In the definition of faithfulness,
a new clause is added:

if irj is on b then f(i)Rf (j).

In the Soundness Lemma, the cases for conjunction, disjunction and nega-
tion are as for K4. The arguments for the conditional, the rules for r, and the
two heredity rules are as in intuitionist logic (6.7.3). This leaves the cases
for negated conditionals. These go as follows.

Suppose that we apply the rule for —(A I B), +i. By assumption, A J B
is false at f(i). Hence, A is true at f(i), and B is false there. So f shows Z
to be faithful to the extended branch. Suppose that we apply the rule to
—(A 3 B), —i. Then, by assumption, A 1 B is not false at f(i). Either A is not
true at f (i) or —B is not true at f (i). So f shows 7 to be faithful to one branch
or the other.

The Soundness Theorem follows in the usual way.

The induced interpretation is defined as in 9.8.5, except that, in addition:
w;jRw; iff irj is on the branch. Given the rules for r on the tableau, it is easy to
see that this is an I4 interpretation. In the Completeness Lemma, the cases
for conjunction, disjunction and negation are as for K4. The cases for the
conditional are as for intuitionist logic (6.7.7). This leaves the cases for the
negated conditional, which go as follows.

Suppose that —(A O B), +i is on the branch. Then A, +i, and —B, +i are
on the branch. By induction hypothesis, A is true at w;, and B is false there.
Hence, —(A T B) is true at w;. Suppose that —=(A 3 B), —i is on the branch.
Then either A, —i is on the branch or —B, —i is. By induction hypothesis,
either A is not true at w; or B is not false there. Hence, A 1 B is not false
at w;.

The Completeness Theorem follows in the usual way. |

9.8.15 THEOREM: The tableaux for I3 are sound and complete with respect
to their semantics.

Proof:

The proof is exactly the same as that for I4. The only additional fact that
needs to be checked is that the induced interpretation is an I3 inter-
pretation. For any parameter, p, p,+i and —p, +i cannot both be on the
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branch, by the new closure rule. Hence we cannot have ppy,1 and ppw,0, as
required. n

9.8.16 THEOREM: The tableaux for the connexive logic W are sound and
complete with respect to their semantics.

Proof:

The proofis as for I4. All that changes are the cases for negated conditionals
in the Soundness and Completeness Lemmas. For Soundness, suppose that
we apply the rule to —=(A 1 B), +i. By assumption, A 1 Bis false at f (i). Hence
A 3 —Bistrue atf (i), as required. The case for — is similar. For Completeness,
suppose that —=(A 3 B), +i is on the branch. Then so is A J —B, +i. Hence, for
every j such that irj is on the branch, either A, —j or —B, +j is on the branch.
By construction and induction hypothesis, for all w; such that w;Rwj, either
A is not true at wj or B is false there. Hence, —(A 1 B) is true at w;. The case
for — is similar. [ ]

9.9 History

The terminology of degrees (as in ‘first degree entailment’) comes from
Anderson and Belnap (1975, p. 150). The degree of a formula is the largest
number of nestings of — within it. So the logics of this chapter have arbi-
trarily high degree. The logics K4, K, N4 and N,, though natural enough, are
not to be found in the literature. The idea of giving conditionals arbitrary
truth values at some worlds was first used (inspired by the semantics of
S0.5) by Routley and Loparic (1978) in connection with a certain family of
paraconsistent logics. The analysis of these worlds as worlds where logic is
different comes from Priest (1992). The notion of an impossible world, as
such, started to appear in the literature in the 1980s. On filter logics, see
Priest (2000a, sects. 4.1 and 5.1).

The system I3 is originally due to Nelson (1949), though not with these
semantics. The semantics were given by Thomason (1969). I appeared
in Almukdad and Nelson (1984). There are many more logics in the fam-
ily. Some of these are surveyed in Dunn (2000). Another can be found
in Priest (1987), ch. 7. The history of connexive logics in Ancient and
Medieval logic can be found in Routley (2000). Connexivism was intro-
duced into modern logic by Angell. See the discussion by McCall in section
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29.8 of Anderson and Belnap (1975). The connexive logic here is due to
Wansing (2005).

9.10 Further Reading

Discussions of impossible worlds can be found in Yagisawa (1988), Stalnaker
(1996), and all the papers in Priest (1997b). The editor’s introduction to the
third of these is a useful orientation. An argument that truth proper has
no gaps is mounted in Priest (1987, ch. 4) and (2006, ch. 4). A discussion of
the Nelson systems can be found in Wansing (2001). (Note that I3 and I4 go
by various different names in the literature. Wansing calls them N3 and Ny,
respectively.) A survey of connexive logics can be found in Wansing (2006).

9.11 Problems

1. Complete the details left as exercises in 9.4.1, 9.4.2, 9.6.6, 9.6.9, 9.6.10
and 9.7.10.
2. Show the following in K4 (Where A <> Bis (A — B) A (B — A)):
(@ FA—> A
() FA < ——A
(F@AAB —>A
(d FA— (AVvB)
e FAABVO) < (AAB)VAAD)
fA—->BA—->CFHA— (BAOC)
gA—->CB—>CHAVB —>C
M A—->CH@AAB) —>C
(i) F(A—->BAA—->C)—> A—> BAQO)
HFA->COAB—->C)—> (AVvB) -0
k) A>BFB—->C —> A—->0
HA—-B-H({C—-A - (C—B
(mA—-BB—-CFHA—C
3. Show that the following are not true in K4, and specify a counter-model.
@kF@AEpPve) —q
b) PA@Q) > rEp—(—qVvr)
©+Fp—>@v-q
(d F@®A-p)—>q
e F@—>aq—>(—q—>—p
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. Determine which of the inferences in problem 2 are valid in N4. Where

invalid, specify a counter-model for an instance.

5. Repeat problems 2-4 with K, and N,.

10.

11.
12.

13.

. In the semantics for N4 and N,, there may be many normal worlds, but

the tableaux show us that it suffices to suppose that there is only one
normal world. Why is this?

. What reasons might there be against supposing that there are logically

impossible worlds?

. Suppose that we add the modal operators O and < to the language. What

are the most appropriate truth/falsity conditions for them in the non-
normal semantics, and why? (Should the truth of DA at a normal world
depend on the truth of A at all worlds, or just at normal worlds? What
truth conditions are appropriate at non-normal worlds? How does this
bear on the question of relevance?)

. Show by induction that in any interpretation, (W, R, p), for I4, I3 or W,

for any formula, A:
if Apyw1 and wRw', then Ap,, 1
if Apw0 and wRw', then Ap,,, 0

Determine the truth of the following inferences in I4, I3, and the
connexive logic W. Where the inference is invalid, give a counter-
model.

@ F-@Ar@ 3 (pV—q)

(b) F=Vva 3 (PA—Q)

©F@®393 (93D

@d Fpv-p

() F(=p3p) P

NF-p39 @39

@Frpi39vpei—g

(h) F=((@A—-p) 3@V -D)
Work out the details omitted in 9.7a.8, 9.7a.11, and 9.7a.14.

Show that in I3 and I4:

(a) if # Av B then F A or F B. (Hint: see 6.10, problem 5.)

(b) if E =(A A B) then F —A or = —B.
Find an inference that is valid in I4, but not in intuitionist logic. Find
an inference that is valid in intuitionist logic, but not in I3. (Hint:
see 9.6.9.)
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14. Discuss the plausibility of Aristotle and Boethius, as principles con-
cerning the conditional.

15. * Fill in the details omitted in 9.8.

16. * Design tableaux for the systems of 9.7.14, and prove them sound and
complete.
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10 Relevant Logics

10.1 Introduction

10.1.1 Inthis chapter we look at logics in the family of mainstream relevant
logics. These are obtained by employing a ternary relation to formulate the
truth conditions of —. In the most basic logic, there are no constraints on

the relation. Stronger logics are obtained by adding constraints.

10.1.2 We also see how these semantics can be combined with the seman-
tics of conditional logics of chapter 5 to give an account of ceteris paribus
enthymemes.

10.2 The Logic B

10.2.1 N4 and N, are relevant logics, but, as relevant logics go, they are
relatively weak. Many proponents of relevant logic have thought that the
relevant logics of the last chapter are too weak, on the ground that there are
intuitively correct principles concerning the conditional that they do not
validate. A way to accommodate such principles within a possible-world
semantics is to use a relation on worlds to give the truth conditions of
conditionals at non-normal worlds. Unlike the binary relation of modal
logic, xRy, though, this relation is a ternary, that is, three-place, relation,
Rxyz.!

10.2.2 Intuitively, the ternary relation Rxyz means something like: for all
A and B, if A — B is true at x, and A is true at y, then B is true at z. What
philosophical sense to make of this, we will come back to later.

1 Using a binary relation would produce irrelevance, since p — p would be true at all
worlds, and hence, ¢ — (p — p) would be logically valid.
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10.2.3 The technique can be applied to both the relational semantics and
the x semantics. As we noted in 9.6.9 and 9.6.10, these semantics diverge
once we add — to the language. Though the ternary relation relational
semantics are perfectly good, it is, as a matter of historical fact, the logics
with the ternary relation * semantics that occur in the literature. Hence,
we look only at those.

10.2.4 Aternary (x) interpretation is a structure (W, N, R, , v), where W, N,
x and v are as in the semantics for N, (9.6.6), and R is any ternary relation
on worlds. (So, technically, RCW x W x W)

10.2.5 With one exception, the truth conditions for all connectives are as
for N,.. In particular, at normal worlds, the truth conditions for — are:

vww(A — B) = 1iff for all x € W such that vx(A) =1, vix(B) = 1
The exception is that if w is a non-normal world:
vw(A — B) = 1iff for all x,y € W such that Rwxy, if vx(A) = 1, then vy(B) =1

10.2.6 Validity is defined as truth preservation over all normal worlds, as
in N,.

10.2.7 The logic generated in this way is usually called B (for basic).” Clearly,
B is a sub-logic of K, (since any K, interpretation is a B interpretation, with
W — N = ¢). Moreover, any B interpretation, Z, is equivalent to an N, inter-
pretation. We just take that N, interpretation which is the same as 7, except
that it assigns to each conditional at each non-normal world, w, whatever
value it has at w in Z. Hence, N, is a sub-logic of B.

10.2.8 The bipartite truth conditions of — can be simplified if one thinks
of R as defined at normal worlds. Specifically, if w is normal, we specify R by
the following condition:

Rwxyiffx =y

Call this the normality condition. If we define R at normal worlds in this
way, we may take the ternary truth conditions to govern conditionals at
all worlds. For, given this condition, the ternary truth conditions:

for all x,y € W such that Rwxy, if vx(A) = 1, then vy(B) =1

2 We continue to use B as a letter for formulas, too. Context will disambiguate.
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become:
for all x,y € W such that x =y, if vx(A) = 1, then vy(B) = 1

And given the standard properties of =, this is logically equivalent to:
for all x € W such that vx(A) =1, ix(B) =1

which gives the standard truth conditions of — at normal worlds. We adopt
this simplification in what follows.

10.2.9 Notice that the normality condition falls apart into two halves. From
left to right:

if Rwxy then x =y
and from right to left, since x = x:

Rwxx.

10.3 Tableaux for B

10.3.1 Tableaux for B are the same as those for N, (9.6.7), except that nodes
may now be of the form A, +x, or A, —x (where x is i or i¥), or of the form
rxyz; the tableaux rules for the conditional are:

A — B, —x
A — B, +x l
rXYZ ]
rxjk
e N .
A,—y B, +z At
’ ' B,k

In the first rule, y and z are anything of the form j or j#, where either of
these occurs on the branch. In the second rule, j and k are new. Moreover,
in this, if x is 0, j and k must be the same, as required by one half of the
normality condition. For the other half, we need one further rule:

rOxx
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where x is either j or j#, where either of these occurs on the branch - and,
as usual, r0xx is not already on the branch. We will call this the normality
rule. It is simplest to apply it as soon as conveniently possible on a branch.

10.3.2 Example: (A —- B)Fg (B— C) —> (A — O):

(A — B),+0
B—-0C—A—-0),-0 (1)
r000, r00% 0%
r011,r01%1%# (2)
B—0),+1 (3)
(A— C),-1 (4)
r123 (5)
A, +2 (6)
C,-3 (7)
r022,102%2% r033,103%3%*
v N
A, -2 B, +2
X v N\
B,—2 C,+3
X X

Line (1) and the normality rule give lines (2)-(4). Line (4) gives lines (5)-(7).
The first line of the tableau, and the fact that r022, give the first split; and
line (3), plus the fact that 123, give the second.

10.3.3 In practice, it is simplest to omit the lines of the form rOxx in a
tableau for B, since they cause much clutter - as long as one remembers
that they are there for the purpose of applying a rule to something of the
form A — B, +0. Another example: ¥ p — ((p — q) — Q).

p—>((p—>q—q.—0
p,+1
®—->9—>q-1
r123
®—q,+2
q,—3
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The rule for true conditionals never gets applied in this tableau, since
the only true conditional holds at world 2, and we have nothing of the
form r2xy.

10.3.4 Counter-models are read off open branches as in N, (9.6.7), except
that the information about R is now included. Thus, in the counter-model
given by the tableau of 10.3.3, W = {wq, w1, W2, W3, Wo#, Wy#, Wos, Was }; N =
{wo}; W] = w;x and w;‘# = wj; Rwywows, and for all w € W, Rwoww; v is such
that vy, (p) = 1, and vy, (q) = 0. The interpretation may be depicted thus:

Wo wg
w1 4D wi
V4
Wy W3z —q wy w3
The configuration:
a
b ¢

is a way of representing the relation Rabc. The accessibility relations involv-
ing wp have been omitted. These are taken for granted. Since all worlds
except wp are non-normal, there is also no need to indicate non-normal
worlds by putting them in boxes. In the depicted interpretation, p — q is
true at wy (since it accesses nothing); hence, (p — q) — q is false at wy. But
then, p — ((p — q) — q) is false at wy.

10.3.5 The tableaux are sound and complete with respect to the semantics.
This is proved in 10.8.1.

10.3.6 One may check that all formulas of the following form are logically

valid in B:
(A1) A—>A
(A2) A— (AvB)(andB— (AVB))
(A3) (AAB) - A(and (AAB) — B)
(A4) AABVC)— (AAB)VAAQ)
(A5) (A>BAA—>C)—> A—> BAC)
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(A6) (A— C)AB—C)— (AVB) - C)
(A7) ——A— A

And that the following also hold in B:

(R1) A, A—>BH+B

(R2) A,BFAAB

(R3) A—-B+H({C—>A) — (C—B)
(R A—-BFB—->C—->A—->O0
(R5) A— —-BFB— —-A

R4 is verified in 10.3.2. Details of the others are left as an exercise. All save
A5, A6, R3 and R4 hold in N,. (Again, details are left as an exercise.) Hence,
the logic B is a proper extension of N,. It is, in fact, R3 (prefixing) and R4
(suffixing) that are most distinctive about B. Together, these are referred to
as affixing. Hence, the family of logics that we are currently concerned with
are sometimes called affixing relevant logics.

10.3.7 The most common proof-theoretic treatment of the affixing logics
in the literature is not tableau-theoretic, but axiomatic. An axiom system
for B is obtained by taking every formula of the form of A1-A7 as an axiom,
and every inference of the form R1-R5 as a rule.

10.3.8 In an axiom system, - is defined differently from the way in which
it is defined in a tableau system. Specifically, & - A iff there is a sequence
of formulas, A4, ..., Ay such that A is A,;, and every formula in the sequence
is either an axiom, or a member of %, or follows from some prior members
of the sequence by one of the rules. Such a sequence is called a deduction.

10.3.9 Here, for example, is a deduction of C — ——C in B (which is why
this half of double negation is not needed as an axiom). The justification
for each step is explained in the righthand column. Line numbers in the
lefthand column assist this.

(1) —-C——-C Al
(2) C——-=C (1)andR5

Note that (1) is an instance of A1, since =C — —C is of the form A — A.
Similarly, =C — —C ~ C — ——C is an instance of R5, since it is of the form
A — =B+ B — —A. Here is another example to establish that A — B,B —
C g A — C (transitivity).
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(1) A—B assumption
(2) B—>C assumption
3 B—=>C—> A—=C (1)andR4

4 A-—>C (2), (3) and R1

10.4 Extensions of B

10.4.1 Aswith the modal logic K and its extensions, stronger relevant logics
can be obtained by adding constraints on the relation R (which constraints
may also involve ).

10.4.2 Now, there are many constraints that one might impose on the
ternary R. But the most significant ones are much more complex than those
in modal logic. We will look at a number of the more notable ones in this
section and the next. The diagram attached to each condition may make it
easier to visualise. The odd numbering will make more sense in a moment.
In each case, the condition is for all worlds in W (normal and non-normal),
a,b,c,d:

(C8) If Rabc then Rac*b*

b ¢ c* b*

(C9) If there is an x € W such that Rabx and Rxcd, then there isay € W such

that Racy and Rbyd
a
VA a b
b x = <« Z
cy d
c d
(C10) If there is an x € W such that Rabx and Rxcd, then there isay € W such
that Rbcy and Rayd
a
VA b a
b x = <« [/
Z cy d



Relevant Logics

(C11) If Rabc then for some x € W, Rabx and Rxbc

10.4.3 The tableau rules corresponding to the above conditions are not dif-
ficult to guess. They are, respectively, as follows, where j is always new to
the branch (recall that if x is i, X is i¥, and if x is i¥, X is i):

(T8)

XYz

XZy

XYz
rzuy

!

rXUj, ryjv

(T10)
rXyz
rzuy

!

Tyuj, rjv

(T11)
TXYyZ
!

rXyj, rjyz

10.4.4 The addition of the new rules adds a further complication. Because
of the normality condition, we need to ensure that whenever r0xy occurs
on a branch, x and y are ‘the same’. (This was not necessary before, since
the only rules that introduced information of the form r0xy required x and
y to be identical. But this need no longer be the case.) The easiest way to
achieve this is to allow lines on the tableau to have an additional form,
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x = y (where x and y are of the form i or i¥), and to add the identity

rules:

.= x=y

1 L e

X=X i=]j l
a(y)

where «(x) is any node on the branch containing %, and «(y) is the same with
some occurrences of x replaced by y, cancelling out any double occurrences
of # . The normality condition can now be effected by the rule:

rOxy

!

X=Yy

10.4.5 The tableaux for extensions of B, though sound and complete (as is
proved in 10.8.2) are very unwieldy, and, in any but the simplest cases, are
too complex to be reasonably done by humans (though they can be mech-
anised easily enough). To make matters worse, open tableaux are normally
infinite (because of the existential quantifiers in many of the conditions
on R). In practice, other techniques for establishing validity and invalidity
may be more viable, as we will see in a moment.

10.4.6 Each ofthe constraints onR is sufficient to make formulas of a certain
form, which are not valid in B, logically valid. These are as follows (where
the numbers correspond):

) (A— —B) > (B— —A)

A9) A—-B) —-(B—->0—A—=0)
A10) A—B)— (C— A — (C— B))
A1l) A—- (A—>B)—> A—B)

We will show this for A11. The others are left as an exercise.

10.4.7 We may show that (p — (p — q)) — (p — q) is not logically valid
in B by constructing a tableau, or by giving a counter-model directly. The
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following counter-model will do, where wy is the only normal world:

Wo W0
w1 wi
4

+p w2 Wz —q Wi wj

w3 accesses no worlds; hence, p — ¢ holds at ws. Thus, p - (p — ¢q) is
true at wy. But p — q is false at w;. Hence, (p — (p — q)) — (p — q) is
false at wy.

10.4.8 We establish the validity of A11 by the following argument. Consider
any normal world of any interpretation, wg. We need to show that if Rwgxx,
then if A — (A — B) is true at x, A — B is true at x. To show the latter, we
need to show that if Rxyz and A is true at y, B is true at z. In diagrammatic
form:

Wo
A— (A— B) w1

A %) w3 B?

By C11, we know that there is an x such that Rw;wqx, and Rxwows. And by
the truth conditions for — at wy, A — B is true at x. In pictures:

Wo
A— (A— B) w1
A
A wy X A—B
/
A Wy W3

By the truth conditions of — at x, B is true at ws, as required.

10.4a Content Inclusion

10.4a.1 There are other constraints that play an important role in relevant
logics. However, to state these, we need a little more machinery. We add an
extra component, C, to interpretations (so that an interpretation is now of
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the form (W,N,R, %, C, v)). C is a reflexive and transitive binary relation on
worlds.? Intuitively, w; C w, means that everything true at wy is true at wy.
The relationship satisfies the following constraints. If w C w’ then:

1. if vy(p) = 1 then vy (p) =1
2. W Cw*

3. if Rw'wiw; then (w € N and wy C wy) or (w ¢ N and Rwwiwy)

Note that the identity relation, =, satisfies these conditions. Any interpre-
tation without C can therefore be extended to one with it, simply by taking
C to be =.

10.4a.2 Clause 1 is a version of the heredity condition, familiar from intu-
itionist and related logics. The other conditions are sufficient to ensure that
this condition holds for all sentences (not just propositional parameters).
This is proved in 10.8.2a.

10.4a.3 For appropriate tableaux, we now need to be able to express the
ordering; the third constraint on C also requires us to be able to express
the normality of a world explicitly. So we now assume that there can be
lines of the form i < j, $i, and $i. Intuitively, i < j means that w; T wj, $i
means that w; is normal, and $i means that w; is non-normal. The following
are the new tableau rules.

. = X=Xy X=Xy XXy
l y=<z p, +X { ryzw
X=X 1 l y=X VAN

X<z D, +y $x  $x

Z<W TXzw

The rules for normality of 10.3.1 and 10.4.4 also have to be revised to:

. $x $x $x

l l rxyz $x

$0 XYy 1l X
y=z

3 Note that for present purposes reflexivity and transitivity are not, strictly speaking,
necessary. However, they are for the application we will make of C in Part II (24.4)
concerning restricted quantification.
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The old normality rules are special cases.

10.4a.4 We can now state some of the interesting constraints that

involve C:
(C12) If Rabc then, for some x such that a C x, Rbxc

a b

(C13)Ifae N,a* C a.
(C14)Ifa e N, a* C g; and ifa € W — N, Raa*a.

(C15) If Rabc thena C c:

b ¢ b ¢ Ja b ¢ Ib

10.4a.5 The corresponding tableau rules are, as one would expect:

(T12)
rXyz
1
X=<]J
1yjz
where j is new to the branch.
(T13)
$x
\
X <X
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(T14)
v N
$x  $x
X <X TXXX
(T15)
TXyZ
l
X<z
(T16)
Xyz
e N

10.4a.6 As an example, here is a tableau to show that, given T14, + (p —

—p) = —p:
®— —-p) - —p.—0
p— —p,+1
-p, -1
p,+1%
v N
$1 $1
1% <1 r11#1
p.+1 e N
r111 p,—1% —p,+1
v \4 X X
p.—1 —p,+1
X X

The first split in the tableau is due to T14. Down the left branch, p, +1 then
follows by the heredity rule, and r111 by one of the normality rules. The next
split on each branch is obtained by applying line 2, given the information

about r on the branch.

10.4a.7 Given an open branch of a tableau, a counter-model can be read
off in a natural way. Since open tableaux are complex to construct, this
is not a very practical way of finding counter-models. The tableaux are,
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nonetheless, sound and complete. This is proved in 10.8.2b-2d, where the
recipe for reading off a counter-model from an open branch is spelled out.

10.4a.8 Each of the constraints suffices to make formulas of a certain form,
that are not valid in B, logically valid. These are as follows, where the
numbers correspond:*

(A12)A— ((A— B) — B)
(A13)Av —-A

(A14) (A — —-A) — —A
(A15)A - (B — A)
(A16)A — (A — A)

I will show this for (A12). The others are left as exercises.

10.4a.9 To show that A12 is not valid in B, the following will do, where wg
is the only normal world, and J is =:

Wo wg
+r Wi wj
/

Wy W3 —(q wy wg

Since wy accesses nothing, p — q is true there. It quickly follows that p —
((p — q) — q) is not true at wy.

10.4a.10 To establish that A12 is valid, given C12, suppose that in an inter-
pretation wo € N and Rwpaa. We need to show that if A is true at a, so is
(A — B) — B. So suppose that Rabc, and that A — B is true at b; we need to

4 In the first edition of the book, A11 and A12 were numbered in reverse, as were their
associated paraphernalia. In that edition, the constraint corresponding to A12 was given
as the simpler: if Rabc then Rbac. For the original Routley-Meyer semantics this condition
is correct. In the simplified semantics that are being employed here, and in the context
of other constraints, the condition is sound but it is not complete. For, if wg is normal,
then the normality constraint gives us that for any w, Rwoww. By C11, there is an x such
that Rwowx and Rxww. By normality, x = w, so Rwww. In particular, Rwgwgw. By C8,
Rwgwowyp. The old condition now gives, Rwowgwp, and so, by normality, wg = wj. This
suffices to validate the disjunctive syllogism: A, ~AV B |= B, as is easy to check. Note that
this does not show that the tableau completeness proof of the first edition is incorrect;
what was incorrect was the original completeness proof for the axiom system of the
simplified semantics.
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show that B is true at c. That is:

Wo

A—-B b ¢ B?
By the constraint, we have:

A— B b
y
A aC d ¢

Since a C d, A is true at d, and so B is true at c, as required.

10.4a.11 The axioms of B can be augmented by any combination of A8-A16
to give a stronger logic. The axiom systems are sound and complete with
respect to the corresponding combinations of conditions on R, though we

will not prove this here.

10.4a.12 The stronger logics have no very systematic nomenclature. Some
names to be found in the literature are as follows:

BX =B+A13

DW =B+ A8

DWX = DW + A13 [= BX + AS8]

TW =DW + A9 + A10

TWX = TW + A13 [= DWX + A9 + A10]

T =TW + A1l + A14 [= TWX + A1l + A14]
RW = TW + A12

R=RW +A11[=T + A12]

RWK = RW +A15

RM =R + A16

RW and RWK are sometimes called C (not to be confused with the basic con-
ditional logic) and CK, respectively.® The relationships between the various

5 The favourite system of Anderson and Belnap (1975) is called E. This is obtained from
T by adding (A - C) — ((A — C) — B) — B) (that is, the special case of A12 with A
replaced by A — C) and N(A) A N(B) — N(A A B), where N(C) is (C — C) — C. E does
have a ternary relation semantics, though of a more complicated kind.
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systems can be seen most perspicuously in the following diagram:

.
B et BX
[A8] A [A8]
13
DW A1l DWX
[A9+A10] [A9+A10]
—_—
™ e TWX
% N
[A12] [A11+A14]
RW T
e N\ v
[A15] [A11] [A12]
RWK R
[Al6]
RM

10.4a.13 Note that there are essentially two routes to T. In only one of these
A13 gets added. This axiom becomes redundant once one has A14. See the
deduction in 10.5.4. There are also essentially two routes to R. In only one
of these A14 gets added. This is because, in the context of the other axioms,
it is redundant. See the deduction in 10.5.3.

10.4a.14 Note also that in the stronger systems, some of the other axioms
and rules also become redundant. A8 clearly makes R5 redundant, and A9
and A10 render R3 and R4 redundant. Not so obviously, given A12, A9 and
A10 collapse into each other, because of permutation. (See 10.5.2.)

10.4a.15 Finally, R (and so all its subsystems) are relevant logics. That is,
whenever £ A — B, A and B share a propositional parameter. We will see a
proof of this in 10.5.7. Not all systems with ternary-relation semantics are
relevant logics, though. CK is not. An instance of A15is (p — p) — (@ —
(p — p)). By Al and R1, g — (p — p). CK is not classical logic, though. For
example, A11 is not valid in it, as we will see in 11.5.7.

10.4a.16 Less obviously, RM is not a relevant logic, since Fry (p A —p) —
—(q A —q). For the proof, see 10.11, question 6.

10.5 The System R

10.5.1 Perhaps the most important of the above extensions of B is R (not to
be confused with the ternary accessibility relation!). It is certainly the best
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known of these. Establishing what is valid in R, and what is not, is often a
very hard matter. (It is known that there is no decision procedure for the
logic.) For the sake of definiteness, in what follows we will take R to be
axiomatised by A1-A12, R1 and R2.

10.5.2 Sometimes, semantic arguments are relatively straightforward. For
example, in this way one may establish the validity of permutation: A —
(B — C) Er B — (A — O). (To grasp the following reasoning, it is helpful
to draw a diagram as the argument proceeds, as in 10.4.8.) Suppose that in
an interpretation A — (B — C) is true at a normal world, w. We show that
B — (A — () is true there. So suppose that Rwxx, and that B is true at x. We
need to show that A — C is true at x. To this end, suppose that Rxyz, and A
is true at y. We need to show that C is true at z. By C12, there is a u such
that x C u and Ryuz. Since Rwyy and A is true at y, B — C is true at y. Since B

is true at x, it is true at u. Hence, C is true at z, as required.

10.5.3 Sometimes it is easier to deduce things from others we already know
to be valid. For example, consequentia mirabilis: kg (A — —A) — —A.

1) A—-4) - A— A Al

(2) A= (A— —4) — —A) (1), permutation
B) (A— —=A) —> -A)—> A—> —(A—> —A) A8

4 A->(A—>-A)—>-A)—>A—>A——-(A—> -A)) (3),R3

(5) A= A— —A— —4) (2), (4) and R1
6) A= A—>—=A—-A)) > A—>—(A— —A) A12

(7)) A= —=(A— -A) (5), (6) and R1
8) A—-4)—>-A (7), R5

10.5.4 The following shows that the law of excluded middle also holds in R.

(1) A—> (Av—-A) A2

(2) (Av—A) - == (Av—A) double negation (10.3.9)
(3) A— ——=(Av—-A) (1), (2) and transitivity
(4) —(Av-A) > —A (3), R5

(5) —A— (AV-A) A2

(6) —=(Av-A)—> (Av-A) (4), (5) and transitivity
(7) —=(Av—-A) > ==(AV —-A) (6), (2) and transitivity
(8) (m(AvV—=A) > —=—=(AV-A) > AV —A) consequentia mirabilis
9) ——(Av-A) (7), (8) and R1

(10) ——(AV—A) —> AV —A) A7

(

11) Av-A (9), (10) and R1
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In fact, it can be shown that all classical tautologies (expressed in terms of
Vv, A, — and D) are logically valid in R.°

10.5.5 Establishing that inferences are invalid in R is even harder, since
some kind of counter-model must be constructed. A useful technique is
to employ a suitable many-valued logic.” For example, it is laborious, but
not difficult, to check that every axiom of R takes a designated value in
the many-valued logic RM3 of 7.4, and that the rules of R preserve that
property. (Details are left as an exercise.) It follows that R is a sub-logic of
RM3. Hence, if something is not valid in RM3, it is not valid in R. This suffices
to establish some facts about invalidity in R. For example, as we saw in
7.5.2, RM3 avoids the standard paradoxes of both the material conditional
and the strict conditional. Hence, the same is true of R. (Exactly the same
considerations apply to logic RM.)

10.5.6 A more complex many-valued logic can be used to establish the rel-
evance of R (and a fortiori, of any of the weaker systems that we have met
in this chapter). The truth values of the logic are {1,0,b,n,1’,0',b’,n'}. The
designated values are those with the primes. To compute the negation of
a value, add or take away the prime, as appropriate. To compute the truth
value of conjunctions and disjunctions, consider the following diagram:

N
| < <X
N

6 The proof, in essence, is as follows. Let A be anything logically valid in classical logic,
and let A’ be its disjunctive normal form. In classical logic, this follows from the law of
excluded middle by laws about conjunction, disjunction and negation, which also hold
in R. Hence, A’ holds in R. In classical logic, A’ entails A by laws concerning conjunction,
disjunction and negation, which also hold in R. Hence, A holds in R.

7 Perhaps the most useful many-valued logic, in this context, is the one given in 10.11,
problem 8.
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Note that this is just the diamond lattice of 8.4.3, with an inverted copy
pasted on top, and connected by vertical lines for corresponding elements.
Conjunction is greatest lower bound; disjunction is least upper bound. Thus,
for example, b An’ = 1, 1 A1’ = 0, etc.® The truth function for — is as

follows:

o0 n b 1”1 b n O
o000 0 0 0 OO O O
nl|0 n 0 0 n 0 n O
vV o0 o bV 0 b b 0 O
1|0 n PV 11 b n 0
110 0 0 0 177 0 0 O
b0 O DbV 0 bV P 0 0
n|0 n 0 0 n 0 n 0
o0 0O 0 0 0 0 0 0

It is complex but mundane to check that all the axioms of R are valid in
this logic, that the rules preserve this property, and hence that R is also a
sub-logic of the logic. (Details are left as an exercise for masochists.)

10.5.7 Now, consider any formula of the form B — C, where B and C share
no parameter. Assign to every parameter in B the value b or b’; assign to
every parameter in C the value n or n’. It is then easy to check that B has the
value b or b’, and C has the value n or n’ . But in that case, checking the table
for — suffices to show that B — C has the value 0, and so is not logically
valid in the many-valued logic, and so in R.

10.6 The Ternary Relation

10.6.1 Let us now turn to some philosophical issues. In particular, what
does the ternary relation mean, and why might it be reasonable to employ
it in stating the truth conditions of a conditional?

10.6.2 It is difficult to give a satisfactory answer to this question. The
most promising sort of answer seems to be to tie up the relation with the
notion of information. Suppose, for example, that we think of a world as

8 The structure is another example of a De Morgan lattice. Most mainstream relevant
logics also have algebraic semantics based on such lattices.
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a state of information (as we did with intuitionist logic in 6.3.6). Then we
may read Rxyz as meaning that z contains all the information obtainable
by pooling the information x and y. This makes sense of the truth con-
ditions of —. For if A — B holds in the information x, and A holds in
the information y, we should certainly expect B to hold in the informa-
tion obtained by pooling x and y. Conversely, if A — B does not hold in
the information x, then it would certainly seem possible that we might
add the information that A without thereby obtaining the information
that B. Hence, there would seem to be a state of information, y, such
that A holds in y, but B does not hold in the information obtained by
pooling x and y.

10.6.3 The problem with this interpretation is that it seems to justify too
much. For example, it justifies the claim that if Rxyz and A is true at y it is
also true at z. But if this were the case, A — A would be true at every world,
and hence, for any B, B - (A — A) would be logically valid, which it cannot
be if the logic is to be relevant.

10.6.4 Another possibility for interpreting R is to suppose that worlds are
not themselves states of information, but that they may act as conduits for
information in some way. Thus, a situation that contains a fossilised foot-
print allows information to flow from the situation in which it was made,
to the situation in which it is found. Rxyz is now interpreted as saying that
the information in y is carried to z by x. If we think of A — B as recording
the information carried, this makes some sense of the ternary truth con-
ditions. For if A is information at y, and x allows the flow of information
A — B from y to z, then we would expect the information B to be available
at z. Conversely, if x does not allow the information flow A — B, then it
must be possible for there to be situations, y and z, where A is available at
y, but B is not available at z.

10.6.5 The problem now is to make sense of the metaphor of information
flow - hardly a transparent one. Moreover, it is not at all clear that, when
articulated, it will provide what is needed. For example, if a situation carries
any information at all, it would appear to carry the information that there
is some source from which information is coming. Call this statement S. If
this is the case, then the inference from A — B to A — S would appear to
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be valid. But this would seem to give a violation of relevance, since A itself
may have nothing to do with S.

10.6.6 The ternary relation semantics, and the study of information flow
are both very new; and it may be the case that a satisfactory analysis of
the two together will eventually arise. But if the ternary relation seman-
tics is ultimately to provide anything more than a model-theoretic device
for establishing various formal facts about various relevant logics, this is
a task that must be discharged successfully. In particular, if the ternary
relation semantics is to justify the fact that some inferences concerning con-
ditionals are valid and some are not, then there must be some acceptable
account of the connection between the meaning of the relation and the
truth conditions of conditionals.

10.7 Ceteris Paribus Enthymemes

10.7.1 Setting this issue aside, let us return to the question of the condi-
tional itself. Any relevant logic of the kind that we have met avoids the
standard paradoxes of the material and strict conditionals, as we saw in
10.5.5. It also avoids the inferences of 1.9.1. (See 10.11, problem 9.) Hence,
it is an excellent candidate for the conditional. A natural question at this
point is whether it is possible to give an account of conditionals with a
ceteris paribus clause in relevant logic. (The inferences of 5.2.1 are all valid
in Ny, and a fortiori, all the relevant logics we have met. Details are left as
an exercise.)

10.7.2 Itis, and we will now see how. In fact, all we have to do is reproduce
the techniques of chapter 5 in a relevant possible-world semantics. (Note
that the connective > of chapter 5 is not a relevant connective. For example,
in all the logics of that chapter, = p > (q v —q); 5.12, problem 2(e).) We
illustrate this with respect to the logic B, but it should be clear that it can
be applied to any of the relevant logics that we have met.

10.7.3 Start by adding a new connective, >, to the language. Let 7 be an
interpretation for B. To obtain a semantics for the extended language, we
add the collection of accessibility relations, {Rs: A is a formula of the lan-
guage}, to Z. Alternatively, and equivalently, we can add a set of selection
functions, f4. (See 5.3.5.)
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10.7.4 The truth conditions for the old connectives are as for B. The

conditions for > are:’

(A > B) = 1iff fy(w) € [B]

10.7.5 Validityis defined in terms of truth preservation at all normal worlds.
Let us call this system Cp. Tableaux for Cg can be obtained simply by adding
the following rules to those of 10.3.1.

A > B, +x A>B,—x

Xray {
l xTAj
B, +y B,—j

In the second rule, j is a new number. Soundness and completeness proofs
can be found in 10.8.3.

10.7.6 Extensions of Cp can be obtained by adding further conditions on f.
Again, we simply illustrate this. Corresponding to the conditions for C*, we
have, for any w € N:

(1) falw) S [A]
(2) if w € [A] then w € fy(w)

(Why the conditions are for only normal w, we will come back to in a
moment.) Call the system obtained in this way Cg. Tableaux for Cg can
be obtained by modifying the rule for false >, when (and only when) x is 0,

to become:

A>B,-0
!
Oraj
A, +j
B, —j

9 In the case of the relational relevant logics, the natural conditions are:

A > Bpw1iff f4(w) C [B]
A > BpywO0 iff f(w) N [-B] # ¢
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and adding the rule:

P
A, -0 A,+0
0r,0

where A is the antecedent of any conditional or negated conditional on the
branch. Soundness and completeness proofs are to be found in 10.8.4.

10.7.7 Here, for example, is a tableau to show that %cg P A—p)>q:

®A—p)>q—0
Orpr—p1
pA-p,+1
q,—1
p,+1
—p, +1
p,—1*
v N
pA—p,—0 pA—=p,+0
VN 0rpr—p0

p,—0 —-p,—0 p,+0
p,+0*  —p,+0
p, —0*

The counter-model determined by the lefthand branch may be depicted

thus:

—-p
wg wi

PA—D

—
Wo w1
—-p +p
—-q

10.7.8 If we restrict our interpretations to those where W = N and for all
w,w* = w, then we have, essentially, just interpretations for C*. Hence
Cf{ is a sub-logic of C*. In particular, all the inferences of 5.2.1 fail (5.12,
problem 4).
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10.7.9 On the other hand, if we consider interpretations where W = N and
fa(w) = [A] (which condition satisfies both (1) and (2)), then > behaves just
like — in K,. In particular, for any inference involving — that fails in K,, the
corresponding inference for > fails in CE{ . Hence, Cg is not subject to the
standard paradoxes of strict implication. In fact, > is a relevant connective.
(For the proof of this, see 10.11, problem 12.)

10.7.10 Note, finally, that if condition (1) were not restricted to normal
worlds, irrelevance would arise. For then, A > A would be true at all worlds,
and so B > (A > A) would be valid.

10.7.11 Thus, the semantics of relevant logics can provide plausible candi-

dates not only for the conditional, but also for ceteris paribus enthymemes.

10.7.12 The existence of such conditionals provides for a different answer
to the question of why it is sometimes permissible to use the DS (see 8.6).
This is because, in the context in question, one may take the conditional
(pA—(pVq) > qto be true, since the worlds accessible under Ry —pvq) are
all consistent.

10.8 *Proofs of Theorems

10.8.1 THEOREM: The tableaux for B are sound and complete with respect
to their semantics.

Proof:
The proofs are modifications of those for N, (9.8.13). The definition of
faithfulness is modified by the addition of the clause:

if rxyz is on b, then Rf (x)f (y)f (z) in Z

In the Soundness Lemma, we merely need to check the new rules. So sup-
pose that we apply a rule to A — B, +x and rxyz. By assumption, A — B is
true at f (x), and Rf (x)f (y)f (z). By the truth conditions of —, either A is false
at f(y) or B is true at f(z), as required. If, on the other hand, we apply the
rule to A — B, —x, then A — B is false at f(x). Hence, there are worlds, u, v,
such that Rf (x)uv, A is true at u, and B is not true at v; and if x is 0, u is v, since
f(0) € N. Let f’ be the same as f, except that f'(j) = u and f'(k) = v. Then
the result follows in the usual way. For the normality rule, since f(0) € N,
Rf (0)f (x)f (x), by the normality condition, as required.
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In the Completeness Lemma, the induced interpretation is defined as for
N, (so, in particular, only wo is normal), and Rwxwyw;, iff rxyz occurs at a node
on b. The interpretation, so defined, is a B-interpretation. In particular, by
the normality rule, for all x, rOxx occurs on the tableau, so Rwowywy. And if
r0xy occurs on the tableau, it must have got there by an application of either
the normality rule or the rule for false — s. In either case, x is y. Hence, if
Rwowxwy, wy = wy. It remains to check the clauses for — in the Complete-
ness Lemma. So suppose that A — B, +x occurs on the branch. Then for all y
and z such that rxyz occurs on the branch, either A, —y or B, +z occurs on the
branch. By induction hypothesis, for all worlds wy, w, such that Rwywyw;,, if A
is true at wy, Bis true at w,. Thatis, A — Bis true at wy. Suppose, on the other
hand, that A — B, —x occurs on the branch. Then for some j and k, rxjk, A, +j
and B, —k occur on the branch. By induction hypothesis, for some worlds
wj, Wy, such that Rwywjwy, A is true at w; and B is false at wy. That is, A — Bis
false at wy. [ ]

10.8.2 THEOREM: The tableaux of 10.4 for B + C8-C11 are sound and
complete.

Proof:
The proofs are extensions of those for B. The definition of faithfulness is
now extended with the clause:

if x = y occurs on b then f(x) = f(y)

For the Soundness Lemma, we have to check the rules for identity, and the
rules T8-T11. The three rules for identity proper are straightforward, any
deletion of double #s being justified by the fact that w = w**. For the fourth
rule, suppose that rOxy is on the branch; then, by assumption, Rf (0)f (x)f (¥).
Since f(0) € N, f(x) = f(y), as required. It remains to check T8-T11. This is
routine, and left as an exercise.

For completeness, the induced interpretation is defined slightly differ-
ently. Define x ~ y to mean that ‘x = y’ occurs on the branch. It is easy to
check that ~ is an equivalence relation. Let [x] be the equivalence class of x.
The worlds of the interpretation are now wiy;, for every x on the branch.
Wiy, = Wx)- (This definition makes sense, since if x =yisonb,soisx =y, as
may easily be checked. And w** = w, since X = x.) The rest of the definition
is the same, with ‘x’ replaced by ‘[x]’ (and makes sense, since any two mem-
bers of an equivalence class behave in exactly the same way on a branch,
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by the substitutivity rule).
The Completeness Lemma is now formulated as:

if A, +x occurs on b then A is true at wiy)
if A, —x occurs on b then A is false at wiy;

and its proof goes through, essentially as usual.

It remains to check that the induced interpretation has the appropriate
properties. Since, for any x, rOxx is on the branch, we have Rwjowxwix.
Moreover, suppose that Rwjo;wixwy). Then r0xy is on the branch, as, then,
is x = y. It follows that x ~ y, and [x] = [y], as required. Checking that each
of the constraints C8-C11 is satisfied, given that the appropriate rule is in
force, is routine, and details are left as an exercise. ]

10.8.2a THEOREM: In any interpretation with a content ordering, if w C W’
then, for any A, if viy(A) = 1, vy (A) = 1.

Proof:
The proof is by induction on the structure of A. The basis case is true by
Clause 1 of 10.4a.1. For the other connectives:

w@AAB =1 = vw@A) =1landvyB) =1
= vy@A)=1landvyB)=1 IH
= vw@AAB =1

The case for v is similar.

= vyx(A) =0 Clause 2
= vy(-A) =1

For —: Suppose that v, (A — B) = 1. We need to show that v,,(A — B) =1,
i.e, that for all x, y such that Rw'xy, if v4(A) = 1, then vy(B) = 1. Suppose
that Rw'xy and vx(A) = 1.

Case 1, w € N: Then for all u, if v, (A) = 1 then v, (B) = 1. So vx(B) = 1. By
Clause 3, x E y, so by induction hypothesis, vy(B) = 1, as required.

Case 2, w € W — N: Then for all x, y such that Rwxy, if vx(A) = 1, then
vy(B) = 1. By Clause 3, Rwxy, and so vy(B) = 1, as required. [ |
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10.8.2b THEOREM: The tableaux of 10.4a.3 for content-inclusion are sound
with respect to their semantics.

Proof:
The proof extends that of 10.8.2. The definition of faithfulness is now
extended with the clauses:

if $x occurs on b then f(x) € N
if $x occurs on b then f(x) € W — N
if x < y occurs on the branch then f(x) C f(y)

In the proof of the Soundness Lemma, we need to check the new rules
of 10.4a.3, including the new normality rules (except the new closure
rule). These are straightforward, and left as an exercise. The proof of the
Soundness Theorem then proceeds as usual.

10.8.2c THEOREM: The tableaux of 10.4a.3 for content-inclusion are com-
plete with respect to their semantics. |

Proof:
The proof modifies that of 10.8.2. I spell out the induced interpretation
in detail. Given an open branch, b, this is the structure (W,N,R,*,C,v)
defined as follows. Let x ~ y mean that ‘x =y’ is on b. This is an equivalence
relation. W ={wpy: X or X is on b}. wiy € N iff $x is on b (so if $x is on b,
wix] € W —N by the closure rule for $). Rwjywpy 1wz iff rxyz is on b. R satisfies
the normality constraint because of the new normality rules. w, = wyx.
W™ = w since X = X. vy, (p) = 1iff p, +x is on b. wyy) C wyy) iff x < y is on b.
C is reflexive, transitive, and satisfies the constraints of 10.4a.1 because of
the corresponding tableau rules of 10.4a.3. (Finally, all the definitions that
make use of equivalence classes are well defined because of the identity
rules.)

The proof of the Completeness Lemma, and so Theorem, now proceed
in the usual way.

10.8.2d THEOREM: The tableaux obtained by adding the rules T8-T16 to
those for content inclusion are sound and complete with respect to
conditions C8-C16, respectively. |
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Proof:

The proofs extend those for the tableaux for content-inclusion (10.8.2b and
10.8.2¢) in the usual way. In the Soundness Lemma, the cases for T8-T11
are as in 10.8.2. The cases for T12-T16 are as follows:

T12: Suppose that Rf (x)f (y)f (z). Then for some w, f(x) T w and Rf (y)wf (2).
Let f/ be the same as f, except that f’(j) = w. Then f’ shows Z to be faithful
tob.

T13: Given that f(x) is normal, f(x)* C f(x), as required.

T14: f(x) is either normal or non-normal. In the first case f shows Z to be
faithful to the left branch; in the second it shows Z to be faithful to the
right branch.

T15: Suppose that Rf (x)f (¥)f (z). Then f(x) C f(z), as required.

T16 Suppose that Rf (x)f (y)f (z). Then f(x) C f(z) or f(y) C f(z), as required.

In the Completeness Lemma, we have to check that the induced inter-
pretation has the right property in each case. This is straightforward, and
left as an exercise. ]

10.8.3 THEOREM: The tableaux for Cp are sound and complete with respect
to their semantics.

Proof:
The proof extends that for B. The definition of faithfulness is extended by
the same clause as that required for C:

if xruy is on b, then f(X)Raf(y) in T

In the proof of the Soundness Lemma, we have to check only the rules for
>; and these are as for C in 5.9.1, with appropriate modifications.

The induced interpretation is defined as for B, except that for each for-
mula, A, Ry is defined as for C (5.9.1). The rest of the argument is then
routine. |

10.8.4 THEOREM: The tableaux for Cf{ are sound and complete with respect
to its semantics.

Proof:

The proof extends that for Cp. In the Soundness Lemma, we have to check
the cases for the revised rules. The argument is as for C* (5.9.2), with the
appropriate modifications.
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In the Completeness Theorem, we have to check that the induced
interpretation is a C; -interpretation, and in particular, that wy satisfies
conditions (1) and (2). The argument is as for C* (5.9.2). [ |

10.9 History

The earliest known relevant logic is an axiomatisation of R by the Russian
logician Orlov in 1928; see DoSen (1992). This went largely unnoticed, how-
ever. After that, relevant logics or fragments thereof were published by
Churchin 1951 and Ackermann in 1956. The project was taken up and much
developed in the 1960s by the US logicians Anderson and Belnap, together
with a number of their students, including Meyer and Dunn (who devel-
oped the algebraic semantics for relevant logics). The result was Anderson
and Belnap’s Entailment (1975), which can also be consulted for a discus-
sion of Church and Ackermann. Volume II of Entailment appeared later, as
Anderson, Belnap, and Dunn (1992). The work of Anderson, Belnap and
their school concentrated on the strong relevant logics, T, R and E, the last
of these being their preferred logic. The model of R in 10.11, problem 8, is
due to Meyer (1970).

The ternary relation semantics for relevant logics was developed by
Routley (Sylvan) and Meyer (by that time in Australia), building on the ear-
lier invention of the Routley . The results appeared in a number of papers
in the 1970s, starting with Routley and Meyer (1973). Further work by Rout-
ley, Meyer and their students, including Brady, was published in Routley,
Plumwood, Meyer and Brady (1982), and Brady (2003). The semantics made
it clear that the basic affixing relevant logic was B, and that there were many
interesting logics between B and the strong American systems. Much of the
work of the Australians concentrated on the weaker systems - especially
those not containing contraction (A11) - which are much better for a number
of applications, such as the theory of truth (see Priest 2002a, sect. 8). The
Americans called the subject relevance logic, since they took themselves to
be giving an analysis of (amongst other things) relevance. Routley argued
that the logics did not really provide an analysis of relevance; though, in
these logics, the antecedent is relevant to the consequent in logical truths
of the form A — B. He therefore preferred the name relevant logic, a usage
that is followed by most Australian logicians.
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The original Routley/Meyer ternary relation semantics was somewhat
more complex than the ones used in this chapter. The simplified version
employed here was given for B by Priest and Sylvan (1992), and extended
to stronger systems by Restall (1993). These works can be consulted for the
soundness and completeness proofs for the various systems of relevant log-
ics formulated axiomatically.'® For the mistake discussed in the footnote of
10.4a.8, see Restall and Roy (200+).

The relevant logics based on relational semantics for negation are
a somewhat different family of logics from the one considered in this
chapter, though some of these can be given relational semantics by employ-
ing various devices. See Priest and Sylvan (1992), Routley (1984) and
Restall (1995a).

The suggestion of 10.6.2 to interpret the ternary relation in terms of infor-
mation comes from Urquhart (1972), which contains a slightly different
semantics for some relevant logics. Urquhart also proved the undecidabil-
ity of the stronger relevant logics, including R. (The weaker members of
the family are decidable.) The suggestion of 10.6.4, that the ternary relation
can be thought of in terms of information flow, arose out of the similarities
between relevant logic and situation semantics, and is due to Restall (1995b)
and Mares (1996). The debate on the question of whether the Routley/Meyer
semantics has any philosophical significance has become quite heated at
times. See Copeland (1979), Routley, Routley, Meyer and Martin (1982) and
Copeland (1983).

The fact that the techniques of conditional logic could be applied just
as well to relevant logics was first noted by Routley (1989a, sect. 8), and
later by Mares and Fuhrmann (1995). The suggestion concerning the DS of
10.7.12 is due to Mares (2004), ch. 7.

10.10 Further Reading

Perhaps the gentlest introductions to mainstream relevant logic are
Mares and Meyer (2001), Read (1988) and Mares (2004). Dunn (1986)

10 As the semantics are formulated in those papers, there is only one normal world. This,
in fact, makes no difference. The soundness and completeness arguments work just as
well if there is more than one normal world. And in fact, the completeness argument
shows that one never needs to assume that there is more than one normal world.
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is a good reference work for the stronger relevant systems (includ-

ing their undecidability). For the more technical reader, Restall (2000)

is an excellent investigation of relevant logics, and the broader fam-

ily of substructural logics to which they belong. There are many kinds

of relevant logics outside the mainstream area. For an orientation, see
Routley (1989b).

10.11 Problems

1.

Fill in the details left as exercises in 10.3.6, 10.4.6, 10.4a.8, 10.5.5, 10.5.6
and 10.7.1.

. Show that the following fail in B:

@ @A >rEp—>(@—>1)
D)p—>@—=>nNE@rQ—>r
©F@—=>Ar@—=>1)—>@—>1
(d)-@—>q— (@A) = (@AT))
) pbAq > 1rHPA-T)—> —q

. Show that (p A (p — q)) — q is not logically valid in B. Show that it

is if we require every world, w, of every interpretation to satisfy the
condition Rwww.

. Give deductions for the following in R:

(@ H—-A— =(AAB)
(b) = —=(AA—A)
() A—> BA— —BF—-A

. Show thatin R, A12 may be replaced by permutation: (A - (B — C)) —

(B - (A — 0)). Show that in R, A11 may be replaced by A14. (Hint
for the second: take (A — —A) — —A, and prefix the antecedent and
consequent with —B. Then use permutation on the antecedent.)

. Show that gy (pA—p) — —(qA—q). This is non-trivial. Start by showing

thatinR+ (AV—A) < —=(AA—A), - (AA—A) < —~(AV—A), and F (A — B)
— (=B — —A) (contraposition). (Use any appropriate method.) Now
formalise the following deduction. Let A be (p A —p) v (A —q). A16 gives
A — (A — A); so by contraposition and permutation —A — (A — —A).
Substituting for A, we have:

~(pA—DV@Ar—q) —
(PA—DP)V@@A—D) = —((pA—D) V(A —))



Relevant Logics

But the antecedent is equivalent to the conjunction of two instances
of Excluded Middle. Hence we can detach the consequent. This is
equivalent to (pA—p) vV (A=) — (=@ A=DP) A=(@A—=q). PA=D) —
—(g A —q) follows.
. Show that if all the worlds of an interpretation are normal, the con-
straints C8-C11 hold. Infer that any logic obtained by adding to B any
of A8-A11 is a sublogic of K. Show that the same is not true of A12. Is
it true of A13?
. (Another exercise for masochists.) Show that all the axioms of R are
valid in the following many-valued logic, and that all the rules of
R preserve validity; hence, that R is a sub-logic of the logic. The
values of the logic are the integers, together with a new object,
oo. All but 0 are designated. The logical operators are defined as
follows:

—0 = o0; =00 = 0; —~a = —a otherwise

Ona=an0=0c0Na=aA00=0a

Ova=av0=ag,00va=aVoo=o00

0—>a=a—>oc0=o00;ifa#0,a—>0=0,ifa #0c0,00>a=0
if a and b are positive integers, then:

if a divides b,a — b = b/a; otherwise,a - b =0

a A b is the greatest common divisor of a and b

a Vv b is the least common multiple of a and b

if a and b are negative integers, then:
aAb=—(—av -b)
avb=—(—an-b)
a—>b=-b— —a
if a is a negative integer and b is a positive integer, then:
a—->b=0b—>a=ha
aAb=bAa=Db
avb=bva=a
. Use the result of the previous problem to show that the following do
not hold in R:
(@ Ep—>@®—0p
b) Ep—@—> ®ArD)
€ pra>TE@E—>NV@—>T)
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10.

11.

12.

13.

14.

15.

d P>PAT—>9EFE@—>9VIE—>9q

() -0~ kEp

Show that the following are valid in Cg :

(o) FA>A

(b) F(A>—=A)A (—A > A)

(0 FAAB) >A

(d) A>BA>CHA> BAC

() AAA>BFB

(f A—-B+-A>B

This exercise gives a proof of the relevance of the logic B.

(a) Let L and L1* be a pair of non-normal worlds such that every
propositional parameter is true at | and false at L*. Suppose that
R111,R1*11* andthateach world accesses no other worlds. Show
that every formula is true at | and false at L *.

(b) Let w and w* be a pair of non-normal worlds such that Rwlw and
Rw* Lw*. Using part (a), show that: (i) if every parameter in A is true
at w and false at w*, the same is true of A; (ii) if every parameter in
B is false at w and true at w*, the same is true of B.

(c) Use this to show that if rFp A — C,A and C share a propositional
parameter.

By defining suitable accessibility relations for >, modify the proof of

the previous question to show the same for > in Cg . (Hint: For every

non-normal world, w, set fy(w) = {w}.)

Let D(n) be the disjunction of all formulas of the form p; <> p; for all i

and j, such that 0 < i < j < n. Using the interpretation of problem 8,

show that for all n,D(n) is not logically valid in R. Hence, show that

neither R nor any weaker relevant logic is finitely-many valued. (Hint:

See the similar proofs for modal and intuitionist logics, 7.11.1-7.11.4.)

What is it to carry information? And what (ternary) properties does

information flow have?

*Check the details omitted in 10.8.



11 Fuzzy Logics

11.1 Introduction

11.1.1 Inthis chapter we look at fuzzy logic, that is, logic in which sentences
can take as a truth value any real number between 0 and 1.

11.1.2 We look at one of the major motivations for such a logic: vagueness.
We also show some of the connections between fuzzy logic and relevant
logics.

11.1.3 Finally, fuzzy logic gives a very distinctive account of the conditional,
since modus ponens may fail. The chapter examines what fuzzy conditionals
are like.

11.2 Sorites Paradoxes

11.2.1 Suppose that Mary is aged five, and hence is a child. If someone is a
child, they are a child one second later: there is no second at which a person
turns from a child to an adult. (We are talking about biological childhood
here, not legal childhood. The latter does terminate at the instant someone
turns eighteen, in many jurisdictions.) So in one second’s time, Mary will
still be a child. Hence, one second after that, she will still be a child; and one
second after that; and one second after that ... Hence, Mary will be a child
after any number of seconds have elapsed. But this is, of course, absurd.
After an appropriate number of seconds have elapsed, so have thirty years,
by which time Mary is thirty-five, and so certainly not a child.

11.2.2 The argument of 11.2.1 is known as a sorites paradox. It arises because
the predicate ‘is a child’ is vague in a certain sense. Specifically, very small
changes to an object (in this case, a person) seem to have no effect on the
applicability of the predicate.
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11.2.3 In fact, most of the predicates we commonly use are vague in this
sense: ‘is tall’, ‘is drunk’, ‘is red’, ‘appears red’, ‘is a heap of sand’ (‘sorites’
comes from the Greek soros meaning ‘heap’) - even ‘is dead’ (dying takes
time: one nanosecond makes no difference). One can construct sorites
arguments for all such predicates.

11.2.4 Sorites arguments can often be put in the form of a sequence of
modus ponens inferences. Thus, if M; is the sentence ‘Mary is a child after i
seconds’, then the sorites of 11.2.1 is just:

M() M() — M1

Mgy M1 — My

where k is some very large number.

11.3 ... and Responses to Them

11.3.1 Various, very different, responses to the sorites paradox have been
given. To see what some of these are, consider the sequence: My, M1, ..., M.
My is definitely true; My is definitely false. What is one to say about what
goes on in between?

11.3.2 If we suppose that every sentence is either simply true or simply
false, and given that the change from child to adult is not reversible, then
there must be a unique i such that M; is true, and M; is false. In this case,
the conditional M; — M; 1 is false, and the sorites argument is broken. The
problem with this supposition is obvious, however: the discrete nature of
the change (that is, the jump from truth to falsity) would seem to be incom-
patible with the relatively continuous nature of the change from being a
child to being an adult.

11.3.3 Some have bitten the bullet, and accepted that there is, indeed, such
a point. The most notable defence of this line (given by epistemicists) attempts
to argue that we find the existence of the point counterintuitive because,
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as a matter of principle, we cannot know where it is; and we cannot know
this for the following reason.

11.3.4 Ifyou know something, this has to be on some evidential basis. Thus,
if you know something about a situation, you must know the same thing
about any situation that is evidentially the same. Now suppose that you
know that M;. Since, M;; is evidentially the same (you could not tell the
difference), you would have to know M;,; too. But you cannot, since M; 4
is false.

11.3.5 Whatever one makes of this argument itself, it cannot really serve
to explain why we find the existence of a semantic discontinuity coun-
terintuitive. For it is not just the fact that we do not know where the
cut-off point is that is odd; it is the very possibility of a cut-off point at
all: the changes involved in one second of a person’s life just do not seem
to be of the kind that could ground a difference between childhood and
adulthood.

11.3.6 Some philosophers have suggested that vagueness requires us to
reject a simple dichotomy between truth and falsity. In a sorites transition,
there is a middle ground: some sentences in the middle of the transition
are neither true nor false - or, perhaps, both true and false - something
symmetric between truth and falsity, anyway.

11.3.7 Thus, a popular suggestion is that K3 (7.3), possibly in conjunction
with some supervaluation technique (7.10.3-7.10.5a), is an appropriate logic
for vagueness. In this case, there is some i, such that M; is true and M;.
is neither true nor false. Again, M; — M;, is not true, and so the sorites
argument fails.

11.3.8 The problem with any 3-valued approach is obvious, however. The
existence, in a sorites progression, of a discrete boundary between truth and
the middle value is just as counterintuitive as that of one between truth and
falsity.

11.3.9 Moreover, the existence of relatively continuous change along a
sorites progression would seem to be incompatible with any discrete bound-
aries. It is natural to suppose, therefore, that truth values must themselves
change continuously. Thus, we must consider a logic in which truth comes
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in continuous degrees. This is fuzzy logic, and will concern us for the rest
of this chapter.!

11.3.10 It should be noted, though, that even fuzzy logic is not entirely
unproblematic. For if truth comes by degrees, there must be some point in
a sorites transition where the truth value changes from completely true to less
than completely true. The existence of such a point would itself seem to be
intuitively problematic.

11.4 The Continuum-valued Logic L

11.4.1 A natural way to construct a fuzzy logic is as a many-valued logic
with a continuum of truth values. Let the truth values, V, be the set of real
numbers (decimals) between 0 and 1, {x: 0 < x < 1}. This is often written as
[0,1]. 1 is completely true; 0 is completely false; 0.5 is half true; etc.

11.4.1a What are the semantic functions that correspond to the connectives
A, Vv, = and —? There are various ways to answer this question, based on
the general notion of something called a t-norm. Details can be found in
the technical appendix to this chapter, 11.7a. For the rest of this chapter,
we will concentrate on the oldest and, perhaps, most interesting answer
for philosophical purposes.

11.4.2 According to this:

fox)y=1-—x
FAx,y) = Min(x,y)
fv(x,¥) = Max(x,y)
fs@y)=x0y

where Min means ‘the minimum (lesser) of’; Max means ‘the maximum
(greater) of”; and x © y is a function defined as follows:

ifx <y,thenxoy=1
ifx>y thenxoy=1—-(x-y) (=1—-x+Y)

1 There are, in fact, sorites progressions where each step is clearly discrete: for example,
the addition of a single grain of sand. So, in principle, one could use a finitely-many
valued logic for these. But the continuum-valued semantics is more general, and can be
applied to all sorites paradoxes, giving, what is clearly desirable, a uniform account.
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Note that we could say ‘x > y’ instead of ‘x > y’ in the second clause, since
ifx =y,1— (x —y) = 1. Note, also, that we could define x © y equivalently
as Min(1,1 —x +y).

11.4.3 The truth functions for negation, conjunction and disjunction are
fairly natural. As the truth value of ‘Mary is a child’ goes down, the truth
value of ‘Mary is not a child’ would seem to go up coordinately. A con-
junction would seem to be just as good as its least true conjunct; and a
disjunction would seem to be just as good as its most true. The truth func-
tion for — is anything but obvious. Here is its rationale. Consider A — B.
If A is less true (or, better, no more true) than B, then the truth value of
A — Bis 1. That’s how it works, after all, with the standard 2-valued mate-
rial conditional. If A is more true than B, then there is something faulty
about the conditional: its truth value must be less than 1. How much less?
The amount that the truth value falls in going from A to B. In particular, if
it falls all the way from 1 to 0, then the value of A — Bis 0. All this is exactly
what © means.”

11.4.4 Note that:

ifx <y, thenyoz<x0z
ifx <y, thenzox <zoy

For the first of these, suppose that x < y (and so, that —y < —x): if x < z,
then x © z =1, so the result follows. Ifz < x <y,theny 0o z=1-y+z <
1—-x+2z=x O z. The second conditional is left as an exercise.

11.4.5 Notice that if we restrict ourselves to just the values 1 and 0, then
the truth functions of 11.4.2 are exactly the same as those of classical truth
tables. It is less obvious, but is easy to check, that if we restrict ourselves to
just the values 1, 0.5 and 0, then the truth functions are exactly the same
as those of L3 (7.3.2 and 7.3.8), thinking of — as D, and 0.5 as i. In this
sense, the logic is a generalisation of both classical propositional logic, and
Lukasiewicz’ 3-valued logic.

2 Fuzzy logic should not be confused with probability theory. Though fuzzy truth values
and probability values are both real numbers in [0, 1], fuzzy truth values are truth func-
tional - that is, the value of a compound is determined by the values of its components -
whilst probabilities are not. Given a die, let A be ‘you roll 1, 2, or 3’, and B be ‘you roll
4, 5, or 6°. Then if P(A) is the probability of A, P(A A A) = P(A) = 0.5, but P(A A B) = 0,
even though P(A) = P(B).
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11.4.6 What of the designated values of the logic? In general, things do
not have to be completely true to be acceptable. If I ask for a red apple,
and you give me one with a very small patch of green (so that ‘this is red’
is, say, 0.95 true), that’s probably good enough. How true something has
to be to be acceptable will depend on the context. If you buy a new car,
you expect it not to have been driven at all. (So ‘this is a new car’ needs
to have truth value 1.) But you would still describe it as a new car to a
friend, even if you had bought it and driven it around for a few weeks.
(So in this context, ‘this is a new car’ need have truth value only 0.95,
say.) But at any rate, if A is acceptable as true, and B is truer than A,
then B is acceptable as true as well. What all this means is that any con-
text will determine a number, ¢, somewhere between 0 and 1, such that
the things that are acceptable are exactly those things with truth value x,
where x > ¢.

11.4.7 Correspondingly, for every such ¢, taking the set of designated val-
ues, D, to be {x: x > ¢}, will define a notion of validity. Thus ¥ &, A iff for
all interpretations, v, if v(B) > ¢ for all B € X, then v(A) > &.

11.4.8 Each logic defined in this way is a perfectly good many-valued logic.
But in logic, it makes sense to abstract from context and consider a notion
of validity that is context-independent. Hence, it is natural to define the
central notion of logical consequence as follows:

T EAiffforalle, where0<e <1,X = A

We will call this logic L.

11.4.9 A set of truth values, X, may have no least member. (Consider, for
example, { 0.41, 0.401, 0.4001, 0.40001, . . .}.) But there will always be a great-
est number that is less than or equal to every number in the set. (In this
case, the number is 0.4.) This is called the greatest lower bound of X (GIb(X)).
If the set is finite, then the GIb of the set is, of course, its least member.
Notice that, by definition, if x € X, x > GIb(X); and if for all x € X, x > ¥,
then GIb(X) > y.

11.4.10 E has, in fact, a very simple characterisation. If ¥ is a set of
formulas, let v[Z] be {v(B): B € X}. Then:

¥ = Aifffor all v, GIb(W[Z]) < v(A)
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Proof: Suppose that ¥ (= A. Then there is some ¢, such that ¥ (%, A. That
is, for some v, and for all B € ¥,v(B) > ¢, and v(A) < ¢. But if every mem-
ber of v[Z] is > ¢, GIb(v[Z]) > ¢. Hence, for this v, it is not the case that
Glb(v[Z]) < v(A). Conversely, suppose that for some v, GIb(v[X]) > v(A). Let
¢ = GIb(w[Z]). Then for all B € X, v(B) > ¢, but v(A) < ¢. That is, ¥ %, A.
Hence, ¥ |~ A.

11.4.11 For a finite set, the GIb is its minimum. So if £ = {B4, ..., By}, then
¥ E Aiff for all v, Min(v(B1),...,v(By)) < v(A) iff vB1 A ... ABy) < v(A).>
A little thought concerning © suffices to show that v(C) < v(A) iff v(C —
A) = 1. Hence:

{B1,....By} = Aiffforall v, v((By A... ABp) - A) =1

Thus (for a finite number of premises), validity amounts to the logical
truth of the appropriate conditional when the set of designated values is
just {1}, that is, the logical truth of the conditional in 1. The logic with
just 1 as a designated value is usually written as Ly, and called Lukasiewicz’
continuum-valued logic. Hence, to investigate Z further, we may inves-
tigate Ly.*

11.5 Axioms for Ly

11.5.1 There is presently no tableau system of the kind used in this book
for Ly.° Hence, we will use a suitable axiomatic notion of proof. The best
known axiom system has the sole rule of inference modus ponens, and the
following axioms:

A—->B —-(B—->0—A—=0)
A—-> B—A

(A— —B) > (B— —-A)

(A= B)—B)— (B— A — A
(A—B)—>B)«< (AVvB)

(AAB) < —=(—=AV —=B)

3 Strictly speaking, the conjuncts should be bracketed in some way, since conjunction
is a binary connective. But, however one inserts brackets, the value of the iterated
conjunction is the same: the minimum of the values of the conjuncts. It therefore does
no harm to omit the brackets.

4 R is the Hebrew letter aleph, and, following Cantor, is used by logicians to denote a size
of infinity.

5 Tableaux of a slightly different kind can be found in Hinle (1999) and Olivetti (2003).
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(Often only the first four axioms are given, and A v B and A A B are defined
as (A — B) — B and —(—A Vv —B), respectively.) The axiom system is hardly
perspicuous. This is reflected in the fact that the proofs of completeness for
it are mathematically hard.®

11.5.2 Something that is a little more perspicuous can be obtained with the
help of the logic CK of 10.4a.12. Here, as a reminder, is an axiom system for
it (with the numbers used in chapter 10). A10 is redundant, as we observed
in 10.4a.14.

>

1) A—>A
2) A— (AvB)(and B — (AV B))
) (AAB) - A(and (AAB) — B)

> >
&

Ad) AABVC) = (AAB)V(AAC)
A5) (A-BAA—=>C)—> A— BAO)
A6) (A—>C)AB—>C)— (AVB)— 0)

—-—A—-> A

A8) (A— —B) - (B— —A)

A9) (A— B) > (B— C) > (A— C))
A12) A— ((A— B) > B)

A15) A—> B—A)

R1) AL A—BFB

R2) A,B-AAB

e~~~ —

11.5.3 CK is a sub-logic of Lx. We can show this by showing that in every
interpretation, each axiom takes the value 1, and that the rules preserve this
property. It then follows that everything provable (that is, deducible from
the empty set of assumptions) takes the value 1. The proofs of some of these
facts are elementary. For example, since v(A) < v(AVB), v(A - (AVB)) =1,
giving A2. And if v(A — B) = 1, v(A) < v(B); so if v(A) = 1, as well, v(B) =1,
giving R1. Others require more detailed argument. In the next three sections
we show three of these, A5, A9 and A15. The others are left as exercises.
One piece of notation will be convenient: we write v(A) as a, v(B) as b, etc.

11.5.4 For A5: suppose that b < c. (The other possibility, that b

= ¢

is similar.) Then, a©b < aoc, by 11.4.4. Moreover, Min(b,c) = b, so

6 The axiom system is sound and complete with respect to logical truths - i.e., with

respect to the empty set of premises. (And also with respect to finite sets of premises.

See 11.7a.17.) There is no axiom system that is sound and complete with respect to
arbitrary sets of premises. See 11.10, question 9.
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aoMin(,c) = aob = Min(aob,adc); that is, v(A - BDA A — C)) =
v(A — (B AQ)). So A5 takes the value 1.

11.5.5 For A9: suppose that a < b. Then, by 11.4.4, boc < aoc, so
(B— C) — (A — C) takes the value 1, as, then, does the whole formula. So
suppose thata > b. If ¢ > a, then A — C takes the value 1, as, then, does the
whole formula. So suppose that ¢ < a. There are now two cases:a > ¢ > b
and a > b > c. The value of the consequent is (b= c)© (a©c). In the first
case, thisis1—-14+a0c=1—a-+c>1— a+b, which is the value of the
antecedent. In the second case, boc)©o(a0c)=1—-(1-b+0)+(1—a-+c¢) =
1 — a + b, which is the value of the antecedent. Hence, in both cases, the
result follows.

11.5.6 For A15, we argue by reductio. Suppose, for some v, thatA — (B — A)
does not take the value 1. Thena > b © a. It must therefore be the case
thatb > a. But thena > 1 — b+ a. That is, b > 1, which is impossible.

11.5.7 Notice that the other axiom of R, A11- (A — (A — B)) > (A — B) -
is not valid in these semantics. (Hence, Ly is not a sub-logic of R.) To see
this, let v(A) = 0.9 and v(B) = 0.6. Then v(A — B) = v(A) © v(B) = 0.7. But
v(A— (A— B) =09 o 0.7 =0.8. Hence, v(A - (A — B)) > v(A — B).
For similar reasons, [~ (A A (A — B)) — B. Given the same v, this formula
evaluates to 0.9.

11.5.8 CK is nearly Ly, but not quite. To obtain Ly, we have to add one
further axiom - the rather odd-looking:

(A17) ((A— B) —> B) > (AVB)

This axiom is also valid in Ly. Forifa < b, (@a0ob)Ob=1—-1+b=Db <
Max(a,b); and if a > b, a©b = 1 — a + b. This is greater than b. Hence,
(aob) o b=1-—(1—-a+b)+b=a < Max(a,b).

11.5.9 Hence, this axiom system is sound. To show that it is complete,
it suffices to show that it can prove all the axioms of 11.5.1. Since these
are complete, we know that every logical truth can be proved from them
(using R1). The first three axioms and the last are easy. If we can prove the
fifth, the fourth follows from (A v B) — (B Vv A), which is easily proved. This
leaves the fifth. From left to right, this is obvious. From right to left, this is
left as an exercise.
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11.6 Conditionals in L

11.6.1 The most distinctive feature of the conditional in £ is the failure of
modus ponens. It is true that A, A — B =1 B. What this means is that whenever
the premises take value 1, so does the conclusion. But recall (11.4.11) that
A,A — B = Biff =1 (AA (A — B)) — B. And this, as we saw (11.5.7), fails.

11.6.2 Given that a sorites argument is simply a sequence of modus ponens
inferences, the failure of modus ponens is hardly surprising. Suppose, for
example, that the truth values of a sorites sequence, My, My, ..., Mo, are as
follows:

Mo My M; Mz My Ms Mg M; Mg My
1 1 1 08 06 04 0.2 0 0 0

Then the value of every conditional M; — M;4 is greater than or equal to
0.8. Hence, it is possible to make every conditional acceptable by setting the
level of acceptability as 0.8. Since all the premises of the sorites are then
acceptable, and the conclusion is not, modus ponens must fail.

11.6.3 The failure of modus ponens may still be thought counterintuitive. It
should be remembered, however, that the inference is truth-preserving as
long as all the formulas involved are completely true or false. It fails only
when we trespass into the fuzzy.”

11.6.4 Turning to other properties of the conditional in £, it is easy to see
that =1 (AA—-A) — B,i.e., AA—-A [~ B(set v(A) = 0.5, and v(B) = 0). Hence,
= is paraconsistent. For similar reasons, = A — (B v —=B).

11.6.5 However, L is not a relevant logic. It has virtually all of the problem-
atic features of the material conditional. In particular, all of the following
hold:

AE=B— A
-A=A—B

AAB) > CE@A—C) VB0
(A—B)A(C—D)E=(A— D)V (C— B)
—~-A—>B) A

7 One also has modus ponens in the form F (Ao (A — B)) — B, where o is the ‘strong
conjunction’ of 11.7a.
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Most of these are easy to check. We will do the hardest, the fourth of these,
with the others being left as an exercise. Ifa < d orc < b, then the conclusion
takes the value 1. So suppose thata > d and ¢ > b. If a < b, then we have
¢ > b >a > d, and the first conjunct of the premise takes the value 1. Hence,
if the inference fails, the value of the second conjunct must be greater than
those of both disjuncts of the conclusion. In particular, because of the first
disjunct, we musthave 1 —c+d=cod>ao0d=1—-a+d,ie,a>c¢
which itis not. If ¢ < d, the argument is similar. The only other combination
is a > b and ¢ > d. In this case, both conjuncts of the premise must have
values greater than both disjuncts of the conclusion. In particular, because
of the first conjunct, we must have 1 —a+b=aob>aod=1—-a+dand
l-a+b=acob>cob=1—-c+b,ie,b > dandc > a. Hence, we have
¢ > a > b > d.But, by the second conjunct of the premise, we must also have
l-c+d=cod>aod=1-a+dand1—-c+d=cod>cob=1-c+D,
ie,a > candd > b, both of which are impossible.

11.7 Fuzzy Relevant Logic

11.7.1 Although 1 is not a relevant logic, we can construct a fuzzy relevant
logic by combining the techniques of relevant logic and of £. I will explain
how to ‘fuzzify’ the relevant logic B. It should be clear that exactly the same
technique will work for other relevant logics.

11.7.2 A fuzzy-B interpretation is a structure (W,N,R, %, v), where W, R, N
and = are as in B (10.2.4) - and we assume that R has been defined at normal
worlds (10.2.8). For every w € W, and every propositional parameter, p,
vw(p) € [0, 1]. Truth conditions for the connectives are:®

v (—A) =1 — vy=(A)

vw (A A B) = Min(vy (A), v (B))

vw(A V B) = Max(vy (A), vy (B))

v (A — B) = Glb{vx(A) © vy(B): Rwxy}

Given the truth conditions of B and 1, the truth conditions for negation,
conjunction and disjunction speak for themselves. In the truth conditions
for —, the universal quantification over worlds, of B, has been replaced by a
corresponding greatest lower bound. Notice that if all formulas have truth

8 Where X is given by a set abstract, I omit the brackets in GIb(X) to reduce clutter.
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value 1 or 0, all these conditions just reduce to those for B. The least obvious
is the case for —. For this, note that when things are 2-valued, the value of
a universally quantified sentence is, in effect, the minimum of those of its
instances.

11.7.3 The definition of validity is also a natural generalisation of that for
L (11.4.10). Specifically:

¥ = A iff for every normal world, w, of every interpretation,
Glb(ww[Z]) < vw(A)

Notice, again, that if every truth value is either 1 or 0, this condition
collapses into the definition of validity for B.

11.7.4 Call this logic FB (Fuzzy B). Since every B-interpretation is an FB-
interpretation - namely, one where every formula takes either the value
1 or the value 0 at every world - FB is a sub-logic of B. That is, if & =g A,
then X |=p A.In particular, then, if =pp A, then =g A; so FBis a relevant logic.

11.7.5 The relationship in the opposite direction is more complex. One may
check that all the axioms of B (10.3.6) are logically true in FB, and all the
rules of B preserve this property. It follows that if =3 A then =pp A. The next
two sections verify some of the details; the others are left as an exercise.
We write vy (A) as dy, vw(A VvV B) as (a Vv b)y, vw(A — B) as (a — b)y, etc.

11.7.6 For A2: at any world of an interpretation, x,ay < (aVb)x; soay© (aVv
b)x = 1. So for every normal world, w, Glb{ay © (a Vv b)x: Rwxx} = 1. For
A5: suppose that in an interpretation, Rxyz. Suppose that by < ¢,. Then,
ay©b, < ay © ¢z, by 11.4.4. Moreover, (bAc); =b;,s0a,0 (bAC), =ayob, =
Min(ay © bz,ay©c;). If, on the other hand, ¢; < b;, the same result follows
by a similar argument. Hence:’

((a—b) A (@— ¢)x =Min((a — b)x, (@ — 0)x)
= Min(Glb{ay © bz: Rxyz}, Glb{ay © c;: Rxyz})
< GIb{Min(ay © bz,ay © ¢z): Rxyz}
= Glb{ay © (b A ©)z: Rxyz)
=@— bAro)x

9 For the third step, note that Min(Glb{x;: i € I}, Glb{y;: i € I}) < GIb{Min(x;,y;): i € I}.
Proof: Suppose that m = GIb{x;: i € I} < Glb{y;: i € I}. (The argument in the other
case is similar.) Then, for all i € I, m < x;,y;. Hence, for alli € I, m < Min(x;,y;). So
m < GIb{Min(x;,y;): i € I}.
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Hence, for normal w, GIb{((a — b) A (@ — ¢)x © (@ = (b AC))x: Rwxx} =1,
as required.

11.7.7 For R1:suppose thatw is normal, and thata,, and (a — b),, are both 1.
Then, for all x such that Rwxx, ay < by. Since Rwww, the result follows. For R4:
suppose thatw is normal, and (a — b)y, = 1.Then, forally, a, < by.It follows
thatby ©c; < ay © ¢; by 11.4.4. Hence, Glb{by O c; : Rxyz} < Glb{ay © ¢;;Rxyz}.
That is, (b — ¢)x < (a — ¢)x. Hence, GIb{(b — ¢)x © (@ — ¢)x;Rwxx} = 1, as
required.

11.7.8 Although all logical truths of B are logical truths of FB, it is not the
case that ¥ |=p A entails ¥ |=pp A for arbitrary X. Modus ponens, for example,
fails, as is to be expected given the fuzzification. Thus, consider the inter-
pretation where W = N = {w}, Rwww, w* = w,v,(p) = 0.9, vy(q) = 0.6.
Then vy(p — q) = 0.7, 50 p,p — q K= q.

11.7.9 A suitable proof theory (axiom system or tableau system) for
the consequence relation of FB is, at the time of writing, an open
question.

11.7.10 Finally, consider the inferences that we met in 5.2, in connection
with the ceteris paribus clause:

pPoTE@AQ T
p—>qq—>rEp—>T
pP—akE—q—>p

The second of these fails. (Just consider a model with one normal world,
w, where vy, (p) = 1, vy(q) = 0.9 and vy (r) = 0.8.) The first and third hold,
however. For the first: take any interpretation, and any world, x, of that
interpretation. (p A qQ)x < px; hence, by 11.4.4, py o1y < (p AQ)x O Tx; hence,
at all normal worlds, w, vy ((p A Q) — 1) > vy (p — 7). The third is left as an

exercise.

11.7.11 One may construct a theory of enthymematic fuzzy relevant con-
ditionals by adding a selection function to the semantics, and giving the
appropriate truth conditionals, in exactly the same way that this was done
for the non-fuzzy relevant conditional in 10.7. The details are complex, but
involve no novelties, and are left to the reader.
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11.7a *Appendix: i-norm Logics

11.7a.1 The logic Ly is one of a class of logics with degrees of truth in
the interval [0, 1]. In this appendix, I describe some features of the gen-
eral family. I omit proofs; some of these are assigned as exercises (11.7,

question 10).1°

11.7a.2 The fundamental notion concerned is that of a t-norm (triangular
norm). A t-norm is a commutative, associative, order-preserving, binary
operation, e, on real numbers in [0, 1]. That is:'!

Xey=Yyex
(Xey)ez=Xeo(Y02)
ifx<ythenxez<yez

1 and 0 also have their standard multiplicative properties with respect to e:

lex=x
Oex=0

11.7a.3 In semantic terms, a t-norm is the interpretation for a certain kind
of conjunction, o, the symbol for which we add to the language. (So o is
not A.) That is, f,(x,y) = xey. It is also useful to take the language to contain
a logical constant, 0, which denotes 0.

11.7a.4 Provided that e is a continuous function we can define f_, in terms
of e. Thus, we define:

S @y) =Lub{z: x ez <y}

Continuity ensures that {z: x e z < y} has a greatest member, so that this is

its Lub. The definition guarantees the following:

1 fox,y) <ziffy <f.,(x,2)
2. foxy) =1iffx <y

So, since f_, (x,2) < f_, (%, 2), it follows (by 1) that f, (x,f_, (x,2)) < z, and then
(by 2) that f-, (fo(x,f— (x,2)),2) = 1.

10 All proofs can be found in the references cited in 11.9, especially Hijek (2000).
11 Note that the first and third of these deliver the preservation of order to the left as
well:

ifx <ythenzex <zey
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11.7a.5 f-, f,, and f. can also be defined:

f-®) =f(x,0)
A, y) = fox, f= (%, ¥))
N&Y) =fAl= 0o@&).9,. /5 (- 0,%), %)

It can be shown that f, (x,y) = Min(x,y), and f., (x,y) = Max(x,y).

11.7a.6 Taking the set of designated values to be {1}, any continuous
t-norm, e, then defines a continuum-valued logic, L(e).

11.7a.7 The logic defined by the following axiom system is called BL (Basic
Logic). Any theorem of this is logically true in all L(e).

Axioms:

1.A—>B) > (B—C) — (A= ()
2.(AoB) > A

3.(AoB) — (BoA)

4. (Ao (A — B)) — (Bo (B — A))

5. A— B—=C) — ((AoB) — 0
6.(AoB)—>C) - A— B— 0))
7.(A—-B)—»C) —> ({(B—>A —->C — 0
8.0~ A

The only rule of inference is modus ponens; and —, A, and Vv are defined as
one would expect in virtue of 11.7a.5:

-AisA —0
AABisAo(A— B)
AVBis ((A— B) - B A(B— A — A)

11.7a.8 In fact, the theorems of BL are exactly the things that are logically
true in all L(e)s.

11.7a.9 There are three special cases of t-norms that are worth noting. In
the first of these, x @ y = Max(0,x + y — 1). This is called the Lukasiewicz
t-norm. It is not difficult to check that:

foxy =1 ifx <y
=1—-x+y ifx>y

and f-.(x) = 1 — x. This logic is therefore Ly (with the additional syntactic
connective, o).
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11.7a.10 If we add to BL the axiom:
—-—A - A

we obtain an axiom system that is theoremwise sound and complete with
respect to the Lukasiewicz t-norm.

11.7a.11 The second t-norm is the Product t-norm, so called because x ey =
x xy. (The norm is sometimes also called the Goguen t-norm.) For this norm:

f>xy =1 ifx<y
=y/x ifx>y

and:

fox) =1 ifx=0
=0 ifx>0

11.7a.12 If we add to BL the axioms:

—=C — (((AoC) - Bo(C)) - (A— B))
(AAN—-A) =0

we obtain an axiom system that is theoremwise sound and complete with
respect to the product t-norm.

11.7a.13 The third t-norm is called the Go6del t-norm. For this, x e y =
Min(x,y), and we have:

foxy =1 ifx<y
=y ifx>y

and:

f_x =1 ifx=0
=0 ifx>0

In this logic, o collapses into A.
11.7a.14 If we add to BL the axiom:

A— (AoA)
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we obtain an axiom system that is sound and complete (for arbitrary sets
of premises) with respect to the Godel t-norm.

11.7a.15 In fact, this logic turns out to give the same valid inferences as
the intermediate logic LC of 6.3.10. It can also be axiomatised by adding the
‘linearity axiom’, (A — B) v (B — A), to an axiom system for intuitionist
logic. It is sometimes called ‘fuzzy intuitionist logic’.

11.7a.16 All continuous t-norms can be constructed out of these three spe-
cial cases, in the following sense. If e is any continuous t-norm then the unit
square [0, 1]? is decomposable into a countable number of disjoint sets, {X;:
i is a natural number}, such that, for each X;, e restricted to X; is either the
Lukasiewicz, Product, or Godel norm.

11.7a.17 The logics for the Lukasiewicz and Product norms are, in fact,
sound and complete with respect to finite sets of premises.

11.7a.18 As we noted in 11.7a.14, the axiom system for the Godel norm is
sound and complete with respect to arbitrary sets of premises. But com-
pactness fails for the other two logics, and so they have no axiom system
that is sound and complete in this way. (See 11.10, questions 8, 9.)

11.7a.19 The logic BL has an algebraic semantics in terms of structures
closely related to t-norms, called BlL-algebras. Special cases of these,
MV-algebras, Il-algebras, and G-algebras, provide algebraic semantics for
(respectively) the logics of the Lukasiewicz, Product and Gédel norms. Each
logic is, moreover, sound and complete with respect to the correspond-
ing algebraic semantics, for arbitrary sets of premises. (It follows that
compactness holds for these semantics.)

11.8 History

The sorites paradox goes back to the Megarian logician Eubulides. After that,
the problem of vagueness was largely neglected historically. It has become
something of a growth area in the last thirty years, however. Epistemicism
has been defended, most notably by Williamson (1994). A supervaluational
account has been defended by many, including Fine (1975). The possibility
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of'a 3-valued account, where the middle value is both true and false is defended
in Hyde (1997). A fuzzy account of vagueness has been defended by many,
including Machina (1976).

Continuum-valued logics were first proposed by Lukasiewicz and Tarski
in 1930, though not with the application of vagueness in mind. The
truth conditions of 11.4.2 are also due to them. The axiom system of
11.5.1 was proved complete by Wajsberg, though the proof was lost and
never published, owing to the Second World War. The first published
completeness proof was given by Rose and Rosser (1958). This was a
combinatorial number-theoretic proof. The second was given by Chang
(1959). This was an algebraic proof. There is a readable summary of the
whole situation in Rosser (1960). Fuzzy relevant logic is developed in
Priest (2002b).

The phrase ‘t-norm’ was coined by Menger (1942) in the context of the
theory of statistical metrics. A version of the triangular inequality held
in his structures - hence the ‘triangular’. What is now called a t-norm is
a variation of this, and was first defined by Schweizer and Sklar (1960),
though not in the context of fuzzy logic. The application of a t-norm
to fuzzy logic appears in Pavelka (1970) and Dubois (1980). The defini-
tion of the product norm appeared in Goguen (1968-69). Godel (1933b)
has an infinite hierarchy of finite-valued logics. The logic with the Godel
t-norm is the infinitary generalisation of these. For the equivalence of
this with LC, see Beckmann and Preining (2007). The logic BL is due to
Hdjek (1998).

11.9 Further Reading

Good short introductions to the problem of vagueness are chapter 7 of
Read (1994) and chapter 2 of Sainsbury (1995). Williamson (1994) is a more
extended account, and Keefe and Smith (1996) is an excellent collection of
readings in the area. A brief technical discussion of continuum-valued logic
can be found in Rescher (1969); a longer one is given in Urquhart (1972).
A survey of results concerning continuum-valued logic with different sets of
designated values can be found in Chang (1963). An account of continuum-
valued logic and its connection with fuzzy-set theory, with an eye on the
application of both, is given in Klir and Yuan (1995).
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For an account of the variety of fuzzy logics, and of the general theory of

t-norms, see Hdjek (1998), Novdk, Perfilieva, and Mockof (2000), and
Gottwald (2001). For the proof of the result of 11.7a.8, see Cignoli et al.
(2000). Hdjek and Novdk (2003) contains a discussion of the sorites paradox

in t-norm logics.

11.10 Problems

1.

Construct a sorites argument for each of the predicates mentioned
in11.2.3.

. Check the details omittedin 11.4.4, 11.4.5, 11.5.3, 11.5.9, 11.6.5, 11.7.5

and 11.7.10.

. Show the following in Ly (either by giving a deduction or by showing

that whenever the premises have the value 1, so does the conclusion):
(@ E@A—=B)VB—=A

b EA->B—>C)—> B—>A—>0)

() A>BEAAC)—B

dA—-BE-B——-A

. By constructing appropriate counter-models, show the following

in Ly:

(@ ¥Epv-p

(b) E@A(=PV) —q
©OFE@—-9—>9—q

d E@—=>Ar@—=>1)—>@—>1
(€) = @®—> —p) —> —p

. Show the following in FB:

(@ A-BA—->CEA—> BACQC
b)) A>C,B—>CE@AVB) —»C
©p—>aq—orEp—>T

. Give the semantics of the ceteris paribus clause for fuzzy relevant

logic (see 11.7.11), and investigate the properties of enthymematic
conditionals.

7. Discuss the problem raised in 11.3.10.

8. A notion of semantic consequence, F, is said to be compact just if when-

ever ¥ E A there some finite ¥’ € ¥ such that ¥’ £ A. Let - be the
deducibility relationship of any axiom system. Since proofs are finite,

239



240

An Introduction to Non-Classical Logic

10.

then whenever ¥ + A there is some finite ¥’ € ¥ such that ¥’ - A.
Show that if - is sound and complete with respect to k,  is compact.

. Let A x B be =A — B. Show that, given any interpretation of Ly,

V(A % B) = Min(1,v(A) + v(B)). Let Al be A, and A" be A" % A. Let
¥ ={p-> quU{p® - g n > 1}. Show that, in Ly, ¥ F q. (Hint: if
v(p) = 0, the first conditional gives q. If v(p) > 0 then we can make
v(p") as close to 1 as we please by taking n to be large enough.) Show
that if ¥’ is any finite subset of ¥, ¥’ ¥ q. (Hint: there must be a largest
n such that p" — ¢ is in ¥’. Choose a v such that v(p) < 1/n.) Infer,
from the last question, that Ly has no axiom system that is sound and
complete (with respect to arbitrary sets of premises).

*Check the details omitted in 11.7a.4, 11.7a.5, 11.7a7, 11.7a.9, 11.7a.10
(show that the axiom system is equivalent to the onein 11.5.1 or 11.5.2),
11.7a.11, 11.7a.12 (soundness only), 11.7a.13 and 11.7a.14 (soundness
only).



11a Appendix: Many-valued
Modal Logics

11a.1 Introduction

11a.1.1 In standard modal logics, the worlds are two-valued, in the follow-
ing sense: there are two values (true and false) that a sentence may take at a
world. Technically, however, there is no reason why this has to be the case:
the worlds could be many-valued. This chapter looks at many-valued modal
logics.

11a.1.2 We will start with the general structure of a many-valued modal
logic. To illustrate the general structure, we will look briefly at modal logic
based on Lukasiewicz continuum-valued logic.

11a.1.3 We will then look at one particular many-valued modal logic in
more detail, modal First Degree Entailment (FDE), and its special cases,
modal K3 and modal LP. In particular, tableau systems for these logics will
be given.

11a.1.4 Modal many-valued logics engage with a number of philosophical
issues. The final part of the chapter will illustrate by returning to the issue
of future contingents.

11a.2 General Structure

11a.2.1 As we observed in 7.2, semantically, a propositional many-valued
logic is characterised by a structure (V,”D,{fc ice C}), where V is the set of
semantic values, D C V is the set of designated values, and for each con-
nective, c, f; is the truth function it denotes. An interpretation, v, assigns

values in V to propositional parameters; the values of all formulas can
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then be computed using the f;s; and a valid inference is one that preserves
designated values in every interpretation.

11a.2.2 It is standard for V to come with an ordering, <. We will assume in
what follows that this is so. We also assume that every subset of the values
has a greatest lower bound (GIlb) and least upper bound (Lub) in the ordering.

11a.2.3 The language of a many-valued modal logic is the same as that of the
many-valued logic, except that it is augmented by the monadic operators,
O and ¢ in the usual way.

11a.2.4 An interpretation for a many-valued modal logic is a structure
(W,R, SL,v), where W is a non-empty set of worlds, R is a binary accessi-
bility relation on W, §; is a structure for a many-valued logic, L, and for
each propositional parameter, p, and world, w, v assigns the parameter a
value, vy (p), in V.

11a.2.5 The truth conditions for the many-valued connectives at a world
simply deploy the functions f.. Thus, if ¢ is an n-place connective
ww(c(A1, ..., Ap) = fe(w (A1), . .., vw(Ap))). (So if c is conjunction, vy (AAB) =
fA(Vw(A), UW(B))-)

11a.2.6 The natural generalisation of the two-valued truth conditions for
the modal operators is as follows: '

v (0A) = Glb{v, (A) : wWRW'}
v (CA) = Lub{vy, (A) : wRW'}

11a.2.7 Validity is naturally defined as follows:

¥ E A iff for every interpretation, (W,R,Sr,v), and for every w € W,
whenever vy (B) € D for every B € T, vy(A) € D.

11a.2.8 This gives the analogue of the two-valued modal logic K. Call it
K. Stronger logics can be obtained by the addition of constraints on the
accessibility relation, such as reflexivity (p), symmetry (o), transitivity (),
giving the logics K; p, Kro, K pt, etc. (See ch. 3.)

1 Semantically, O and < are forms of (respectively) universal and particular quantifiers
over worlds. The following truth conditions are the obvious analogues of the truth
conditions for these quantifiers in many-valued logic. (See Part II, 21.3.)
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11a.3 IMNlustration: Modal Lukasiewicz Logic

11a.3.1 The previous section gives the general structure of a many-valued
modal logic. Let us illustrate with respect to the continuum-valued logic of
Lukasiewicz, Ly. As we saw in 11.4, the connectives of this are —, A, Vv, and
—. V is the set of real numbers between 0 and 1, [0, 1]. The truth functions
corresponding to the connectives are:

ffx)=1-—x
A, y) = Min(x,y)
Fv(x,y) = Max(x,y)
&y =x0y

11a.3.2 In Kz, the modal logic based on Ly, if F A then < OA, and F OA —
B) — (OA — OB). (These are the characteristic modal properties of the
two-valued modal logic, K.)

11a.3.3 For the first of these, suppose that ¥ OA. Then there is some inter-
pretation, and some world in that interpretation, w, such that vy (0A) # 1.
Thus, for some w’ such that wRw’, v, (A) # 1. Hence ¥ A.

11a.3.4 For the second, it suffices to show that in any interpretation,
vw(OA — B)) < vwy(OA — OB), i.e., that: Glb{vy(A) © vy(B) : WRW'} <
GIb{vy (A) : WRW'} © GIb{v,y(B) : wRW'}. Let X = {w' : wRw'}, and let a, and by
be vx(A) and vy (B), respectively. We need to show that:

(*) Glb{ax Obx : x € X} < Glb{ax : x € X} O Glb{by : x € X}

Suppose, that Glb{ay : x € X} < Glb{by : x € X}. Then the righthand side of
(*) is 1, and we have the result. Conversely, suppose that Glb{ay : x € X} >
GIb{by : x € X}. Then for some x € X, ay > by. Let X’ = {x € X : ay > by}. Then:

Glb{ay O by : x € X} Glb{ay O by : x € X'}
GIb{1 —ay+by :x € X'}
= 1+Glb{by —ax:x €X'}

= 1+4+Glb{by —ay :x € X}

Consequently, what needs to be shown is that:

1+ Glbfby —ay:x€X} < 1+Glb{by:xeX}—Glb{ay:x € X}
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That is:
Glb{by —ax :x € X} < Glb{by:x € X} —Glblay:x X}
We show this as follows.

Foranyx € X, by —ax <bx —ay

Hence Glb{by —ay : x € X} < by — ay

So Glb{by —ay : x € X} < by — Glb{ay : x € X}

That is, Glb{by —ay :x € X} + lb{ax X € X} < by

And so Glb{by —ax : x € X} + Glb{ay : x € X} < Glb{by : x € X}
That is, Glb{by —ay : x € X} < Glb{by : x € X} — Glb{ay : x € X}

11a.3.5 In Kz, none of the following hold:

FOA— A
EA— OCA
EOA - OOA

This follows from the fact that none of these is valid in K, and a K counter-
model is (a special case of) a K;,, counter-model. (One where only the values
1 and 0 are taken by formulas.)

11a.3.6 However, the additions of the constraints p, o, and t suffice,
respectively, to make the three hold. I continue to write a,, for v (A).

e For the first, if wRw, v, (0A) = Glb{a,, : wRW'} < ay, as required.

o For the second, suppose that wRw'. If R is symmetric, a,, < Lub{a,~ :
WRW'} = v (CA). So ay < GIb{vy (CA) : WRW'}, ie., ay < 1y(OCA), as
required.

¢ For the third, suppose that wRw'. Since R is transitive, {w” : w'Rw"}
{w” : wRw"}. So {ay» : wRW"} C {a,» : wRwW"}. Thus, Glb{a,» : WRW"}
Glb{a,» : w'RW"}. So Glb{a,, : wWRW"} < GIb{GIlb{a,» : WRW"} : wRW'}, i.e.,
vy (OA) < vy (OOA), as required.

IA 1IN

11a.4 Modal FDE

11a.4.1 Let us now look at one many-valued modal logic in more detail.
The many-valued logic in question is FDE. The language for this has three
connectives: A, v and —. (Recall that A D B is defined as —A v B.)
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11a.4.2 As we saw in chapter 8, FDE can be formulated as a four-valued
logic. V = {1,0,b,n} - true (only), false (only), both and neither. D = {1, b}.
The values are ordered as follows:

f is the meet on this lattice; f,, is the join; f~ maps 1 to 0, vice versa, and
each of b and n to itself.

11a.4.3 Kppg is obtained by the general construction described. If we ignore
the value n in the non-modal case (that is, we insist that formulas take one
of the values in {1,b, 0}) we get the logic LP. In the modal case, we get Kp.
If we ignore the value b in the non-modal case, we get the logic K3. In the
modal case, we get K.

11a.4.4 As we also saw in chapter 8, FDE can be formulated equivalently as
a logic in which, instead of an evaluation function, v, there is a relation, p
(not to be confused with the constraint on the accessibility relation), which
relates a formula, A, to the values 1 (true) and 0 (false) as follows:

v(A) = 1iff Ap1 and it is not the case that ApO

v(A) =biff Ap1 and ApO

v(A) = n iff it is not the case that Ap1 and it is not the case that Ap0Q
v(A) = 0 iff it is not the case that Ap1 and Ap0

The appropriate truth/falsity conditions for the connectives are:

A ABpliff Ap1 and Bp1l
A ABp0 iff ApO or BpO
AV Bpliff Ap1 or Bpl
A Vv Bp0 iff Ap0 and Bp0
—-Ap1iff ApO

—-Ap0 iff Ap1

Validity is defined in terms of the preservation of relating to 1.

11a.4.5 Kppg can be formulated in the same way. The facts of 11a.4.4 carry
over with a subscript w to the vs and ps. What of the truth/falsity conditions
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of the modal operators if FDE is formulated in this way? They may be given,
in a very natural way, as follows:

OApw1 iff for all w’ such that wRw', Ap,,/1
OApywO iff for some w’ such that wRw’, Ap,,,0
OApy1 iff for some w’ such that wRw', Apy,1
OApy0 iff for all w’ such that wRw', Ap,,/0

11a.4.6 The argument for this is as follows. Consider v, (0A), that is
Glb{vy (A) : wRW'}. This has four possible values.

1: In this case, for all w’ such that wRw' the value of v, (A) is 1. So for all w’
such that wRw’, Ap,,1 and it is not the case that Ap,,0. In this case, the
truth/falsity conditions give that OApy 1 and it is not the case that OApy0,
as required.

b: In this case, for all w’ such that wRw’, the value of v, (A) is 1 or b, and at
least one is b. That is, for all w’ such that wRw’, Ap,,1 and for at least one
such w/, Ap,0. In this case, the truth/falsity conditions give that OApy1
and OApy0, as required.

n: In this case, for all w’ such that wRw’, the value of v, (A) is 1 or n, and at
least one is n. That is, for all w’ such that wRw/, it is not the case that Ap,,,0
and for at least one such w/, it is not the case that Ap,, 1. In this case, the
truth/falsity conditions give that it is not the case that OApy 1 and it is not
the case that OApy0, as required.

0: In this case, either there is some w’ such that wRw’ and v,/(A) = 0, or
there are w' and w”, such that wRw’, wRw", v,,s(A) = b and v,,» (A) = 1. In
the first case, for all w’ such that wRw’, Ap,0 and it is not the case that
Apy1.In the second case, Ap,,»1 and Ap,,»0, and neither Ap,,»1 nor Ap,,~0.
In either case, the truth/falsity conditions give that OApy0 and it is not
the case that OApy1, as required.

The case for ¢ is similar, and is left as an exercise.

11a.4.7 In the context of the relational semantics, LP is obtained by requir-
ing that, for all p, either pp1 or ppO. (See 8.4.9.) The same is true with the

appropriate subscript w on p for Kp.

11a.4.8 In the context of the relational semantics, K3 is obtained by requir-
ing that, for all p, not both pp1 and ppO0. (See 8.4.6.) The same is true with
the appropriate subscript w on p for Kg,.
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11a.4.9 If we add both conditions in the non-modal case, we get classical

logic. In the modal case, we get the classical modal logic K.

11a.4.10 All the many-valued modal logics may be extended by adding the
constraints on the accessibility relation p, o and 7, to give Kppgp, Kipprt,
KK3O' , etc.

11a.4.11 Note that Kgpg, Kk,, and all their normal extensions have no logical
truths. To see this, just consider the interpretation with one world, w, such
that wRw, and for all p, neither pp, 1 nor pp,0. An easy induction shows the
same to be true for all formulas. (Details are left as an exercise.)

11a.4.12 Note also that interpretations for any logic in the family we are
considering is monotonic, in the following sense. Let 7; < 7 iff the two
interpretations have the same worlds and accessibility relation, and, in
addition, for all propositional parameters, p, and all worlds, w:

if ppyw1 then ppyy1
if pp1w0 then ppy0

where p; and p, are the evaluation relations of 7; and 7, respectively. If
77 = I, the displayed conditions obtain for an arbitrary formula, A. The
proof is by a simple induction, which is left as an exercise.

11a.4.13 A corollary is that Fx A iff Fg, A (and similarly for Kp and Kipp,
etc.). From right to left, the result is straightforward, since any interpreta-
tion of K is an interpretation of Kip. For the converse, suppose that #,, A.
Then there is an interpretation, Z,, such that A does not hold at some world,
Wy, in 7 (i.e., it is not the case that Apy,1). Let Z; be any classical interpre-
tation obtained from 7, simply by resolving contradictory propositional
parameters one way or the other. That is, when pp2y1 and pp2,0, only one
of these holds for py. Then Z; < Z,. By monotonicity, A does not hold at
wp in Z7; and 7; is an interpretation for K.

11a.5 Tableaux

11a.5.1 We may obtain tableau systems for the logics we have been looking
at, by modifying the tableau system for FDE in the same way that the tableau
system for classical propositional logic is modified to obtain those for the
modal logics K, Kp, etc.
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11a.5.2 Thus, for Kppg, tableau lines are of the form A, +i, A, —i or irj. The
first indicates that A holds at world i (that is, relates to 1); the second that A
fails at world i (that is, does not relate to 1); the third indicates that world i
relates to world j. We start with a line of the form B, +0 for every premise,
B; and a line of the form A, —0, where A is the conclusion. A branch of the
tableau closes if it contains lines of the form A, +i and A, —i. The tableau is
closed if all branches close.

11a.5.3 The rules for the extensional connectives are as given in 8.3.4:

AAB,+i AAB, —i
1 VRN
A, +i A, —i B,—i
B, +i
AV B, +i AV B, —i
/N !
A, +i B,+i A, —i
B, —i

~(AVB),+i  —(AAB),+i  ——A, +i

! ! !

~AA-B,+i  —Av-B,+i A, +i

The + can be disambiguated uniformly as either + or —.

11a.5.4 The rules for the modal operators are as follows:

OA, +i DA, —i A, +i OA, —j
irj ! 1 itj
! irj irj !

A, +j A, —j A, +j A, —j

In the middle two rules, j is new to the branch. In the other two, the rule is
applied whenever something of the form irj is on the branch. In addition,
we have the ‘commuting rules’:

—OA,+i  —OA, +i

! !

O—A,+j  O-A, +i
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11a.5.5 Here are tableaux to show that OA A —OB kg, (A A —B) and
O® D q, Op i ©4-
OA A —0OB, +0
O(A A —-B),—0
DA, +0
—0B, +0
©—B, +0
or1
—B, +1
A +1
AA-B,—-1
s N
A,—-1 —B,-1

X X

0@ >q),+0
Op, +0
&q,—0

orl
p,+1
q,—1
pDOgq,+1
v N
-p,+1 gq,+1

X

11a.5.6 To read off a counter-model from an open branch, b, of a tableau,
we let W = {w; : a line of the form A, 4-i occurs in b}; w;Rwj iff irj occurs on
b; for every propositional parameter, p, pow,1 iff p, +i is on b; pow, 0 iff —p, +i
is on b. Thus, in the counter-model determined by the open branch of the
last tableau, W = {wgp, w1}, woRw1 (and no other R relations hold), ppw, 1 and
Pow, 0 (and no other p relationships hold). In a diagram:

Wo — Wi
tp
+-p
—-q
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Since p holds at wy, Op holds at wg. Since —p holds at w1, p D g holds at wq,
so O(p D q) holds at wy. But q fails at wy; hence ¢q fails at wy.

11a.6 Variations

11a.6.1 For Kk, we add the extra closure rule:

A, +i
—A, +i

X

11a.6.2 For K;p we add the extra closure rule:

A, —i
—A, —i

X

11a.6.3 To obtain the systems corresponding to the semantic conditions p,
o, and t, we add the rules:

iy ir

A |
i g |

irk

respectively.

11a.6.4 Here are tableaux to show that OA '_KK3T 0O0A and Op F;,, OOp.

OA, +0
OoA, —0
or1
0A, -1
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Op, +0
OOp, —0
0ro
orl,1r1
Op, —1
1r2,2r2
p,—2

11a.6.5 Counter-models are read off from open branches as in 11a.5.6,
except that for Kip and its extensions, ppw,;1 iff p, —i is not on the branch,
and —ppy,0 iff —p, —i is not on the branch. Thus, the counter-model given
by the last tableau may be depicted by:

2% % %

Wo — w1 — %)

+p +p -p
+-p +-p +-p

Since p holds at wy, Op holds at wy. Since p fails at wy, Op fails at wq, and
OOp fails at wy.

11a.6.6 The tableau systems for all the logics we have considered are sound
and complete. This is proved in the technical appendix, 11a.9.

11a.7 Future Contingents Revisited

11a.7.1 Many-valued modal logics engage with a number of philosophical
controversies. Let me illustrate with respect to Aristotle’s argument con-
cerning future contingents, which we met in 7.9. In De Interpretatione, ch. 9,
Aristotle argued famously that if contingent statements about the future
were now either true or false, fatalism would follow. He therefore denied

that contingent statements about the future are true or false.

11a.7.2 The argument that the law of excluded middle entails fatalism is

worth quoting in detail:?

...if a thing is white now, it was true before to say that it would be white,
so that of anything that has taken place, it was always true to say ‘it is’ or ‘it

2 De Int. 18Y10-16. Translation from Vol. 1 of Ross (1928).
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will be’. But if it was always true to say that a thing is or will be, it is not
possible that it should not be or not come to be, and when a thing cannot
not come to be, it is impossible that it should not come to be, and when it is
impossible that it should not come to be, it must come to be. All then, that
is about to be must of necessity take place. It results from this that nothing
is uncertain or fortuitous, for if it were fortuitous it would not be necessary.

11a.7.3 One way to read the passage is as follows. Let q be any statement
about a future contingent event. Let T; be the statement that it is (or was)
true that . Then O(T; D q). Hence Ty O Oq. And since Oq is not true, neither
is Tq. A similar argument can be run for —q. So neither T, nor T4 holds. Read
in this way, the reasoning contains a modal fallacy (passing from O(A D B)
to (A D OB)). Many commentators have read the passage thus (see 7.9).

11a.7.4 But this may not do Aristotle justice. It is clear that he thinks that
the past and present are fixed (unchangeable, now inevitable). So if s is
a statement about the past or present, s O OUs. Hence, Ty D 0Ty, and since
0(Tq O g), so that OT; D Og, it follows that T; O Oq. There is no fallacy here.

11a.7.5 In fact, we can simplify the argument. Neither T; nor the condi-
tional is playing an essential role. We may run the argument as follows.
If g were true, this would be a present fact, and so fixed; that is, it would
be necessarily true, that is: ¢ £ Og. Similarly, if it were false, it would be
necessarily false: —q £ O—q. Since neither Og nor O—q holds, neither g nor
—q holds.

11a.7.6 To do justice to Aristotle’s argument, we must take seriously the
thought that some things might be neither true nor false. Since Aristo-
tle does not countenance violations of the ‘Law of Non-Contradiction’, an
appropriate logic is Kx, - or one of its normal extensions - not Krpg or Kp.

11a.7.7 Think of the accessibility statement wRwW' as meaning that w' may
be obtained from w by some number (possibly zero) of further things hap-
pening. Clearly, R is reflexive and transitive. According to Aristotle, once
something is true/false, it stays so. We may capture the idea by the heredity
condition: for every propositional parameter, p, and world, w:

If pow1 and wRW', pp,1
If ppow0 and wRw', pp,, 0
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Call this the Persistence Constraint. The displayed conditions follow for all
unmodalised formulas, as may be shown by an easy induction. (Details are
left as an exercise.)

11a.7.8 They do not hold for modalised formulas, however; nor would one
expect them to. Let s be the sentence ‘It rains in St Andrews on 1/1/2100’.
<©s and ©O—s are both true. But there is a possible world (indeed, a probable
one!) in which s is true, and so Os is true, and ¢—s is false.

11a.7.9 CallK3pt augmented by the Persistence Constraint, 2 (for Aristotle).
In this logic p F Op and —p E O-p. Aristotle’s argument therefore works.
But, of course, in 2, pv—p may fail to be true. Here is a simple counter-model
(I omit the arrows of reflexivity):

wr 4P

Wo
——p

w2 +—p

Aristotle is vindicated.>

11a.7.10 Matters are a little more difficult than this, however, as we noted
in 7.10.2. Later in the same chapter Aristotle says:*

A sea fight must either take place tomorrow, or not; but it is not necessary
that it should take place tomorrow, neither is it necessary that it should not
take place, yet it is necessary that it either should or should not take place
tOMOITOwW.

He is saying that, for the appropriate p, we have neither Op not O—-p. We
still have O(p v —p), however. As is easy to see, O(p Vv —p) is not valid in 2.

Though one might object: the Persistence Constraint should hold only for those things
that are genuinely about the present (w). (A sentence can be grammatically present but
essentially about the future - such as the sentence ‘ “it will rain” is true’.) Enforcing the
Persistence Constraint for those p that are covertly about the future may therefore be
thought to be question-begging.

4 De Int. 19%30-32.
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11a.7.11 The matter may be remedied by modifying the truth conditions
for 0. Though neither p nor —p may be true at a world, w, it is natural to
suppose on the Aristotelian picture that the truth value of p will eventually
be decided. We may therefore view things ‘from the end of time’, when
everything undetermined has been resolved. Call a world complete if every
propositional parameter is either true or false. A natural way of giving the
truth conditions for O is as follows:

OApw1 iff for all complete w’ such that wRw’, Ap,,1
OApwO iff for some complete w’ such that wRw’, Ap,,0

The truth/falsity conditions for ¢ are the same with ‘some’ and ‘all’
interchanged. OA may naturally be seen as expressing the idea that A is
inevitable. It is not difficult to show that, for any complete world, w, Per-
sistence holds for all formulas. It follows that at such a world, A is true iff
DA is, and that all formulas are either true or false. (Details are left as an
exercise.)

11a.7.12 With the revised truth/falsity conditions for O, p £ Op, —p £ O—p
(so Aristotle’s argument still works), E O(p v —p), but not = Op v O—p. For
the first of these, if p is true at w then, by the Persistence Constraint, p holds
at any complete world accessed by w. Hence Op is true at w. The argument
for the second is similar. For the third, in any complete world accessed by
w, either p or —p holds. Hence p v —p holds, and O(p v —p) is true at w.
(Indeed, the same holds for an arbitrary formula, A.) For the last, consider
the interpretation of 11a.7.9. We may suppose that all the parameters other
than p also take a classical value at wy and wy, and hence that these worlds
are complete. Neither Op nor O—p is true at wo.>

11a.8 A Glimpse Beyond

11a.8.1 Many-valued modal logics are relevant to many other philosophical
debates. I give just one example.

11a.8.2 Itis natural to ask what happens to issues about essentialism in the
context of vagueness. Can vague predicates express essential properties?

5 What one loses on this account is, of course, the validity of the inference from OA to
A, even though the accessibility relation is reflexive. The inference is guaranteed to
preserve truth only at complete worlds.
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Can vague objects, assuming there to be some, have essential properties?
To investigate such questions, one clearly needs a modal logic.

11a.8.3 But, it is often argued, a logic of vagueness is many-valued: it is
either some continuum-valued logic, or it is some 3-valued logic with or
without a supervaluation technique. (See 11.3.) If this is so, the investigation
of such questions requires a many-valued modal logic.

11a.8.4 In fact, since the matter involves predication and identity, what is
required is a first-order many-valued modal logic. I leave the construction
of such logics as a long but relatively routine exercise in the application of
the techniques of Part I1.°

11a.9 *Proofs of Theorems

11a.9.1 In this section we prove soundness and completeness for all the
tableau systems mentioned in the chapter. The proofs simply amalgamate
those of chapters 2, 3 and 8.

11a.9.2 DEFINITION: Let 7 = (W, R, Sppg, p) be any Kppg interpretation, and
b any branch of a tableau. Then 7 is faithful to b iff there is a map, f, from
the natural numbers to W such that:

IfA, +iisonb, Aps;1in T
IfA, —iis on b, then it is not the case that Apr;1in 7
If irj is on b, f()Rf (j)

11a.9.3 SOUNDNESS LEMMA FOR Kppg: Let b be any branch of a tableau and 7
any interpretation. If 7 is faithful to b, and a tableau rule is applied, then it
produces at least one extension, b/, such that 7 is faithful to b'.

Proof:
We merely have to check the rules, one by one. The rules for the extensional
connectives are as in 8.7.3. Here are the cases for the rules for 0. Those for

6 History and Further Reading: The earliest paper on a many-valued modal logic
appears to have been Segerberg (1967), which specifies some 3-valued modal logics.
More general approaches were later provided by Thomason (1978) and Ostermann
(1988). Fitting (1992a, 1992b) generalises to allow even the accessibility relation to be
many-valued. Hajek (1998), 8.3, discusses fuzzy modal logic. Ostermann (1990) gives a
first-order many-valued modal logic.

255



256

An Introduction to Non-Classical Logic

< are similar. The rules in question are:

DA, +i  OA,—i  —DA,+i
irj ! l

l irj O—A, +i

For the first, suppose that f shows Z to be faithful to a branch contain-
ing the premises. Then OA holds at f(i) and f(i)Rf (j). Hence A is true at
f(, as required. For the second, suppose that f shows Z to be faithful to
a branch containing the premise. Then OA fails at f(i). There must there-
fore be a w such that f(i)Rw and A fails at w. Let f’ be the same as f except
that f'(j) = w. Then f’ shows 7 to be faithful to b. For the third, here is
the case for +. That for — is similar. Suppose that f shows Z to be faith-
ful to a branch containing the premise. Then —0A is true at f(i). So for
some w such that f(i)Rw, A is false at w. So —A is true at w, and ¢—-A
holds at f (i). |

112.9.4 SOUNDNESS THEOREM FOR Kppg: For finite X, if ¥ - A then X F A.

Proof:
This follows from the Soundness Lemma in the usual way. |

11a.9.5 DEFINITION: Given an open branch, b, of a tableau for FDE, the inter-
pretation 7 induced by b is the structure where W = {w; : i occurs on b}; w;Rw;
iff irj occurs on b; for every propositional parameter, p, ppw,1 iff p, +i is on
b; ppw;0 iff —p, +iison b.

11a.9.6 COMPLETENESS LEMMA FOR Kppg: Let b be a complete open branch of
a tableau (i.e., one where every rule that can be applied has been applied).
Then:

IfA,+iisonb, Apy,1

If A, —i is on b, it is not the case that Apy,1
If A, +iis on b, Apy,0

If —A, —iis on b, it is not the case that Apy,0
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Proof:
This is proved by induction on A. It is true by definition (and the fact that b is
open) when A is atomic. The induction cases for the extensional connectives
are as in 8.7.6. Here are the cases for O. The cases for ¢ are similar.
Suppose that OB, +i is on b. Then for every w; such that w;Rw;, B, 4 is
on b. By induction hypothesis, B is true at w;. Hence OB is true at w;.
Suppose that OB, —i is on b. Then for some j such that wiRw; , B, —j is on b.
By induction hypothesis, B is not true at w;. Hence, OB is not true at w;.
Suppose that —=OB, +i is on b. Then ¢—B, +i is on b. So for some w; such
that wiRwj, —B, +j is on b. By induction hypothesis, B is false at w;. Hence OB
is false at wj.
Finally, suppose that —=OB, —i is on b. Then ¢—B, —i is on b. Hence, for all
j such that w;Rwj, —B, —j is on b . By induction hypothesis, B is not false at
wj. So OB is not false at w;. |

11a.9.7 COMPLETENESS THEOREM FOR Kppg: For finite X, if ¥ = A then X ~ A.

Proof:
This follows from the Completeness Lemma in the usual way. |

11a.9.8 SOUNDNESS AND COMPLETENESS THEOREM FOR Kk, AND Kip: The
tableau systems for Kk, and Kjp are sound and complete.

Proof:

The proof for Kx, is exactly the same as for Kgpg. In the Completeness Lemma
we merely have to check that the induced interpretation is an interpretation
for Kg,. This follows from the fact that the K3 closure rule is in operation.
The proof for Kip is the same, except that in the induced interpretation,
p is defined slightly differently: for every propositional parameter, p, ppw, 1
iff p, —i is not on b; ppy,0 iff —p, —i is not on b. This is an interpretation
for Kip because of the LP closure rule. The new definition makes the basis
case of the Completeness Lemma slightly different. If p, +i is on b then, by
closure, p, —iis noton b. So ppy, 1. If p, —i is on b, it is not the case that ppy, 1.
The cases for 0 are similar. [ |

11a.9.9 SOUNDNESS AND COMPLETENESS THEOREMS FOR THE EXTENSIONS OF
THESE LOGICS OBTAINED BY ADDING CONSTRAINTS ON THE ACCESSIBILITY RELA-
TION: The addition of the rules for p, o and t are sound and complete with
respect to the corresponding semantics.
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Proof:

In the Soundness Lemma, we merely have to check the cases for the
additional rules. In the Completeness Lemma, we have to check that
the induced interpretation is appropriate. This is all straightforward. (See
3.7.1-3.7.4.) |



Postscript: An Historical Perspective on
Conditionals

Part I of the book has explored, in various ways, a relevant account of
conditionals. Such an account seems to me to be better than any of the other
accounts that we have traversed in the course of Part I. This is, naturally,
a contentious view.! Logic is a contentious subject, and the conditional has
been particularly so since the earliest years of the discipline. It was the Stoic
logicians who first discussed conditionals explicitly, and they had at least
four competing accounts. These accounts survived - one way or another -
and others were added throughout the Middle Ages. Consensus might have
been reached locally, but only locally.?

The changes in logic at the beginning of the twentieth century were rev-
olutionary. The power of the mathematical techniques employed by the
founders of modern logic made anything before obsolete. (Which is not to
say that there is not now a good deal to be learned from it - just that what-
ever is of value in it must be seen through radically new eyes.) It is perhaps
not surprising, then, that their work established a very general consensus
over the conditional. The view of the conditional as material became highly
orthodox - though never universal, as C. I. Lewis bears witness.

Digesting the results of the revolution occupied logicians in the first half
of the century. But the second half was quite different. It has become clear
that the mathematical machinery deployed by Frege and Russell is of a rel-
atively simple kind, and that there is much more sophisticated machinery
available, which can be used to do many exciting things. This has made it
possible to challenge many of the assumptions built into ‘classical logic’.
In particular, the machinery has made it possible to construct a galaxy of
‘non-standard’ logics; and I think it fair to say that there is less consensus

now over many questions in logic than there has been for a long time.

1 Some defence of it can be found in Priest (2007).
2 For an excellent discussion of all this, see Sylvan (2000).
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One of these questions is surely that of the conditional. In the light of the
new developments, the account of the conditional as material must appear
a crude one; and the consensus of the earlier part of the twentieth century
concerning it, would seem to be entirely an artifact of the limited logical
technology then available.

The relevant account of conditionality draws on many of the most
notable developments in logic in the second half of the century, and would
not have been possible without them: possible worlds, impossible worlds,
truth-value gaps and gluts, ceteris paribus clauses, degrees of truth. What
will happen to this account in the future, and what consensus, if any, will
emerge in the twenty-first century, only time will tell.



Part II

Quantification and Identity






12 Classical First-order Logic

12.1 Introduction

12.1.1 In this chapter we will review the semantics and tableaux for classi-
cal first-order logic (without function symbols). We will start by assuming
that identity is not part of the language. We will then look at its addition.

12.1.2 Next, we will look at some of the philosophical problems of the
machinery.

12.1.3 Finally, Iwill discuss briefly some more technical matters concerning
first-order logic.

12.2 Syntax

12.2.1 The vocabulary of the language of first-order logic comprises:

e variables: vg, v1, Vo,. ..

e constants: kg, k1, ka, ...

o for every natural number n > 0, n-place predicate symbols: P9, P}, P2, ...
e connectives: A, V, =, D, =

e quantifiers: V, 3

e brackets: (,)

We will call Vand 3 the universal and particular quantifiers, respectively. (3
is often called the existential quantifier. I will return to the nomenclature in
the next chapter.)

12.2.2 I will use x, y, z for arbitrary variables, and a, b, ¢ for arbitrary con-
stants (possibly with primes or subscripts in each case). I will use Py, Qy, Sy
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for arbitrary n-place predicates.! I will omit the subscript in cases where it
can be read off from the context. I will use A, B, C for arbitrary formulas,
and X, IT for arbitrary sets of formulas.

12.2.3 The grammar of the language is as follows.
e Any constant or variable is a term.

(In general, languages may have other terms as well. We will meet some
more in later chapters.) The formulas are specified recursively as follows.

o If t1,...,t, are any terms and P is any n-place predicate, Pt;...t,; is an
(atomic) formula.

e If A and B are formulas, so are the following: (A A B), (A Vv B), —A, (A D B),
(A =B).

e If Ais any formula, and x is any variable, then VxA, 3xA are formulas.

I will omit outermost brackets in formulas.

12.2.4 An occurrence of a variable, x, in a formula, is said to be bound if it
occurs in a context of the form 3x...x... or Vx...x.... If it is not bound,
it is free. A formula with no free variables is said to be closed. Ax(c) is the
formula obtained by substituting c¢ for each free occurrence of x in A.

12.3 Semantics

12.3.1 Aninterpretation of the language is a pair, J = (D, v). D is a non-empty
set (the domain of quantification); v is a function such that:

e if c is a constant, v(c) is a member of D
¢ if P is an n-place predicate, v(P) is a subset of D"

(D" is the set of all n-tuples of members of D, {(d1, ..., dn): d1,...,dn € D}. By
convention, (d) is just d, and so D' is D.)

12.3.2 Given an interpretation, truth values are assigned to all closed for-
mulas. To state the truth conditions, we extend the language to ensure
that every member of the domain has a name. For all d € D, we add a

1 1 will not use ‘R’, to avoid any confusion with the modal accessibility relation.
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constant to the language, kg, such that v(k;) = d. The extended language is
the language of 7, and written L(J). The truth conditions for (closed) atomic
sentences are:

v(Paq ...ap) = 1iff (v(aq),...,v(an)) € v(P) (otherwise it is 0)

The truth conditions for the connectives are as in the propositional case
(1.3.2). For the quantifiers:

v(VxA) = 1iff for all d € D, v(Ax(kg)) = 1 (otherwise it is 0)
v(3xA) = 1 iff for some d € D, v(Ax(kz)) = 1 (otherwise it is 0)

12.3.3 Validity is a relationship between premises and conclusions that are
closed formulas, and is defined in terms of the preservation of truth in all
interpretations, thus: ¥ | A iff every interpretation that makes all the
members of ¥ true makes A true.

12.3.4 Note that in any interpretation, we have the following:

v(—3IxA) = v(Vx—A)
V(—VXA) = v(Ix—A)
v(—=Ix(Px AA)) = v(Vx(Px D —A)

v(—=Vx(Px D A)

v(Ax(Px A —=A))

For the first of these, suppose that v(—3xA) = 1. Then v(3xA) = 0. So for all
d in the domain of the interpretation, v(Ay(kq)) = 0, i.e., v(—Ax(kg)) = 1. So,
v(Vx—A) = 1. Conversely, suppose that v(¥x—A) = 1. Then for all d in the
domain of the interpretation v(—Ax(k;)) = 1, that is, v(Ax(kz)) = 0. Hence,
v(3xA) = 0, and v(—3xA) = 1. The other three cases are left as exercises.

12.3.5 Note also the following. If C is some set of constants such that every
object in the domain has a name in C, then:

v(VxA) = 1 iff for all ¢ € C, v(Ax(c)) = 1 (otherwise it is 0)
v(3IxA) = 1 iff for some c € C, v(Ax(c)) = 1 (otherwise it is 0)

The proof is a simple corollary of the Denotation Lemma, and is given in
12.8.4. As we will see, counter-models read off from the open branch of
a tableau are of this kind. Since appropriate versions of the Denotation
Lemma can be proved for all the logics we will be concerned with in this
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part of the book, the same is true for all of them. I will not keep mentioning
the fact.”

12.4 Tableaux

12.4.1 Tableaux for first-order logic are the same as those for propositional
logic (1.4), except that we have four new rules:

—3IxA —VxA VXA XA

2 2 2 2
Vx—A Ix—A Ax(a) Ax(0)

The third and fourth rules are called universal and particular instantiation
(UI and PI), respectively; the constant in each case is said to instantiate the
quantifier. c is a constant that does not occur so far on the branch. a is any
constant on the branch. (If there aren’t any, we select one at will.) If one is
checking lines to note that one has finished with them, then one can never
check a line of the form VxA, since it is possible that a new constant will be
introduced on the branch (by PI), and hence that we will have to come back
and apply UI to the new constant. (A useful trick is, instead of checking the
line, to write beside it all the constants with which it has been instantiated.)

12.4.2 Note that the tableaux rules are applied only to whole lines, not to
parts thereof. Thus, consider the following:

—(A A VxB)

!

—(A A Byx(a))
(for any a on the branch). This is not an application of Ul

12.4.3 If X is finite, I will write X F A to mean that there is a closed tableau
whose initial list comprises the members of ¥ together with the negation

2 If C is the set of the constants in the original language (that is, unaugmented by the spe-
cial constants, k4, of 12.3.2) and the truth conditions of quantifiers are given as in 12.3.5,
we obtain a notion of quantification different from the more standard one employed
here, and usually called substitutional quantification. It is a feature of substitutional quan-
tification, that something in the domain can be in v(P), and yet 3xPx is not true, just
because the object in question has no name in the interpretation. In principle, all the
logics we will meet in this book could be formulated with substitution quantification
but we will not pursue this.
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of A. (We will come to tableaux where ¥ is infinite later.) Note that all the
formulas on a tableau are closed.

12.4.4 It is true, though not entirely obvious, that the order in which one
applies the rules does not matter. If the tableau closes it will close in what-
ever order the rules are applied, provided that every rule that can be applied
is applied. Similarly if the tableau is open. This is, in fact, a simple corollary
of the Soundness and Completeness Lemmas (see 12.8.10), and holds for all
tableaux for which appropriate versions of these lemmas can be proved.
This includes all the tableau systems that we will meet in this part of the
book. Again, I will not keep mentioning the fact.

12.4.5 Hereis a tableau to show that Vx(Px D Qx), Vx(Qx D Sx) F Vx(Px D Sx).

Vx(Px D Qx)
Vx(Qx D Sx)
—Vx(PXx D Sx)
Ax—(Px D Sx)
—(Pc D Sc)
Pc
—Sc
Pc D Qc
Qc D Sc
v N
—Pc Qc
X v\
—=Qc Sc

X X

12.4.6 Here is another to show that - VxA D 3xA.

(VXA D IxA)
VXA
—3IxA
Vx—A
Ax(a)
—Ax(a)

X

a is any constant that occurs in A, if there is one, or a new one if there isn’t.
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12.4.7 Here is a tableau to show that 3x(Px D Qx) ¥ Vx—Qx.

Ix(Px D Qx)
—Vx—Qx
Pc D> Qc
Ix——Qx

——=Qa
Qa
v N
—Pc Qc

12.4.8 To read off a counter-model from an open branch, we take a domain
which contains a distinct object, 9, for every constant, b, on the branch.
v(b) is 9. v(P) is the set of n-tuples (dy,,...,d,) such that Pb; ...b, occurs
on the branch. Of course, if =Pb; ...by is on the branch, (3p,....,d,) ¢ v(P),
since the branch is open. (If a predicate or constant does not occur on the
branch, the value given to it by v is a don't care condition: it can be anything
one likes.)> Thus, in the example of 12.4.7, the counter-model given by
the leftmost open branch is an interpretation (D, v), such that D = {9, d;};
v(c) = 8, v(a) = 9,. For predicates, v(P) = ¢, v(Q) = {94}; we may depict
these in the following table:

o 0g
P x x
QL x V

The tick means that the object in the column is in the extension of the

predicate in the row. A cross means that it is not.

12.4.9 As is clear, every object in the domain has a name on the branch.
To check that a formula of the form 3xA is true in the interpretation, it
therefore suffices to show that some sentence of the form Ay(b) is true,
where b is some constant on the branch. Similarly, to check that a formula

3 This is not the only interpretation compatible with the information on the branch.
What is, in fact, required is that (3b1, ooy Opy) € (D) if Pbq ...by is on the branch, and
<ab1 seees Oy ) € v(P) if =Pbq ...by is on the branch. Other members of v(P) are, strictly
speaking, don't cares. For other sorts of tableau that we will meet in this part of the book,
however, the absence of a piece of information on a branch does not mean that it is a
don't care condition. For uniformity, then, we will stick with the recipe given in the text.
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of the form VxA is true in the interpretation, it suffices to show that A, (b) is
true, for every b on the branch. (See 12.3.5.) Bearing this in mind, it is easy
to check that the following hold in the interpretation of 12.4.8 (running
down each column):

—Pc ——=Qa
Pc D> Qc Ix——-Qx
Ix(Px D Qx) —Vx—Qx

This shows that the interpretation is indeed a counter-model.

12.4.10 Note that an open branch of a tableau may well be infinite. Thus,
consider the following tableau, which shows that ¥ 3xVySxy.

—3xVySxy
VX—VySxy
—VySay
Jy—-Say
—Sab
—VySby
Jy—Sby
—Shc
—VyScy

At the fifth line the particular quantifier is instantiated with the new con-
stant b. But then we have to go back and instantiate the universal quantifier
at line two; and this starts the procedure all over again. The tableau never
closes, and goes on to infinity. In this case it is easy to read off the counter-
model. The domain comprises 9, dy, dc,...; and the denotation of S (which
is a set of ordered pairs) looks like this:

S 9a % O 9g
g X
ap X

¢ X
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Given the recipe of 12.4.8, the blank squares also contain crosses, but it is
the ones shown that are essential. Given them, we have the following:
—=Sab so  —VySay
=Sbc so  —VySby

SO
—3IxVySxy

12.4.11 In many cases where a tree is infinite (though not all) a simple finite
counter-model can be found by intelligent guesswork. Thus, for 12.4.10 the
following will do, as can be checked:

S 8‘1 31,
da A X
o x

Neither 9, nor 9 relates to everything via S.

12.4.12 To make sure that a tableau does not close, it is necessary to ensure
that all the rules that can be applied have been applied, that is, that every
branch is complete. (A completed branch is not necessarily finite.) It is not
entirely obvious for first-order tableaux, and for all the other tableaux
with which we will be concerned in this part of the book, that complete
branches can always be constructed. A simple algorithm (not necessar-
ily the most efficient) for ensuring that every rule that can be applied is
applied is as follows. (1) For each branch in turn (there is only a finite
number at any stage of the construction), we run down the formulas on
the branch, applying any rule that generates something not already on the
branch. (In the case of a rule such as UI, which has multiple applications,
we make all the applications possible at this stage.) (2) We then go back
and repeat the process. (Needless to say, it is only a few rules - UI in the
case of classical first order logic - where repeating the process with for-
mulas already traversed in this process may produce something new on a
branch.)

12.4.13 The tableaux are sound and complete with respect to the semantics.
This is proved in 12.8.

12.4.14 In understanding the behaviour of quantifiers in a logic, per-
haps the most important thing is to know how they interact with the
propositional operators. In classical logic, the interactions are as follows.
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‘A -+ B’ means ‘A+ B and B+ A’. C is any closed formula. A * at the end of
a line indicates that the converse does not hold, in the sense that there are
instances that are not valid. (So, for example, in the first line for Negation,
if A is Px, we have —VxPx ¥ Vx—Px.) Where the converse does not hold, there
is often a restricted version involving a closed formula that does. Where
this exists, it is given on the next line. Verification of all these facts is left
as an exercise.

1. No Operators
(a) vxC —-C
(b) IxC H+-C
2. Negation
(a) Vx—AF —VxA*
(b) —VxC - Vx—C
(c) —3xA+ Ix-A*
(d) Ix—C + —-3xC
(e) —3IxA - Vx—A
(f) —VXA 4 Ix—A
3. Disjunction
(a) VXAV VxBF Vx(AVB)*
(b) VX(AVv C) - VXAV C
(c) 3IXA v 3xB - Ix(A v B)
(d) VXAV VXBF Ix(AV B) *
(e) VX(AVv B) F+3xAv 3IxB*
4. Conjunction
(a) VXA A VxXB - Vx(A A B)
(b) 3x(AAB) - 3IXA A IXB*
() IAACHE IXAAC)
(d) VXAAVXBH Ix(AAB)*
(e) VX(AAB) - 3IxAA3xB*
5. Conditional
(a) Vx(A D B) - VxA D VxB*
(b) C > VxBF Vx(C D B)
(c) A > 3xB+ IX(A D B) *
(d) 3x(C>B)FC > 3xB
(e) VX(A D> B) - 3xA > IxB*
(f) IXA D CH VXA DC)
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(g) VXA D VXBF IX(ADB)*
(h) IKADOFWADC

Most of the logics we will be considering in this book agree with classical
logic in cases 1-4, though 1 breaks down in free logic, and there are some
very significant differences in cases 2 and 3 (negation and disjunction) for
intuitionist logic. In case 5, however - as one might expect in the light of
Part I - nearly all the logics diverge (for the appropriate conditional (-3, 1,
—, etc.)).

12.5 Identity

12.5.1 In this section we consider the behaviour of the identity predicate.
We can take this to be one of the binary predicates, say P9. It is normally
written as =, and written between its arguments, not to the left of them,
thus: a; = a,.Iwill follow this convention. a; # ay is an alternative notation
for —a; = ay.

12.5.2 In any interpretation, (D,v), v(=) is {(d,d): d € D}. That is, (d, ) is in
the denotation of the identity predicate, just if d is e.

12.5.3 The tableau rules that need to be added to handle = are as follows:

a=>b
l Ax(a)

a=a {
Ax(b)

The first rule says that we can always add a line of the form a = a. In the
second, which is called the Substitutivity of Identicals (SI), A is any atomic
sentence distinct from a = b. (It could be any sentence, but this is enough,
and makes for more manageable tableaux.) As usual, the two lines above
the arrow can occur in any order, and do not have to be consecutive.

12.5.4 SI says, in effect, that when we have a line of the form a = b we
can substitute b for any number of occurrences of a in any line (above or
below) with an atomic formula. Thus, suppose that the line is of the form
Saa. This is (Sxa)x(a), (Sax)x(a), and (Sxx)x(a). Hence, we can apply the rule
to get, respectively, (Sxa)x(b), (Sax)x(b), and (Sxx)x(b); that is, Sha, Sab, and
Sbb. Note that one cannot check a line of the form a = b to indicate that
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one has finished with it, since one may have to come back and apply it to
a new formula of the form A(a). But, as for Ul, one can keep track of the
lines to which it has been applied.

12.5.5 The first identity rule has two functions. The first is to close any
branch with a line of the form a # a. The second is to allow us, given an
identity, to interchange a and b:

SIS
Il
SES

<« |l

[ayl
Q

(The last line is obtained by substituting b for the first occurrence of a in
the second line.) This allows us to close any tableau with lines of the form
a =bandb # a, and also to apply SI substituting a for b, instead of the other
way around. In practice it is simplest to forget the lines of the form a = g,
but to close all branches that contain a line of the form a # a, or lines of
the form a = b and b # a, and to apply SI to the constants on both sides of
an identity. [ will follow this procedure.

12.5.6 We will meet tableau for identity many times in this book. The com-
ments of 12.5.4 and 12.5.5, in the appropriate form, should be taken as
carrying over to all of these.

12.5.7 Here is a tableau to show that -a =b D (3xSxa D (a = a A 3xSxb)).

—(a =Db D (IxSxa D (a = a A IxSxb)))
a=>b
—(3xSxa O (a = a A 3AxSxb))
IxSxa
—(a = a A 3xSxb)

Sca
i N
—a=a —3xSxb
X Vx—Sxb
—Sch

Scb

X
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The last line on the right branch is obtained by SI, with the identity on line
two being applied to line six.

12.5.8 Here is another example to show thata = b ¥ Vx3y(Py A x = ).

a=>b
=VxIyPy Ax =)
Wd—-FyPy Ax=Yy)
~Iy(Py Ac =)
Vy—(Py Ac =)
—=(PcArc=¢c)

—(PbAc=D)
—Panc=aqa)
Ve N
—Pc —c=¢
v \ x
—-Pb —-c=Db
v N\ v N
—Pa —-c=a —Pa —-c=a

Since there are no atomic formulas other than a = b on any branch, there
are no applications of SI to be made.

12.5.9 To read off a counter-model from an open branch, we proceed as
before, except that whenever we have a bunch of lines of the form a = b,
b = ¢, etc., we choose one of the constants, say, a, and let all the constants
in the bunch denote 9,. It does not matter which constant was chosen from
those said to be identical, since SI has been applied as often as possible.

12.5.10 Thus, in the interpretation given by the leftmost open branch of
the tableau in 12.5.8, D = {9,, 0.}, v(a) = v(b) = 94, v(c) = 9., and v(P) is
given by the following table:

so that v(P) = ¢. I leave it as an exercise to check that this counter-model
works.

12.5.11 The soundness and completeness of the tableaux are proved in 12.9.
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12.6 Some Philosophical Issues

12.6.1 The semantics we have been considering, though orthodox, are not
without their problems. In this section, we will consider some.

12.6.2 Itis standard to read 3x as ‘There exists an x such that’, in which case
3xA expresses the fact that there exists something that satisfies A. Since the
domain of quantification is non-empty, Ix(A v —A) is a logical truth, and
expresses the fact that there exists something which satisfies either A or
its negation - or simply that something exists. This hardly seems to be a
logical truth. It would seem entirely possible that there should be nothing.
To avoid this, we could allow the domain of quantification to be empty,
but we would then be unable to assign constants any denotation. Perhaps
the natural remedy for this is to allow v to be a partial function (so that
it may have no value for some constants). We will return to this matter in
chapter 21, when we consider logics with truth value gaps.

12.6.3 The fact that the denotation function is always defined also makes

the following inference valid:
Ax(a) E IxA

Now, presumably, it is true that Pegasus does not exist. But the conclusion
that there exists something that does not exist is certainly false.

12.6.4 One might suspect that something funny is going on in this example,
on the ground that existence is not a real predicate. But there seem to be
other true sentences containing names that do not denote existent objects,
which have nothing to do with existence, and where it is wrong to generalise
existentially. Thus, consider the following:

1. Sherlock Holmes lived in Baker St.
2. Sherlock Holmes is a character in a work of fiction.
3. I am thinking about Sherlock Holmes.

In the case of the first of these, one might claim that it is not really true.
What is true is that:

In the novels by Arthur Conan Doyle, Sherlock Holmes lived in Baker St.
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But this still gives us a true sentence about Sherlock Holmes, so the problem
has not been solved. In the second and third cases, not even this move seems
available.

12.6.5 The semantics of first-order logic also validates the general law of
the substitutivity of identicals (see 12.9.2):

a= b,Ax(a) E Ax(b)

(I will also abbreviate this general form as SL) There are a number of
apparent counter-examples to this, such as the following:

a = b, ‘a’ is the first letter of the alphabet; so ‘b’ is the first letter of the
alphabet.

The standard response to this is to say that the context
‘... is the first letter of the alphabet

and similar quotational contexts, are not predicates in the sense of first-
order logic. That is, the claim that ‘a’ is the first letter of the alphabet is not
about a at all. “ ‘a’” simply refers to the letter ‘a’; the referent of ‘a’ itself is
irrelevant.

12.6.6 Other examples are not so easily defused. Thus, suppose that I show
you a picture of a baby. Let us call the person involved a. I then show you
a picture of an adult. Let us call the person involved b. Suppose that, as a
matter of fact, a and b are the same person (at different stages of her life).
Then a = b and a is a baby; but it is not true that b is a baby.

12.6.7 It is natural to try to solve this problem by bringing time into the
matter explicitly. There are two obvious ways this can be done, depending
on whether we understand the sentence ‘a is a baby’ as:

a-at-time-t is a baby
or as
a is a-baby-at-time-t

(where t is the time when the photograph was taken). Some deep meta-
physical issues hang on this difference, but these need not concern us
here. In either case SI can now be admitted: b-at-time-t is a baby, and b
is a-baby-at-time-t.
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12.6.8 There are cases where even this move is not available, however. Sub-
stitution into intentional contexts (that is, contexts containing predicates
for certain kinds of mental states) causes problems of the following kind.
The real name of the novelist George Eliot was ‘Mary Anne Evans’. For many
years I knew that George Eliot was a novelist; I had no idea that Mary Anne
Evans was a novelist. And I knew that George Eliot was George Eliot; I had
no idea that George Eliot was Mary Anne Evans. And from time to time I
thought about George Eliot, but I was not thinking about Mary Anne Evans.

12.6.9 We will return to a number of these problems in subsequent
chapters.

12.7 Some Final Technical Comments

12.7.1 Before we finish, let me comment on a few topics of a more technical
nature. These remarks can be omitted without loss of continuity.

12.7.2 We have dealt so far with tableaux for finite sets of premises. The
tableau technique can be extended to apply to arbitrary sets of premises.
If there are any premises at all, we form them into a (possibly infinite)
list.* We start the tableau with just the negation of the conclusion. Then at
regular intervals in applying the rules - say, at the end of every cycle in the
algorithm described in 12.4.12 - we add to each open branch of the tableau
the first premise on the list that has not so far been used. In this way, every
premise gets added to every open branch sooner or later. When applying
PI in tableaux constructed in this way, it is important that the constant
employed be not just new to the branch, but new to all the premises, as
well. Since it is possible for all of the constants in the language to occur
in an infinite number of premises, we may have to augment the language
with a set of new constants, ¢;, for every natural number i, to make the

construction of the tableaux possible.

12.7.3 Note that when the number of premises is finite, constructing the
tableau in this way gives exactly the same result as constructing it the usual
way. All that might be affected is the order in which rules get applied, and,
as we know from 12.4.4, this does not matter.

4 It is not entirely obvious that this can be done, but that it can be follows from a few
elementary facts about cardinality.
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12.7.4 The proofs of soundness and completeness for the finite case carry

over with only very minor modifications to the new construction.

12.7.5 The Compactness Theorem states that whenever X F A then there is
a finite subset of ¥, ¥’, such that ¥’ = A. This is an almost immediate

consequence of the Soundness and Completeness Theorems.

12.7.6 The Lowenheim-Skolem Theorem (in one form) states that any invalid
inference has a counter-model with a countable domain. That is, the mem-
bers of the domain can be made into a list of the form d1, d3, d3, . . . (possibly
containing repetitions). This is, again, almost an immediate corollary of the

Soundness and Completeness Theorems.
12.7.7 The proofs of all of the above facts are spelled out in 12.10.

12.7.8 It should be noted that the comments in this section apply quite
generally to all the systems of logic we will be concerned with in this part
of the book which have sound and complete tableau systems.® I will not

reiterate the points for each system we deal with.

12.8 *Proofs of Theorems 1

12.8.1 In this section, we prove the soundness and completeness of the
tableaux without identity. In the next section, this is extended by the addi-
tion of identity. Some important corollaries are inferred in the section after

this. We start with a couple of important lemmas.

12.8.2 LEMMA (LocALity): Let 31 = (D,vq1), J2 = (D, v2) be two interpreta-
tions. Since they have the same domain, the language of the two is the
same. Call this L. If A is any closed formula of L such that v; and v, agree on
the denotations of all the predicates and constants in it then:

v1(A) = v2(A)

Proof:
The result is proved by recursion on formulas. For atomic formulas:

viPay...ap) =1 iff  (vi(a1),...,v1(an)) € v1(P)
iff  (v2(a1),...,v2(an)) € v2(P)
iff Uz(PCLl . ..an) =1

5 The same is true of logics with sound and complete axiom systems, though in this case
the Lowenheim-Skolem Theorem is harder to prove.
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The induction cases for the connectives are straightforward, and are left as
exercises. The case for the universal quantifier is as follows. That for the
particular quantifier is similar.

v1(VxB) =1 iff foralld e D, vi(By(kg)) =1
iff foralld e D, va(Bx(kg) =1 (%)
iff vy (VxB) =1

The line marked (*) follows from the induction hypothesis (IH), and the fact
that vy (k) = va(kg) = d. |

12.8.3 LEMMA (DENOTATION): Let 3 = (D, v) be any interpretation. Let A be
any formula of L(J) with at most one free variable, x (though it can have mul-
tiple occurrences), and a and b be any two constants such that v(a) = v(b).
Then:

v(Ax(@)) = v(Ax(b))

Proof:

The proof is by recursion on formulas. For atomic formulas (I assume that
the formula has one occurrence of ‘a’, distinct from each a;, for the sake of
illustration):

viPay...a...ap) =1 iff (v(a1),...,v(@),...,v(ay)) € v(P)
iff (v(@1),...,v(),...,v(an)) € v(P)
iff vPai...b...ap) =1

The argument for connectives is straightforward. The case for the universal
quantifier is as follows. That for the particular quantifier is similar. Let A be
of the form VyB. If x is the same variable as y then A has no free occurrences
of x. Hence, Ax(a) and Ax(b) are just A, and the result is trivial. So suppose
that x and y are distinct variables. Note that, in this case, (VyB)x(c) is the same
as Vy(Bx(c)). (It does not matter whether you take B, make the substitution,
and then stick the quantifier on the front, or do these things in the reverse
order. The result is the same.) Similarly, (Bx(c))y(a) is the same as (By(a))x(c).
(Each is the result of substituting ¢ for x and a for y. The order in which one
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does this does not matter.) So:

v(VyB)x(@) =1 iff v(¥yBx(a)) =1
iff foralld e D, v((Bx(a))ykg) =1
iff foralld e D, v((By(kg)x(a) =1
iff foralldeD, v(Byky)x(d) =1 (IH)
iff foralld e D, v(Bx(b)ykg) =1
iff  v(YyBx(b))) =1
iff  v((VyB)x(b)) =1

12.8.4 COROLLARY: Let J be any interpretation. Let C be any set of constants
such that every object in the domain of quantification has a name in C.
Then:

v(VxA) = 1iffforallc € C, v(Ax(c)) = 1
v(3xA) = 1 iff for some ¢ € C, v(Ax(c)) =1

Proof:
Here is the proof for V. The proof for 3 is similar.

Suppose that v(VxA) = 1. Then for all d in the domain of quantification,
v(Ax(kq)) = 1. Consider any ¢ € C. For some d in the domain v(c) = d = v(ky).
By the Lemma, v(Ax(c)) = 1.

Conversely, suppose that v(¥xA) = 0. Then for some d in the domain,
v(Ax(kq)) = 0. By assumption, there is a ¢ € C such v(c) = d = v(ky). By the
Lemma, v(Ax(c)) = 0. [ |

12.8.5 SoUNDNESS LEMMA: Consider any initial segment of a branch of a
tableau. Suppose that some interpretation, 3 = (D, v), makes every for-
mula on the branch true. If we apply a rule of inference to the branch
then it produces at least one extension of the branch such that there is an
interpretation, J’, which makes all the formulas on that extension true.

Proof:
To prove this, we consider each rule in turn. The cases for the connectives
are the same as in the propositional case (1.11.2), and 3’ can simply be taken

to be 3. Hence, we need consider only the rules for quantifiers. Suppose that



Classical First-order Logic

we apply the rule:
—VxA

l

Ix—A

J makes —VxA(x) true. Hence, 7 makes VxA(x) false. So there is some d € D
such that Ay (kg) is false. That is, —Ay(kg) is true. So J makes 3x—A true. We
can therefore take 7’ to be J. The argument for the other rule concerning
negation is the same.

Suppose we apply the rule:

VXA

1

Ax(a)

Since J makes VxA true, for all d € D, J makes Ay (k;) true. Let d be such that
v(a) = v(ky). By the Denotation Lemma, J makes Ay (a) true. Hence we can
take 7’ to be J.

Suppose that we apply the rule:

IxXA

l

Ax(0)

J makes 3xA true. Hence there is some d € D such that J makes A, (kg) true.
Let 3’ = (D,V’) be the same as J, except (if necessary) that v'(c) = d. Since ¢
does not occur in A, (kg), 3’ makes Ay (kq) true, by the Locality Lemma. Since
V() =d = v'(kg), 3’ makes Ay (c) true, by the Denotation Lemma. And since
¢ does not occur in any other formula on the branch, 3’ makes all other
relevant formulas true as well, by the Locality Lemma. |

12.8.6 SOUNDNESS THEOREM: For finite ¥, if ¥ - A then T E A.

Proof:

Suppose that ¥ ¥ A. Then there is an interpretation, J, which makes all
members of ¥ true and A false. Consider any completed tableau for the
inference. J makes all the formulas on the initial list of the tableau true.
When we apply a rule to the list, we can, by the Soundness Lemma, find
at least one of its extensions such that there is an interpretation, J’, which
makes every formula on the extension true. Similarly, when we apply a rule
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to this, we can find at least one of its extensions, and an interpretation, J”,
which makes all the formulas on it true; and so on. By repeatedly applying
the Soundness Lemma in this way, we can find a whole branch, B, such
that for every initial section of it (and so the whole branch itself if this is
finite) there is an interpretation which makes every formula on the section
true. Now, if B were closed, it would have to contain some formulas of
the form B and —B, and these must occur in some initial section of B.
But this is impossible, since we would then have an interpretation where
v(B) = v(—B) = 1, which cannot be the case. Hence, the tableau is open,
ie., X FA. [ ]

12.8.7 DEFINITION: Suppose that we have a tableau with an open branch, 5.
Let C be the set of all constants on 5. The interpretation induced by B is the
interpretation (D, v), defined as follows: D = {9,: a € C}.° For all constants,
a, on B, v(a) = 9,. For every n-place predicate on B, (da,, ..., da,) € v(P) iff
Pa; ...ay is on B. (If a constant or predicate is not on 5, its denotation does
not matter, by the Locality Lemma.)

12.8.8 COMPLETENESS LEMMA: Given the interpretation specified in 12.8.7,
for every formula A:

if Aison Bthen v(A) =1
if A is on B then v(A) =0

Proof:
The proof is by recursion on formulas. For atomic formulas:

Paj...apisonB = (da,,...,0q,) € v(P)
= (v(@y),...,v(ay)) € v(P)
= vlPaq...ap) =1

—Pa;...apison B = Pay...ayisnoton B (B open)
= (0ay>---»0a,) ¢ v(P)
= (v(@),...,v(@an)) ¢ v(P)
= v(Paj...an) =0

6 Note that this must be non-empty. If the formulas on the initial list contain no constants,
they must contain quantifiers. And when we get around to applying the quantifier rules
to these, they will introduce at least one new constant, whether the quantifiers are
universal or particular.
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For the propositional connectives, the argument is as in the propositional
case (1.11.5). Here is the case for 3. The case for V is similar. Suppose that 3xA
is on the branch. Then for some c, Ax(c) is on the branch. By IH, v(Ax(c)) = 1.
For some d € D, v(c) = d. But v(ky) = d. Hence, v(Ax(ks)) = 1, by the
Denotation Lemma. That is, v(3xA) = 1. Suppose that —3xA is on the branch.
Then so is Yx—A. So for all ¢ € C, —Ax(c) is on the branch and so v(Ax(c)) =0
(by IH). If d € D, then for some ¢ € C, v(c) = v(kgq). Hence, v(Ax(kg)) = 0, by
the Denotation Lemma. Thus, v(3xA) = 0. [ |

12.8.9 CoMPLETENESS THEOREM: For finite X, if ¥ £ A then X + A.

Proof:

Suppose that ¥ ¥ A. Construct a tableau for the inference. Define the inter-
pretation as in 12.8.7. By the Completeness Lemma, this makes all the
members of ¥ true and A false. Hence, T ¥ A. |

12.8.10 CoROLLARY: Given a tableau for an inference, it does not matter in
what order you apply the rules; the result will always be the same.

Proof:

Suppose, for reductio, that you have two tableaux for the inference, T; and
T,, such that T is open and T, is closed. Choose an open branch of Ty. Let
J be the interpretation it induces. By the Completeness Lemma, this makes
all the premises and the negation of the conclusion true. Now take J, and
apply it to T, as in the argument of the proof of the Soundness Theorem.
It follows that T, is open. Contradiction. [ ]

12.9 *Proofs of Theorems 2

12.9.1 We now extend the results of the previous section to incorporate
identity. First, note that the proofs of the Locality and Denotation Lemmas
are unaffected by taking one of the predicates in the language to be identity.
These lemmas therefore continue to hold.

12.9.2 COROLLARY OF DENOTATION LEMMA:

a = b,Ax(Cl) E Ax(b)

283



284

An Introduction to Non-Classical Logic

Proof:

Suppose that a = b and Ax(a) are both true in an interpretation, (D, v). Then
v(a) = v(b). By the Denotation Lemma, v(Ax(a)) = v(Ax(b)). Hence, Ax(b) is
true in the interpretation. |

12.9.3 SOUNDNESS THEOREM: For finite ¥, if ¥ - A then T E A.

Proof:
The Soundness Lemma is proved as in 12.8.5. There are two new cases, one
for each of the identity rules. For the first, (v(a), v(a)) € v(=).Soa = ais true
in every interpretation, and we may simply take 7’ to be 7. For SI: suppose
that a = b and Ax(a) are both true in J. Then Ax(b) is true in J, by 12.9.2.
Hence, we can take 7' to be 7.
The Soundness Theorem follows from the Soundness Lemma as in 12.8.6.
|

12.9.4 DEFINITION: Given any completed open branch, B, of a tableau with
identity, the interpretation induced by it, (D, v), is defined as follows. Let
C be the set of constants on the branch. Let a ~ b iff ‘a = b’ is on B. It is
easy to check that ~ is an equivalence relation. Let [a] be the equivalence
class of a.

D ={[a]: a € C}
v(a) = [a]

(So in the construction of 12.5.9, [a] is playing the role of 9,.) For any
predicate, P, other than identity:

([a1],...,[an]) € v(P) iff the formula Pa; ...a, occurs on 5.

(The interpretation of the identity predicate needs no specification, since it
is always the same.) Note that v(P) is well defined. For if, say, [a] = [c], then
a~c;soPaq...a...a, occurs on the branch iff Pa; ...c...a, does, because
of SI.

12.9.5 CoMPLETENESS THEOREM: For finite X, if ¥ £ A then X F A.

Proof:

We prove the Completeness Lemma using the notion of induced interpre-
tation of 12.9.4. The proof is exactly the same as before (12.8.8), except for
the basis cases. (For the quantifiers, note that every object in the domain,
[a], still has a name on the branch - in fact, multiple names: every member
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of the equivalence class.) The basis cases now go as follows. If P is not the
identity predicate:

Paj...apison B = {[a1],...,[as]) € v(P)
= (v(d1),...,v(ay)) € v(P)
= v(Paj...ap) =1

—Paq...a,ison B Pa;...a, is not on B (B open)
([al]’ D] [an]) ¢ \)(P)
(v(@1),...,v(an)) ¢ v(P)

viPai...an) =0

A

For the identity predicate:

a1 =azisonB = a;~ay
= [a1] = [a2]
= v(a) =v(a2)
= var=ay) =1

—a1 =ayisonB = aq=ayisnotonpB (B open)
= itis not the case thata; ~ ay
= la1] # [az2]
= v(a1) #v(a2)
= v@ay=a)=0
The Completeness Theorem follows from the Completeness Lemma, as in
12.8.9. |

12.10 *Proofs of Theorems 3

12.10.1 THEOREM: The tableaux for arbitrary sets of premises (with or
without identity) given in 12.7.2 are sound and complete with respect to
inferences with arbitrary sets of premises.

Proof:

The proof of completeness is exactly the same as in the finite case. The proof
of soundness requires a minor modification. We reformulate the Soundness
Lemma (the additions are italicised):

Consider any initial segment of a branch of a tableau. Suppose that some
interpretation, J = (D, v), makes every member of £ and every formula on the
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branch true. If we add a member of T to a branch or apply a rule of inference
to the branch then it produces at least one extension of the branch such
that there is an interpretation, 7', which makes every member of ¥ and all
the formulas on that extension true.

The proof is as in 12.8.5. There is one extra case to consider, namely
when we add a member of T to the branch. In this case, we can just take J’
to be J.

The Soundness Theorem now follows from the Soundness Lemma exactly
asin 12.8.6. |

12.10.2 CoMPACTNESS THEOREM: If ¥ E A then there is a finite subset of X,
¥/, such that ¥’ F A.

Proof:

Draw up the tableau for the inference. Since the inference is valid the
tableau will close. Each branch closes after a finite number of steps. By
Konig’s Lemma, the whole tableau will close after a finite number of steps.”
In particular, only a finite subset of members of =, ¥, will have been used.
This shows that &' - A, that is, ' £ A by the Soundness Theorem. |

12.10.3 LOWENHEIM-SKOLEM THEOREM: If ¥ ¥ A the inference has a counter-
model where the domain is countable.

Proof:

Since the tableau does not close, it has an open branch. Define the counter-
model as in the Completeness Lemma. We can list all the constants on
the branch in the following way. We start with all the constants in the
first formula on the branch. We then add any new constants in the second
formula, and so on. Suppose this list is: ag, a1, az,... (If we run out of
constants, we can merely recycle one an infinite number of times.) The list

7 Konig’s Lemma says that a tableau with an infinite number of nodes has a branch with
an infinite number of nodes (and conversely, if every branch is finite, so is the whole
tableau).

The proof of Konig’s Lemma goes as follows. Suppose that the tableau is infinite.
Consider the first node, ngy. This must have an infinite number of nodes below it. If it
has one immediate descendant, this must have an infinite number of nodes below it. If
it has two immediate descendants, at least one of them must have an infinite number
of nodes below it. In either case, there is an immediate descendent with an infinite
number of nodes below it, n1. Repeat the argument for nq, and so on. In this way we
obtain a sequence of nodes ng, nq, ny,...This is an infinite branch.
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v(ap), v(ay), v(az),...is a list of all the objects in the domain (whether or not
the tableau contains identity). |

12.11 History

Quantifiers were invented by Frege in his Begriffsschrift (translated in Bynum,
1972), and at about the same time by C. S. Peirce (see Berry, 1952),
though Peirce’s work had little impact at the time. Before that, what we
would now think of as quantifier phrases were treated quite differently. In
Medieval logic, they were handled by something called the theory of sup-
position and related notions (see Read, 2006). Quantifiers that can stand
in object places, as in this chapter, are called ‘first-order’; so the log-
ics containing them are called ‘first-order logics’. Frege’s system also had
quantifiers that could stand in predicate places, thus: 3X Xa. Such quanti-
fiers are called ‘second-order’, and the logics containing them are called
‘second-order logics’.

Reasoning employing identity can be found in Ancient Greek geometry
(e.g., ‘things equal to the same thing are equal to one another’, ‘if equals are
added to equals the wholes are equal’, Euclid, Book I, common notions 1 and
2); but identity did not come to be a part of logic until about the time of Leib-
niz, who endorsed both SI and its converse, thus: a = b = VX (Xa = Xb). (On
the logic of Leibniz, see Kneale and Kneale, 1975, V.2 and V.3.) This equiva-
lence can be used to provide a definition of identity in classical second-order
logic, and is, in fact, how Frege handled identity. The treatment of identity
in this chapter, as a self-standing notion, is due to Hilbert and his school.
(See Hilbert and Ackermann, 1928.)

Versions of the Lowenheim-Skolem Theorem were produced by Lowen-
heim (1915) and Skolem (1920). The Compactness Theorem was first proved
by Godel (1930). For the record, it is so called because the compactness
theorem for classical propositional logic is equivalent to the compactness
theorem - in the topological sense - for Stone Spaces. (Both the Léwenheim-
Skolem and the Compactness theorems fail for standard second-order logic.)

12.12 Further Reading

For treatments of first-order logic based on tableaux, see Jeffrey (1991),
Howson (1996), or Restall (2006). For a brief philosophical discussion of
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quantification, identity, and some of their philosophical problems, see
Priest (2000), chs. 3 and 9.

12.13 Problems

1. Check the details omitted in 12.3.4, 12.4.11 and 12.5.10.

2. By constructing appropriate tableaux, show the following:
(a) VxPx - VyPy
(b) IxJySxy - FyIxSxy
(c) —3xXA - V¥x(A D B)

(d) VxC F Vx(A D (BVv C))

3. Construct tableaux to check the following. If the tableau does not close,
construct a counter-model from the open branch and check that it
works. If the tableau is infinite, see if you can find a simple finite
counter-model by trial and error.
(a) Vx(Px D Qx),3x—Px - Vx—Qx
(b) Vx(Px D JySxy) b VxIy(Px D Sxy)
(c) VYxPx D VyQy - Vx(Px D VyQy)
(d) 3x(Px D VyQy) |+ IxPx D VyQy
(e) - Vx3IySxy D IxSxx
(f) Ix—JySxy - IxVySxy

4. Check all the facts in 12.4.14.

5. Show the following:
(@) Fa=a
() ra=b>b=a
(€ F@a=b)Ab=0)D@=0
(d) Vx(x=a D> Px)F Pa
(e) Pat-Vx(x =a D Px)
(f) Ix(x =a APx)+ Pa
(g) Pat Ix(x = a A Px)

6. Determine the truth of the following. If the inference is invalid, use an
open branch to specify a counter-model for the inference.
(a) IxPx, VxVy((Px APy) D x =y) - Ix(Px AVY(Py D x =Y))
(b) Vx(Px D x =avx=Db)),a=bvb=cvc=alPc
(c) IXPxAVYPy Dx=y) FIxVyPy=x=1y)

(d) Ix(VzSxz A Vy(VzSyz D x = ¥)) F Ix3y(—=Sxy A —Syx)
(e) IxVy(Py = x =y) - IxPx AVXVy((PX APy) D x =)
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7. How might one reply to the objections of 12.6.2-12.6.4 and 12.6.8?
8. Show that - 3x(3yPy O Px) and + Ix(Px D VyPy). Reading ‘>’ as ‘if ...

10.

11.

then’, evaluate the plausibility of these inferences.

*Check the details omitted in 12.8, 12.9 and 12.10.

*Show that a = b, Ax(a) F Ax(b). (Hint: use 12.9.2 and the Soundness and
Completeness Theorems.)

*In the proof of the Soundness Theorem, given any open branch, we
construct a sequence of interpretations, J, 7, 3”,..., such that for any
initial section of the branch, a member of the sequence makes all the
formulas on it true. Use the sequence to define a single interpretation

that makes every formula on the whole branch true.
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13 Free Logics

13.1 Introduction

13.1.1 The family of free logics is a family of systems of logic that dispense
with a number of the existential assumptions of classical logic.

13.1.2 In this chapter, we will look at the semantics of, and tableau systems

for, various free logics.

13.1.3 We will then discuss how these logics handle some issues concerning

existence.

13.1.4 Until further notice, we assume that the language does not contain
the identity predicate. In the final part of the chapter, we will see how its

addition affects matters.

13.2 Syntax and Semantics

13.2.1 The vocabulary of free logic is the same as that of classical first-order
logic, except that we single out one of the one-place predicates for special
treatment. Let this be P?. We will write this as ¢, and think of it as an

existence predicate. Thus, €a can be thought of as ‘a exists’.

13.2.2 An interpretation for the language is a triple (D, E, v), where D is a
non-empty set, and E (the ‘inner domain’) is a (possibly empty) subset of D.
One can think of D as the set of all objects, and E as the set of all existent
objects. Thus, one might think of D as containing objects such as Sherlock
Holmes, Pegasus and Julius Caesar. Only the last of these would be in E.

13.2.3 Asin classical logic, v assigns every constant in the language a mem-
ber of D, and every n-place predicate a subset of D". In any interpretation,
v(¢) =E.
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13.2.4 The truth conditions for closed sentences in the language of an inter-
pretation, J, are given in exactly the same way as in classical logic (12.3),
except for those of the quantifiers, which are as follows:

v(VxA) = 1iff for all d € E, v(Ax(kz)) = 1 (otherwise it is 0)
v(3IxA) = 1 iff for some d € E, v(Ax(k;)) = 1 (otherwise it is 0)

13.2.5 An inference is semantically valid if it is truth-preserving in all
interpretations, as in classical logic.

13.2.6 Note that we have the free analogue of 12.3.5. If C is some set of
constants such that every object in D has a name in C, then:

v(VxA) = 1 iff for all ¢ € C such that v(&c) = 1, v(Ax(c)) = 1 (otherwise it is 0)
v(3xA) = 1 iff for some ¢ € C such that v(&c) = 1, v(Ax(c)) = 1 (otherwise
it is 0)

The proof is, again, a simple corollary of the Denotation Lemma, and is
given in 13.7.14. The result carries over to all logics with a domain of
quantification circumscribed by an existence predicate, and [ will not keep

mentioning the fact.

13.3 Tableaux

13.3.1 The tableaux for free logic are the same as those for classical logic,
except that the rules of universal and particular instantiation are now
formulated as follows:

VxA IxA
AN !
—¢a Ax(a) &c
Ax(0)

a is any constant on the branch (choosing a new constant only if there are
none there already); c is a constant new to the branch.
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13.3.2 Here is a tableau to demonstrate that VxPx, 3xQx F 3x(Px A Qx).

VxPx
IxQx
—3Ax(Px A Qx)
Vx—(Px A Qx)
Ec
Qc
v N\
—&c Pc
X v N
=& —=(Pc Qo)
X v N\
—Pc —=Qc
X X

The new rule for particular instantiation is applied at lines five and six.
The new rule for universal instantiation is applied the first two times the
tableau splits.

13.3.3 Here are two more tableaux, showing that Pa ¥ 3xPx, and
¥ Ax (Px v —Px).

Pa —3x(Px v —Px)
—3xPx Vx—(Px v —Px)
Vx—Px v/ .
VRN —¢a —(Pav —Pa)

—&a —Pa ——=Pa
X —Pa
X

13.3.4 To read off a counter-model from an open branch of a tableau, the
procedure is exactly as for classical logic, and E = v(€). Since every object
in D has a name in the interpretation, and given the definition of E, 13.2.6
assures us that to check that v(3xA) = 1, we just have to show that v(Ax(¢c)) =
1 for some c such that ¢c is on the branch; and to check that v(VxA) = 1, we
just have to show that v(Ax(c)) = 1 for every constant, ¢, such that &c is on
the branch.
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13.3.5 The counter-model determined by the open branch of the first
tableau of 13.3.3 is as follows: D = {94} = v(P), E = ¢ = v(¢), and v(a) = 9,.
In the counter-model determined by the open branch of the second tableau,
D = {03}, E = ¢ =v(€), v(a) = 9,, and v(P) = ¢. It is easy to check that these
work. Details are left as an exercise.

13.4 Free Logics: Positive, Negative and Neutral

13.4.1 As we saw in 12.6.1-12.6.4, if the particular quantifier is interpreted
as expressing existence, classical first-order logic shows to be valid infer-
ences that are intuitively not so. We saw in 13.3.3 that free logic does
not have the same problematic consequences: particular generalisation
fails, since a constant can denote a non-existent object; and the logic is
not committed to the logical truth that something exists, for there are
interpretations where E is the empty set.

13.4.2 The semantics we have been considering allow for non-existent
objects to have positive properties (that is, they may satisfy Px, Qxy, or other
atomic formulas). Thus, for example, it is not hard to construct an interpre-
tation that makes —¢a A Pa true. Free logics of this kind are called positive
free logics. Some have felt it intuitively implausible that a non-existent
object can have positive properties. One can see or kick or run past an exis-
tent object, but one cannot see or kick or run past a non-existent object.
The condition that non-existent objects have no positive properties can be
enforced by adding the following constraint on all interpretations. For any
n, and n-place predicate, P:

(*) If(d1,....dn) € v(P) thend; € v(€), and ...and dy € v(€)

We will call (*) the Negativity Constraint. Logics that impose this constraint
are called negative free logics.

13.4.3 To obtain tableaux for negative free logics, we add the rule:

Pai...a,

1

Eaq

€an
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which we will call the Negativity Constraint Rule (NCR). This gives the charac-
teristic inference of negative free logics, Pa; ...a;...a, = 3xPaj ... x...an:

Pai...q;...a4
—3xPaq...X...a,
Ea;
Vx—Pai...x...a,
e N
—¢a; —Paj...q;...ay

X X

The NCR is applied at line three.

13.4.4 Here is another to show that ¥ (Qab A —=Sac) D ¢&c:

=((Qab A =Sac) D &c)
Qab A —Sac
—&c
Qab
—Sac
¢a
¢b

The last two lines are given by the NCR. We read off a counter-model
as before. Thus, D = {85,8,,3:}, E = {80, 3} = v(€), v(Q) = {{(3z, )}
and v(S) = ¢. It is routine to check that this interpretation satisfies the
Negativity Constraint, and that it is a counter-model.

13.4.5 The tableaux for positive and negative free logics are sound and
complete with respect to their semantics (as proved in 13.7).

13.4.6 Negative free logics are not without their philosophical problems.
In 12.6.4 we noted some apparent counter-examples to the Negativity Con-
straint. One was ‘I am thinking about Sherlock Holmes’. Others of the same
kind are: ‘Homer worshipped Zeus’, ‘Little Johnny fears Gollum (whom he
believes to exist)’. From this perspective, the verbs ‘kicks’ and ‘runs past’ of
13.4.2 look like special cases.
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13.4.7 It has been suggested by some that sentences (in particular, atomic
sentences) that contain names that do not refer to existent objects should
not be uniformly false, but uniformly neither true nor false. Logics which
enforce this idea are often referred to as neutral free logics. To do justice
to the idea one needs a logic with truth value gaps; we will return to the
matter in chapter 21.

13.5 Quantification and Existence

13.5.1 Free logics of the kind at which we have been looking contain names
for non-existent objects, but they do not allow us to quantify over them.
This may be thought somewhat arbitrary, especially given the semantics.
Why not allow quantifiers to range over all objects? Thus, we might add
another kind of quantifier whose truth conditions are exactly the same
as those in classical logic, with domain of quantification D. In tableaux,
these quantifiers would function, of course, just as do quantifiers in classical
logic.

13.5.2 Let us call such quantifiers outer quantifiers, as opposed to the quanti-
fiers with domain E, which are inner quantifiers. If we use 3 and V for the outer
quantifiers, then we need a different notation for inner quantifiers. For the
rest of this section (only) I will use 3% and V¥ for them (the superscript ‘E’
indicating existential loading).

13.5.3 Of course, if one proceeds in this fashion, one must precisely not
read the outer particular quantifier, 3xA, as ‘there exists an x such that A’.
That is how one reads 3°xA. ‘Some x is such that A’ will do nicely as a reading.
Thus, ‘Jx x is a cat’ can be read as ‘Some x is such that x is a cat’, or more
simply, ‘Something is a cat’. The outer universal quantifier, VxA, note, can
still be read as ‘Every x is such that A’. It is the inner quantifier VExA that
now needs to have its standard reading changed to ‘Every existent x is such
that A’. What of the locution ‘there is an x such that A’? Conceivably, one
might use this for either inner or outer particular quantification: we can,
after all, use words to mean whatever we wish, provided that it is clear to all
concerned what we are doing. My own inclination, however, is to use it only

for inner quantification. Doing otherwise invites us to draw a distinction
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between exists and is (existence and being), and to impute to non-existent
objects some different - usually some second-class - kind of existence.! But
if an object is non-existent, it is non-existent. End of story.

13.5.4 The founding fathers of classical logic, Frege and Russell, certainly
read the quantifier 3 as ‘there exists’, and Quine famously took the quanti-
fier to be definitional of existence, in his slogan: ‘to be (= to exist) is to be the
value of a bound variable’. But it is not easy to find arguments that natural
language quantifiers ought always to be understood as existentially loaded,
and there are many places in English where this appears not to be the case.
Suppose, for example, that [ dreamed of an ugly monster last week, and I
dreamed of it again last night. Then it would be quite natural to say that
I dreamed about something last night which I dreamed about last week,
even though that thing does not exist.

13.5.5 A historically influential argument for reading 3 as ‘there exists’ is
based on the claim that existence is not a genuine predicate (in some sense
of ‘genuine’). If this is right, then it would seem that the only mechanism
we have for expressing existence is the quantifier. (Of course, since even
free logics with only inner quantifiers use an existence predicate, this is
just as much an objection to these.) At root, the basis for this claim is the
thought that to predicate anything of an object, it must be there, in some
sense, to be available for predication. Maybe there is some sense in this
thought, but identifying being there with existing is simply question-begging
against someone who takes it that non-existent objects can have properties.
And natural language would seem to have obvious counter-examples to the
claim that an object must exist for one to be able to predicate something
of it. Sherlock Holmes can be thought of without existing, and Zeus can be
worshipped without existing.?

1 A view, incidentally, often attributed - fallaciously - to Meinong. It was an early view
of Russell.

2 A more sophisticated argument against the claim that existence is a genuine pred-
icate is to the effect that, if it were, the Ontological Argument for the existence of
God - and of pretty much anything else - would be sound. But this does not follow.
To run the Argument one needs not only an existence predicate; one needs also the
principle that an object characterised in a certain way has its characterising properties
(the Characterisation Principle). No one can accept this, whether or not existence is a
predicate.
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13.5.6 Two final comments. First, note that inner quantifiers can be defined
in terms of outer quantifiers and the existence predicate. It is easy to check
that the following pairs of sentences have the same truth values:

FExA Ix(ExX AA)
VEXA  Vx(Ex D A)

Thus, in a free logic with outer quantifiers, we can dispense with inner
quantifiers altogether. There is no way of defining outer quantifiers in terms
of inner quantifiers.

13.5.7 Second, if one interprets the quantifiers as outer quantifiers, the
inference of 12.6.3, from Ax(a) to IxA, seems quite unproblematic. The fate
of the inference of 12.6.2 is less clear. One cannot now object to the logical
truth of 3x(A v —A) on the ground that it makes the existence of something
alogical truth. It is less obvious that the logical truth of ‘something satisfies
either A or —A’ is objectionable.

13.6 Identity in Free Logic

13.6.1 Letus now consider how the addition of the identity predicate affects
free logic. The situation is the same whether the language has outer quanti-
fiers or merely inner quantifiers. The simplest and most natural treatment
of'identity in free logic is exactly the same as in classical logic. In any inter-
pretation, v(=) = {(d.d):d € D}. The tableau rules for it are then exactly
the same as in classical logic. In particular, identity has exactly the same
properties as it does in classical logic.

13.6.2 In a thoroughgoing negative free logic, however, this approach will
not be satisfactory. For we will need to apply the Negativity Constraint of
13.4.2 to all predicates, including identity. Thus, a = b will be false if either
a or b does not exist. In particular, a = a will be false if a does not exist.

13.6.3 The semantic and tableau rules for identity must therefore be
changed to make this possible. In particular, the extension of identity
must be restricted to those things in E; so v(=) = {(d.d) : d € E}.% For the

3 Thus, the new relation x = y could be defined in terms of the old one as follows:
X=yAEXAEy(orjustx =y A Ex).
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corresponding tableaux, the first identity rule must be changed to:

(One can call this rule the Self-Identity of Existents, SIE.) The other, SI,
remains the same. We cannot now close a branch simply if we find a line
of the form a # a. But we can, if we find a line of the form &a as well. So, in
practice, we may close a branch under those conditions. Note that we can
still establish the symmetry of identity, as follows:

a=b
¢a

a=a

b=a

The second line is the NCR.

13.6.4 To illustrate the new rules, consider the following tableaux, which
demonstrate that =¢a - —-a=band ¥ (¢ava=a) A (—¢aVva=a):

—¢a —((Gava=a)A(—€aVva=a))
——a=b N
a=">b —(Gava=a) —(—Cava=a)
¢a —¢a ——¢&a
X a#a a#a
¢a
X

In the first tableau, line four is obtained by applying the NCR to line three.
In the second tableau, the right branch closes, but the left branch, which
would have closed with the classical rules for identity, remains open.

13.6.5 Given an open branch of a tableau of this kind, one reads off a
counter-model by combining the procedures for negative free logic (13.4.4)
with those for identity (12.5.8). In particular, given a bunch of identities,
a=Db,b =c,...on abranch, one chooses a single object for all the con-
stants in the bunch to denote. For every predicate, P, excluding identity (but
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including €), (3, ..., da,) € v(P) iff Pa; ... ay is on the branch; E = v(¢); and
v(=) comprises the set of all pairs (d, d), where d is any object in E. The left-
hand branch of the second tableau of 13.6.4 gives the interpretation where
D ={d,}, E=v(¢) = ¢ = v(=), and v(a) = 9,. It is not difficult to check that
this interpretation makes the whole formula false, since it makes the left
conjunct false.

13.6.6 The tableaux for identity, with and without the NCR, are sound and
complete with respect to the appropriate semantics. This is proved in 13.7.

13.6.7 It should be noted that applying the Negativity Constraint to identity
gives rise to further apparent counter-examples of the kind that we have
already met in 13.4.6. It would certainly seem to be false that Sherlock
Holmes = Pegasus. But it would seem to be true that Father Christmas =
Santa Claus - or even that Santa Claus = Santa Claus.

13.6.8 It should also be noted that whichever treatment of identity one
employs, the Substitutivity of Identicals is still valid. Hence, moving to a
free logic does nothing to alleviate the problems about identity noted in
12.6.5-12.6.8.

13.6.9 Let me finish with a couple of observations about the relationship
between classical logic and free logic. With just outer quantifiers, free logic
is just classical logic plus a distinguished predicate for existence. And in pos-
itive free logic, even this predicate satisfies no special semantic conditions.
The only difference is therefore simply one of informal interpretation.

13.6.10 With just inner quantifiers, consider a free logic interpretation -
positive or negative, with or withoutidentity - where D = E; thisis a classical
interpretation. Hence, any inference (not involving ¢) that is valid in the
logic is valid in classical logic. (See 3.2.8.) The converse is not the case, as
we have had several occasions to note.

13.6.11 However, there is a limited relationship in the other direction. Let
the inference with premises ¥ and conclusion A be valid in classical logic.
Let C be the set of constants that occur in A and all members of ¥, and let
IT = {&c:c € C} U {3xe&x}. (The quantified sentence is redundant if C # ¢.)
Then [TU T E A. This is proved in 13.7.13. Note that the quantified member
of I is necessary. For VxPx [~ 3xPx (as may be checked using tableaux), but
this is classically valid.
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13.7 *Proofs of Theorems

13.7.1 In this section, we prove a number of metatheorems for free logic,
in particular, the appropriate soundness and completeness results. Since
these are variations on the classical arguments, this is mainly just a matter
of noting differences. Let us start with positive free logic with only inner
quantifiers, and no identity.

13.7.2 LEMMA (LocaLlty): Let 31 = (D, E, v1), J2 = (D, E, v3) be two interpre-
tations. Since they have the same domain, the language of the two is the
same. Call this L. If A is any closed formula of L such that v; and v, agree on
the denotations of all the predicates and constants in it then:

v1(A) = v (A)

Proof:

The proof is as in 12.8.2. The only things that have changed are the truth
conditions of the quantifiers. In the induction cases for these, ‘d € D’ is
simply replaced by ‘d € E’. |

13.7.3 LEMMA (DENOTATION): Let 3 = (D, E, v) be any interpretation. Let A be
any formula of L(J) with at most one free variable, x, and a and b be any two
constants such that v(a) = v(b) then:

v(Ax(@)) = v(Ax(b))

Proof:

The proof is as in 12.8.3. Again, the only things that have changed are the
truth conditions of the quantifiers. In the induction cases for these, ‘d € D’
is simply replaced by ‘d € E’. |

13.7.4 COROLLARY: Let J be any interpretation. Let C be any set of constants
such that every object in D has a name in C. Then:

v(VxA) = 1 iff for all ¢ € C such that v(&c) = 1, v(Ax(c)) = 1 (otherwise it is 0)
v(3xA) = 1 iff for some ¢ € C such that v(&c) = 1, v(Ax(c)) = 1 (otherwise
it is 0)

Proof:
Here is the proof for V. The proof for 3 is similar.
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Suppose that v(VxA) = 1. Then for all d € E, v(Ax(k;z)) = 1. That is, for
all d € D such that v(€¢kg) = 1, v(Ax(kg)) = 1. Consider any ¢ € C, and
suppose that v(€c) = 1. Let v(c) = d. Then, by the Lemma, v(¢k;) = 1, so
v(Ax(kg)) = 1. That is, again by the Lemma, v(Ax(c)) = 1.

Conversely, suppose that v(VxA) = 0. Then for some d € E, v(Ax(kz)) = 0.
That is, for some d such that v(¢k;) = 1, v(Ax(kz)) = 0. Let v(c) = d. Then,
by the Lemma, v(&c) = 1 and v(Ax(c)) = 0. So it is not the case that for all
¢ € Csuch that v(&c) =1, v(Ax(c)) = 1. [ ]

13.7.5 THEOREM: The tableaux for free logic are sound with respect to their
semantics.

Proof:

The proof is as in the classical case, 12.8.5-12.8.7. The only differences are
in the cases for the quantifier rules in the Soundness Lemma. The changes
in the rules involving negation are entirely trivial. (Again, ‘d € D’ simply
replaces ‘d € E’.) For universal and particular instantiation, we have the
following.

Suppose that 3 = (D, E, v) makes VxA and all other formulas on the
branch true. Then for all d € D, either d ¢ E, or Ax(ky) is true. Let c be
the instantiating constant, and let v(c) = d. In the first case, 7 makes —¢k,
true (and so —¢&c true, by the Denotation Lemma); in the second, it makes
Ax(kg) true (and so Ax(c) true, by the Denotation Lemma). Hence J makes
the next formula on one or other branch true, and we may take 7’ to be 7.

Suppose that 7 makes 3xA and all other formulas on the branch true.
Then for some d, ¢k and Ay (ky) are true. Let ¢ be the instantiating constant,
and let 3’ = (D, E, V') be the same as J, except that v'(c) = d. By the Locality
Lemma, ¢ky and A, (ky) are both true in 3’; and by the Denotation Lemma, ¢c
and Ax(c) are both true in 7'. By the Locality Lemma, 7' makes all the other
relevant formulas true. Hence, we have what we need. |

13.7.6 THEOREM: The tableaux for free logic are complete with respect to
their semantics.

Proof:

The induced interpretation is defined as in 12.8.7, except that, in addition,
E = v(€). The rest of the proof proceeds as in 12.8.8 and 12.8.9. The only
differences concern the quantifier cases in the Completeness Lemma. Here
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is the case for 3. The case for V is similar. C is the set of constants on the
branch.

Suppose that 3xA is on the branch. Then for some ¢ € C, &c and Ax(c) are
on the branch. By IH, v(&c) = 1 and v(Ax(c)) = 1. For some d € D, v(c) = d.
Hence, v(A(k;z)) = v(€ky) = 1, by the Denotation Lemma. That is, for some
d € E, v(Aky)) = 1. So v(FxA) = 1.

Suppose that —3xA is on the branch. Then so is Vx—A. So for all ¢ € C,
either —¢c or —Ax(c) is on the branch. By IH, v(¢c) = 0 or v(Ax(c)) = 0.
Suppose thatd € E. Then v(¢k;) = 1. Let v(c) = d. By the Denotation Lemma
v(&c) = 1, so v(Ax(c)) = 0. That is, by the Lemma again, v(Ax(k;)) = 0. Thus,
v(AXA) = 0. |

13.7.7 THEOREM: The addition of the Negativity Constraint Rule produces
tableaux that are sound and complete with respect to the semantics with
the Negativity Constraint added.

Proof:

The arguments simply add to those of 13.7.5 and 13.7.6. In the Soundness
Lemma, it must be checked that the Negativity Constraint Rule has the
appropriate property. This is immediate. For completeness, it needs to be
checked that the induced interpretation satisfies the Negativity Constraint.
This is almost immediate.

13.7.8 As already observed (13.6.9), outer quantifiers are just classical quan-
tifiers. The soundness and completeness arguments for them are therefore
the classical ones.

13.7.9 We now turn to the addition of identity. [ |

13.7.10 THEOREM: The addition of the classical rules for identity to those
of positive free logic produces a tableau system that is sound and complete
with respect to the semantics.

Proof:
We simply modify the above arguments for soundness and completeness
as the classical case was modified for identity in 12.9. |



Free Logics

13.7.11 THEOREM: The addition of the rules of 13.6.7 to those for negative
free logic give a tableau system that is sound and complete with respect to
the semantics.

Proof:

The proof for negative free logic without identity (13.7.7) is modified as
follows. In the Soundness Lemma we have to check the new identity
rule, SIE:

a=a
Verifying this is easy, and left as an exercise.

For the completeness proof, we define the interpretation induced by an
open branch, B, slightly differently. The relation ~ is defined as follows:

a ~ biff ‘a’ and ‘b’ are the same constant, or ‘a = b’ occurs on B.

It is not difficult to check that this is an equivalence relation. (If ¢a is not on
the branch, then neither is anything of the form a = b, by the NCR. Hence,
[a] = {a}.) E = v(&) = {[a]: €a is on B}; v(=) = {(d.d):d € E}. The rest of the
definition is as in 12.9.4. The argument for the Completeness Lemma is as
in the classical case (12.9.5), except the case for identity, which now goes as
follows:

a1 =azisonB = a3 ~ady
= [m]=laz]
= v(a1) =v(a2)
and ¢€&(aq) and ¢ay areon B (NCR)
= viag =az) =1

If —a1 = ay is on B, there are two cases, depending on whether both of ¢a,

and ¢a, are on B, or one is not. In the first case:

—a; =azisonB = (i)a; =ayisnoton B, and (B open)

(ii) a1 and ay are distinct terms (B open, SIE)
it is not the case that a; ~ ay

[a1] # laz]

v(a1) # v(az)

v(ag=ay)=0

A
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In the second case, suppose that ¢a; is not on the branch. (The case for a; is
similar.) Then v(a;) = [a1] ¢ E. So (v(a1),v(az)) ¢ v(=), and v(a; = ay) = 0,
as required. |

13.7.12 Finally, let us prove the result mentioned in 13.6.11:

13.7.13 THEOREM: Let the inferences with premises ¥ and conclusion A be
valid in classical logic. Let C be the set of constants that occur in A and all
members of X, and let [T = {¢c:c € C} U {Ix¢x}. Then [TU T & A.

Proof:

Suppose that [TU X ¥ A. Let 3 = (D,E,v) be an interpretation (positive
or negative) that makes all the premises true and the conclusion false. In
particular, v(€) # ¢. Let d be some member of v(¢), and let 3’ be the inter-
pretation (D, E,v’), which is the same as J, except that if ¢ ¢ C, v'(c) = d.
By the Locality Lemma, 3" makes every member of ¥ true, and A false. Let
J = (E, u), where u is the same as v/, except that for any n-place predicate,
P, u(P) = v/(P) N E™. This is a classical interpretation (even if the logic is
negative and identity is present). We show that if B is any sentence of L(J),
then B has the same truth value in 3’ and J. The result follows. The proof
is by induction on B. The basis case, and the cases for the connectives are
entirely trivial. The cases for the quantifiers are nearly so. For 3:

uw(@xA) =1 iff forsomed e E, u(Ax(kg)) =1
iff forsomed € E, v(Ax(ky)) =1 (IH)
iff vV(@3xA) =1

The case for Vis similar. [ ]

13.8 History

The name ‘free logic’ is applied to a variety of systems in the literature. I
have concentrated on the most general kind. The first paper about these
was Leonard (1956). The subject was developed by a number of people in
the subsequent decades, but most notably by Leonard’s student, Lambert,
in a series of papers such as 1963, 1967. The most forceful advocate of outer
quantifiers was Routley (1980a).

In Ancient and Medieval logic, it was not assumed that names had to
denote existent objects. And in Medieval logic, sentences of the form *...
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some Ps ..., (e.g., ‘Some Ps may be Qs’), were not necessarily taken to
entail the existence of things satisfying P. (See Read (2006), sect. 4.) The
view that some objects do not exist was also endorsed by writers in the
late nineteenth century by the phenomenological school of Brentano, most
notably, Meinong (1904).

The inventor of quantifiers, Frege, read 3x as ‘there isfexists’ an x such
that’ (see his ‘Function and Concept’ and ‘Concept and Object’, pp. 21-41
and 42-55 of Geach and Black (1960), or pp. 130-48 and 181-93 of Beaney
(1997)). This reading got taken up by Russell (1905) (and later by Quine), in
his analysis of existence. Earlier, Russell had subscribed to the view that
some objects do not exist, though, unlike Meinong, he held that all objects
have some kind of being. (See Priest (2005c), ch. 5.)

The view that existence is not a predicate is usually laid at the door of
Kant in his analysis of the Ontological Argument (Critique of Pure Reason, A598
=B626 ff.). For a brief discussion of the Ontological Argument, the existence
predicate, and the Characterisation Principle, see Priest (2000), ch. 4.

13.9 Further Reading

Good places to go for surveys of free logics are Bencivenga (1986) and
Lambert (2001). The canonical defence of reading 3x as ‘there exists’ is
Quine (1948). This should be read in conjunction with the reply by Rout-
ley (1982). See also Priest (2005), ch. 5. In that book, I use & and 2 -
fractur ‘S’ (some) and ‘A’ (all) - for outer quantifiers, and 3 and V for
inner quantifiers (since the habit of reading 3 as ‘there exists’ is now so
entrenched).

13.10 Problems

1. Check the details omitted in 13.3.5, 13.4.4 and 13.5.6.

2. By constructing appropriate tableaux, determine the truth of the fol-
lowing in positive free logic, where the quantifiers are inner. If the
inference is invalid, read off a counter-model from an open branch of
the tableau, and check that it works.

(a) Vx(Px D Qx),IxPx F IxQx
(b) VxPx D> FyQy + Jy(VxPx D Qy)
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(c) F IxVyRxy D Vy3IxRxy

(d) 3xPx,3IxQx F Vx(Px A QX)
(e) FVxPx > Pa

(f) & (VxPx A €a) D Pa

(g) -+ Pa D 3xPx

(h) = (Pa A €a) D IxPx

(i) VxPx - 3xPx

3. Show the following in a free logic if C is closed and the quantifiers are
inner. (Hint: recall that E can be empty.)
(a) CEVxC
(b) VxC ¥ C
(c) IXCEC
(d) CE 3xC

4. Determine the truth of the following in negative free logic, where the
quantifiers are inner. When the inference is invalid, read off a counter-
model from an open branch, and check that it works.

(a) Pav Sab +- €a
(b) —3xSxa - ¢a

5. Repeat the previous question for negative free logic where the quanti-
fiers are outer.

6. Determine the truth of the following in positive free logic, where the
quantifiers are inner. If the inference is invalid, read off a counter-model
from an open branch, and check that it works.

(a) FVxx=x

(b) F3Ixx =x

(c) FPa>3Ixx=a

(d) = VxVY((x =y A EX) D EYy)

7. Repeat the previous question for negative free logic, where the quan-
tifiers are inner. Does it make any difference if the quantifiers are
outer?

8. Show that in free logic with outer quantifiers and the Negativity Con-
straint, F Vx(¢x = x = x) and F Vx(¢x = Jyx = y). Infer that the
existence predicate can be defined in this logic.

9. Assuming that Father Christmas does not exist (still sorry), is the
sentence ‘Father Christmas = Father Christmas’ true, false, or neither?
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10. *Check the details omitted in 13.7.

11. *For the various systems of logic in this chapter, formulate tableaux
for inferences with arbitrary sets of premises. Prove the Soundness
and Completeness Theorems. Infer the Compactness and Lowenheim-
Skolem Theorems.
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14 Constant Domain Modal Logics

14.1 Introduction

14.1.1 In this chapter we will start to look at quantified normal modal log-
ics. These come in two varieties: constant domain (where the domain of
quantification is the same in all worlds), and variable domain (where the

domain may vary from world to world).

14.1.2 Where it is necessary to distinguish between the two, I will use the
following notation. If S is any system of propositional modal logic, CS will
denote the constant domain quantified version, and VS will denote the

variable domain quantified version.

14.1.3 In this chapter we will look at the semantics and tableaux for
constant domain logics, saving variable domains for the next.

14.1.4 For these two chapters we will take it that identity is not part of the
language. We will turn to the topic of identity in modal logic in chapter 16.

14.1.5 We will also take a quick look at one of the major philosophical
issues to which quantified modal logic gives rise: the issue of essentialism.

14.1.6 The chapter ends by showing how the semantic and tableau tech-
niques of normal modal logic extend to tense logic.

14.2 Constant Domain K

14.2.1 The syntax of quantified modal logic augments the language of first-
order classical logic (12.2) with the operators [0 and <, as propositional
modal logic extends classical propositional logic (2.3.1, 2.3.2).
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14.2.2 Aninterpretation for the language is a quadruple (D, W, R, v). Wisa
(non-empty) set of worlds, and R is a binary accessibility relation on W, as in
the propositional case (2.3.3). D is the non-empty domain of quantification,
as in classical first-order logic (12.3.1). v assigns each constant, ¢, of the
language a member, v(c), of D, and each pair comprising a world, w, and
an n-place predicate, P, a subset of D". I will write this as vy, (P). Intuitively,
vy (P) is the set of n-tuples that satisfy P at world w - which may change from
world to world. (Thus, (Caesar, Brutus) is in the extension of ‘was murdered
by’ at this world, but in a world where Brutus was not persuaded to join the
conspirators, it is not.) The language of an interpretation, J, is obtained by
adding a constant to the language for every member of D, as in 12.3.2.

14.2.3 Each closed formula, A, is now assigned a truth value, v, (A), at each
world, w. The truth conditions for atomic formulas are as follows:

vw(Paq ...an) = 1iff (v(aq),..., v(an)) € vw(P) (otherwise it is 0)

The truth conditions for the connectives and modal operators are as in the
propositional case (2.3.4, 2.3.5). The truth conditions for the quantifiers are
as in first-order logic (12.3.2). Thus, for every world, w:

v (VxA) = 1 iff for all d € D, vy (Ax(kz)) = 1 (otherwise it is 0)
vy (3xA) = 1 iff for some d € D, vy (Ax(kz)) = 1 (otherwise it is 0)

14.2.4 An inference is valid if it is truth-preserving in all worlds of all

interpretations.

14.2.5 The above semantics define the constant domain modal logic CK,
corresponding to the propositional logic K (and not to be confused with the
propositional logic of the same name in 10.4a.12).

14.3 Tableaux for CK

14.3.1 Tableaux for CK are obtained by augmenting the tableaux for K (2.4)
with the rules one would expect for quantifiers. The rules are essentially
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those of classical logic with a world parameter added:

—3xA, i —VXA, i VXA, i IxA, i

| | \: |
Vx—A,i Ix—A, i Ax(a),i Ax(0),i

a is any constant on the branch (choosing a new one only if there are none
already available). ¢ is a constant new to the branch.

14.3.2 Here are tableaux showing that:

F3IxOCA O OIxA
F Vvx[JA D OOVxA

a is a constant that does not occur in A.

—(3xCA D ©3xA), 0
IxCA, 0
—<OAxA, 0
OCAx(a), 0
orl
Ax(a), 1
O—3xA, 0
—3IxA, 1
Vx—A, 1
—Ax(a), 1

X

—(VxA D OVxA), 0
Vx[A, 0
—[VxA, 0
O=VXA, 0
or1
—VxA, 1
Ix—A, 1
—Ax(a), 1
OAx(a),0
Ax(a), 1

X
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14.3.3 Here is a tableau showing that ¥ ¢3xPx > ¢3x(Px A Qb):

—(O3xPx D ©3x(Px A Qb)), 0
©3xPx, 0
—O3x(Px A Qb), 0
or1l
IxPx, 1
Pa,1
O-3x(Px AQb), 0
—-3x(Px A Qb), 1
Vx—(Px A Qb), 1
=(Pa AQb),1
—=(Pb A Qb), 1
e N\
—Pa, 1 -Qb,1
X v N\
-Pb,1 —-Qb,1

14.3.4 A counter-model is read off from an open branch by combining the
techniques of modal propositional logic and first-order logic. Thus, for the
righthand branch of the tableau of 14.3.3, W = {wo, w1}, WoRw1, D = {9, dp},

v(a) = 9y, v(b) = 9y, and for predicates, the values of v are as shown by the
following tables:

Wo — w1

da O da  Op
P x x P J x
Q x x Q x x

It is easy to check that the counter-model works. Pa is true at wy; hence
IxPxis true at wy. (As in the case of classical first-order logic, since every
object in the domain has a name, in evaluating the truth of quantified
formulas, we need to take into account only the behaviour of the constants
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on the branch.) Since woRw1, ¢3xPx is true at wo. Pa A Qb, and Pb A Qb are
both false at wy. Hence, 3x(Px A Qb) is false at wy. Since wq is the only world

that wgy accesses, O3x(Px A Qb) is false at wo,

14.3.5 Because of the quantifiers, tableaux in CK, unlike tableaux in K, can
be infinite. Thus, consider the following tableau, showing that O03xPx ¥
Ix0OPx:

O3xPx, 0
—3x[Px, 0
Vx—[Px, 0

—Pa, 0

&=Pa, 0

orl
—Pa, 1
IxPx, 1
Pb,1
—[Pb, 0
&=Pb, 0
or2
—Pb, 2
JxPx, 2
Pc,2
—Pc, 0
&=Pc, 0
0r3
—Pc, 3

Every time a new world is opened, we have to go back and apply the O rule
for line one to it. This gives us a new particular quantifier to instantiate.
The universal quantifier at line three must then be instantiated with the
constant this provides, which gives a new <, requiring the opening of a new

world.
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14.3.6 The counter-model determined by the tableau can be depicted as
follows:

wq dag O O 9g
P x X X

y N
dg O O 0q

Wo — Wy

P x x J x
N w3 da d O 0g
P x x x

I leave it as an exercise to check that this counter-model works.

14.3.7 Asusual, a finite interpretation to do the same job can often be found
by trial and error. For the inference of 14.3.5, the interpretation depicted as
follows will do the job.

da  Op
P J x
w1
/!
Wo
N
w2
da  Op
P x

3IxPx is true at wq and w,. So, O3xPx is true at wy. Pb fails at wy and Pa fails
at wy, so Ix0OPx fails at wy.

14.3.8 There is one final subtlety to observe here. If we are testing an infer-

ence whose sentences contain no constant symbols, then it is possible for
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the whole tableau to contain no constant symbols, since the quantifiers may
be embedded within modal operators, and so the quantifier rules never get
to be applied. Thus, consider the tableau to determine whether - <&3xPx.
This goes as follows:

—=03xPx, 0
O—-3xPx, 0

There are no further rules that can be applied, and the tableau finishes open.
In this case, when reading off a counter-model, we have to set the domain,
D, to be {9} for some arbitrary object, 9. 9 is not in the extension of any
predicate at any world. Thus, in the counter-model in question, W = {wp},
D = {9}, it is not the case that woRwp, and vy, (P) = ¢. (This observation
will apply to a number of the logics with world semantics that we will be
looking at in subsequent chapters as well.)

14.4 Other Normal Modal Logics

14.4.1 In the propositional case, modal logics stronger than K are obtained
semantically by adding constraints on the accessibility relation, R, and
proof-theoretically by adding the corresponding tableau rules. (See chapter
3.) Exactly the same is true in the quantified case.

14.4.2 Here, as an illustration, is a tableau to show that l-¢x, IXOPx D 3xPx.
(It is not valid in CK: as should be clear, the CK-tableau does not close.)

—(3xOPx D 3xPx), 0
0r0
IxPx, 0
—3xPx, 0
OPa, 0
Pa,0
Vx—Px, 0
—Pa, 0

X
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14.4.3 Here is another to show that 3xSxb K¢k, VxOOSxb. (For tableaux for
Kv, see 3.5.)
AxSxb, 0
=VxJOSxb, 0
Sab, 0
Ix—=CSxb, 0
=[1Sch, 0
&=0Sch, 0
—OSch, 1
0—=Sch, 1
—=Scb, 0
—=Sch, 1

14.4.4 Counter-models are read off in the obvious way. Thus, the interpreta-
tion determined by the tableau of 14.4.3 is as follows: W = {wg, w1}. (In CKv
we may dispense with the accessibility relation.) D = {9, dy, o;}. v(a) = g,
v(b) = 3, v(©) = I, vwe(S) = {(a, )}, vw, (S) = ¢. We may depict the
interpretation as follows.

Wo w1
S g % O S 9, % O
9 x  x 0g X X X
dh X X X d X X
Jde X X X 0 X X X

3IxSxb is true in wy. Scb is false at both worlds. So ©Scb is false at both worlds,
as is 0JOSch. Hence, YxOOSxb is false at wy.

14.4.5 All the tableau systems discussed so far in this chapter are sound
and complete with respect to their semantics. Proofs of these facts can be
found in 14.7.

14.5 Modality De Re and De Dicto

14.5.1 Consider a sentence of the form UPa. There are two ways of under-
standing this. First, one may understand it as saying that the proposition
expressed by ‘Pa’ is a necessary truth. Conceived of in this way, the modality
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is attached to the dictum (saying), Pa, and so is called de dicto. Alternatively,
one may understand the sentence as saying that the object a has the prop-
erty of necessarily being P (of being necessarily P). Conceived of in this way,
the modality is attached to the object (res), a, and so it is called de re. (The
Latin tags bespeak the origin of the distinction in Medieval logic, where it
goes by several different names.) There is no way of forcing a sentence to
express de re (or de dicto) modality without quantifiers, but once these are
available the situation changes. The sentence Ix[IPx expresses the claim
that there is some object which has the property expressed by [IPx. It is
therefore unavoidably de re.

14.5.2 Some modern philosophers, notably Quine, have expressed scep-
ticism about de re modality. Necessity, the claim goes, cannot attach to
things in themselves; only in the way that we describe them. One argument
supposed to show this is as follows.

14.5.3 Suppose that it makes sense to speak about objects per se having nec-
essary properties. A poet must necessarily have a sense of metaphor, but a
poet need not be analytical. A mathematician, by contrast, must necessarily
be analytical, but a mathematician need not have a sense of metaphor. Now
consider Alice, who is both a poet and a mathematician. She necessarily has
asense of metaphor, and does not necessarily have a sense of metaphor (sim-
ilarly for being analytical). The contradiction is untenable. Alice, qua poet,
necessarily has a sense of metaphor; Alice, qua mathematician, is necessarily
analytical.

14.5.4 What to make of this argument? A sentence of that form ‘As are
necessarily Bs’ is, in fact, triply ambiguous. It can mean OVx(Ax D BX),
VxO(Ax D Bx), or Vx(Ax D [OBx). The argument of 14.5.3 can therefore be
understood in three ways (assuming that ‘need not’ expresses the negation
of the modality). With the obvious symbolism:

1. OVx(Px D Mx), -OVx(Px D Ax), Pa. So OO0Ma A —OAa
2. VxO(Px D Mx), Vx—O(Px D Ax), Pa. So OMa A —[Aa
3. Vx(Px D OMx), Vx(Px D —0Ax), Pa. So O0Ma A —=[Aa

The premises of inferences 1 and 2 are plausible, but the inferences are
invalid, even in the strongest normal system, Kv, as may be checked. Infer-
ence 3 is valid, but there is no reason to suppose the premises to be true.
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Take the first. Someone may be a poet in this world, but it does not follow
that they have a sense of metaphor in every world: they need not be a poet
in every world.

14.5.5 Either way, then, the argument is unsound, and it may be plausi-
bly seen as a fallacy of ambiguity (one sense being necessary to make the
premises true; another to make the inference valid).

14.5.6 Ifanobjecthas (dere)a property necessarily, this is often expressed by
saying that the object has the property essentially (or as part of'its essence); and
the view that there are such properties is called essentialism. The semantics
of modal logic, if correct, deliver a certain kind of essentialism. Given a
sentence, A, with one free variable, x, this expresses a necessary property
of the object denoted by a, just if Ax(a) is true in all worlds, and there are a
number of logical truths of the form Ay (a), e.g., d(Pa v —Pa).

14.5.7 The essentialism is of a very limited kind, though. For provided A
contains no constant symbols, [1Ax(a) is a logical truth iff (A, (b) is. To see
this, just take a closed tableau for [IAx(a) and go through it replacing a
everywhere with b. The result is a closed tableau for A, (b).2 Thus, the only
essential properties that modal logic delivers are ones that all things have.

14.5.8 Are there essential properties of a stronger kind, not shared by all
things? If there are, this will doubtless depend on the kind of thing in
question. It might be suggested that the origin of something is essential to it.
In that case, it is true of me that I necessarily had the parents I did. No other
parents could have engendered me (however much like me their progeny
might be). Or it may be suggested that the constitution of something is
essential to it. Thus, it is true of me that I necessarily have the genetic
structure that I do. A creature with a different genetic structure could not
be me.

14.5.9 Different intuitions tend to pull in different directions on these mat-
ters. For example, it certainly seems possible to imagine that I should have

1 Strictly speaking, an essential property of an object is one that it has at every world
where it exists, so P is an essential property of a iff [J(¢a D Pa) is true. However, existence
is not on the agenda in this chapter.

2 This is no longer true if names are allowed to occur in A. Thus, take for A the formula
O(Pa v =Px). O(Pa v —Pa) is a logical truth, but C(Pa v —=Pb) is not.
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been born to parents in the Middle Ages. But even if someone had been
born in 1234 with all my physical and mental properties, 6’ 4”, brown eyes,
a penchant for philosophy, what would have made that person me, rather
than some doppelgdnger?

14.6 Tense Logic

14.6.1 The extensions of the semantic and tableau techniques of this
chapter to tense logic are routine. As in 3.6a, we now write [J and < as
[F] and (F), respectively, and add the corresponding past tense operators,
[P]and (P), to the language. An interpretation for the basic constant domain
tense logic, CK', is the same as that for CK. The truth conditions for the tense
operators are as in 3.6a.4, and for the quantifiers as in 14.2.3.3

14.6.2 For tableaux, we simply add the quantifier rules of 14.3.1 to the
tableau rules of propositional tense logic (3.6a.6). Here, for example, is a
tableau to show that - 3xQx D [P]3x (F) Qx:

—(3xQx D [P]3x (F) Qx),0
3IxQx, 0
—[P]3x (F) Qx,0
Qa,0
(P) =3x (F) Qx, 0
1r0
—3x (F)Qx, 1
Vx— (F)Qx, 1
—(F)Qa,1
[F1—Qa, 1
—Qa, 0

X

Counter-models are read off from open branches as they are for CK.

14.6.3 Extensions of CK' are obtained by adding constraints on the acces-
sibility relation, R, as in 3.6b. Appropriate tableaux, and the techniques

3 When dealing with tense logic, I will avoid using ‘P’ to represent predicates, for obvious
reasons.
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for reading off counter-models from open branches, are obtained by mod-
ifying those of CK!, also as in 3.6b. (Soundness and completeness proofs
can be found in 14.7.) Here, for example, is a tableau to show that
¥ (3x (F) Sx A 3x (F) Qx) D [P]Sc in CK:

—((3x (F) Sx A 3x (F) Qx) D [P]S¢),0
Ix (F) Sx A 3x (F)Qx,0
—[P]Sc, 0
3Ix (F) Sx, 0
Ix (F) Qx,0
(F) Sa, 0
(F)Qb.0
orl
Sa, 1
0r2
Qb, 2
(P) —Sc, 0
3r0
=S¢, 3
v ! N
12 1=2 2rl
Sa, 2
Qb,1

The last two lines in the middle branch are given by applying the identity
1 = 2. The final lines about + on the other two branches give rise to no

further applications of rules. The interpretation determined by the middle
branch may be depicted as follows:

w3 — Wo — w1

d I o d B o d O o
Q x x x Q x x x Q x J x
S x x X S x x x S J x x

I leave it as an exercise to check that this works.
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14.7 *Proofs of Theorems

14.7.1 In this section, we will prove soundness and completeness for
constant domain modal logics. We will start with CK and then consider
modifications required for other normal systems. The proofs are essentially
those for classical logic in 12.7, augmented by the modal techniques of 2.9

and 3.7. Finally, we do the same for constant domain tense logics.

14.7.2 LEMMA (LocALiTy): Let 31 = (D, W,R, v1), J2 = (D, W, R, v2) be two CK
interpretations. Since they have the same domain, the language of the two
is the same. Call this L. If A is any closed formula of L such that v; and v,
agree on the denotations of all the predicates and constants in it, then for
allw e W:

viw(A) = voy(A)

Proof:
The result is proved by recursion on formulas. For atomic formulas:

viw®Paq...an) =1 iff (vi(a1),...,v1i@n)) € viwP)
iff  (va(ar),...,v2(an)) € v2w(P)
iff UZW(Pa1 .. 4p) = 1

The induction cases for the truth functional connectives are straightfor-
ward, and are left as exercises. The case for the universal quantifier is as

follows. The case for the particular quantifier is similar.

viw(VxA) =1 iff foralld €D, viy(Ax(kg)) =1
iff foralld e D, vow(Ax(kg) =1 (%)
iff vy (VxA) =1

The line marked (*) follows from the induction hypothesis (IH), and the fact
that viw(kg) = vaw(kg) = d.
The induction case for O is as follows. The case for ¢ is similar.

viw(dA) =1 iff forall w such that wRW', vy (A) = 1
iff for all w’ such that wRw/, v(A) =1 (IH)
iff vy (DA) =1
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14.7.3 LEMMA (DENOTATION): Let 7 = (D, W, R, v) be any CK interpretation.
Let A be any formula of L(J) with at most one free variable, x, and a and b
be any two constants such that v(a) = v(b). Then for any w € W:

v (Ax (@) = vy (Ax (b))

Proof:
The proof is by recursion on formulas. (For atomic formulas I assume that
there is one occurrence of ‘a’ for the sake of illustration.)

vwPai...a...ap) =1 iff (v(aq1),...,v(a),...,v(@n)) € vy (P)
iff (v(a1),...,v(),...,v(an)) € vy(P)
iff vww®ai...b...ap) =1

The argument for the truth functional connectives is straightforward. The
case for the universal quantifier is as follows. The case for the particular
quantifier is similar. Let A be of the form VyB. If x is the same variable as y
then Ax(a) and A, (b) are just A, so the result is trivial. So suppose that x and
y are distinct variables. In this case, (VyB)x(c) is the same as Vy(Bx(c)), and
(Bx(0))y(a) is the same as (By(a))x(c).

vw((VyB)x(@) =1 iff vy (Yy(Bx(a))) =1
iff foralld e D, vy ((Bx(a))y(kg) =1
iff foralld e D, vw(Bykg))x(@) =1
iff foralld €D, UW((By(kd))X(b)) =1 (IH)
iff foralld e D, vy((Bx(b)ykg)) =1
iff v (YyBx(b))) =1
iff v ((VyB)x(b) =1

The argument for O is as follows. The case for < is similar.

vw(OAx(a)) =1 iff for all w’ such that wRwW', vy (Ax(a)) = 1
iff for all w’ such that wRW’, v (Ax(b)) = 1
iff vy (OAx(b)) =1

14.7.4 DEFINITION: Let 7 = (D, W, R, v) be an interpretation for CK, and B
be any branch of a tableau. Then 7 is faithful to B iff there is a map, f, from
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the natural numbers to W, such that:

For every node, A,i on B, A is true at f (i) in J.
If irj is on B, f()Rf (j) in J.

We say that f shows J to be faithful to 5.

14.7.5 SOUNDNESS LEMMA: Let B be any branch of a tableau, and let 7 =
(D, W, R, v) be any interpretation. If J is faithful to B, and a tableau rule is
applied to it, then there is an 3 = (D,W,R,V’) and an extension of B, B/,
such that 7’ is faithful to 5.

Proof:
The proof for the connectives and modal operators is as in the propositional
case (2.9.3). In each case, 7’ is just J. The cases for the quantifiers are as
follows. Let f be a function that shows J to be faithful to B. Suppose that
we apply the rule:

—VXA, i

!

dx—A, i

J makes —VxA(x) true at f(i). Hence, 7 makes VxA(x) false at f(i). So there is
some d € D such that A, (k) is false at f(i). That is, —=Ax(ky) is true at f(i). So
J makes 3x—A true at f(i). We can therefore take 7’ to be J. The argument
for the other rule concerning negation is similar.

Suppose we apply the rule:

VXA, i

!

Ax(a),i

Since 7 makes VxA true at f (i), J makes Ay (kq) true at f(i), for all d € D. Let
d be such that v(a) = v(k). By the Denotation Lemma, 7 makes Ax(a) true
at f(i). Hence we can take 7’ to be J.

Suppose that we apply the rule:

IxA, i

!

Ax(C),1



Constant Domain Modal Logics

J makes 3xA true at f (i). Hence there is some d € D such that 7 makes Ay (ky)
true atf(i). Let 3’ = (D, W, R, /) be the same as J except that v'(c) = d. Since ¢
does not occur in Ay (k;), 3’ makes Ay (ky) true at f (i), by the Locality Lemma.
Sincev'(c) = d = v'(ky), 3’ makes Ax(c) true atf (i), by the Denotation Lemma.
And since ¢ does not occur in any other formula on the branch, 3’ makes
all other formulas on the branch true at their respective worlds as well, by
the Locality Lemma. |

14.7.6 SOUNDNESS THEOREM: For finite ¥, if ¥ - A then T E A.

Proof:

Suppose that X ¥ A. Then there is an interpretation, 3 = (D, W, R, v), which
makes all members of T true, and A false, at some wo € W. Let f be any func-
tion such that f(0) = wy. Consider any completed tableau for the inference.
f shows J to be faithful to the initial list. When we apply a rule to some
formula on the list, we can, by the Soundness Lemma, find at least one of
its extensions such that there is an interpretation, 7', which is faithful to
it. Similarly, when we apply a rule to a formula on this, we can find at least
one of its extensions, and an interpretation J3”, which is faithful to it; and
so on. By repeatedly applying the Soundness Lemma in this way, we can
find a whole branch, B, such that, for every initial section of it, there is an
interpretation and a function f such that for every line of 5 of the form A, i,
A is true at f(i). Now, if B were closed, it would have to contain some lines
of the form B, i and —B, i, and these must occur in some initial section of 5.
But this is impossible, since we would then have an interpretation where
for some w € W, v, (B) = v, (—B) = 1, which cannot be the case. Hence, the
tableau is open, i.e., ¥ ¥ A. |

14.7.7 DEFINITION: Suppose that we have a tableau with an open branch,
B. Let C be the set of all constants on B. The interpretation induced by B is
the interpretation (D, W, R, v) defined as follows. W = {w;: i occurs on 5}.
w;iRw; iff irj occurs on B. D = {9,: a € C} (or if Cis empty, D = {9}, for some
arbitrary 9). For all constants, a, on B, v(a) = d,. For every n-place predicate
on B, (3, ---»0a,) € vw;(P) iff Pag ...ay,iis on B. (3 is not in the extension
of anything.)
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14.7.8 COMPLETENESS LEMMA: Given the interpretation specified in 14.7.7,
for every formula A:

if A,iis on B then vy, (A) =1
if —A,iis on B then vy, (A) =0

Proof:
This is proved by recursion on formulas. For atomic formulas:

Paj...apiisonB = (dg,...,0a,) € v (P)
= (v(a1),...,v(a@n)) € vy (P)
= wyPar...apn) =1

—Paq...ap,iisonB = Paq...a,,iis noton B (B is open)
= (Oays- - 0ay) & Vi; (P)
= (v(@1),...,v@an) ¢ v, (P)
= wvwy,Par...an) =0

For the truth-functional and modal connectives, the argument is as in
the propositional case (2.9.6). Here is the case for 3. The case for V is similar.

Suppose that 3xA, i is on the branch. Then for some ¢, A(c),i is on the
branch. By IH, vy, (Ax(c)) = 1. For some d € D, v(c) = d. But v(k;) = d. Hence,
v, (A(kg)) = 1, by the Denotation Lemma. That is, vy, (3XA) = 1.

Suppose that —3xA, i is on the branch. Then so is Vx—A,i. So for all ¢ € C,
—Ax(c),i is on the branch and so vy, (Ax(c)) = 0 (by IH). If d € D then, for
some ¢ € C, v(c) = v(kg). Hence, vy, (Ax(kg)) = 0, by the Denotation Lemma.
Thus, vy, (IxA) = 0. |

14.7.9 COMPLETENESS THEOREM: For finite ¥ , if ¥ £ A then T - A.

Proof:

Suppose that ¥ ¥ A. Construct a tableau for the inference. Define the inter-
pretation as in 14.7.7. By the Completeness Lemma, this makes all the
members of ¥ true and A false. Hence, T ¥ A. [ ]
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14.7.10 THEOREM: The tableau systems for normal modal logics stronger
than CK are sound and complete with respect to their tableaux.

Proof:

To extend the above proofs to constant-domain normal modal systems
stronger than CK, only minor modifications are necessary. In the proof of
the Soundness Lemma, there are extra cases corresponding to the relevant
rules for r. These are as in 3.7.1. In the proof of the Completeness Theo-
rem, we have to check that the induced interpretation is an interpretation
appropriate for the logic in question. This is as in 3.7.3. |

14.7.11 TueorREM: The tableaux for CK' are sound and complete with
respect to their semantics.

Proof:

The proofs for CK extend to CK! very simply. In the Locality, Denotation,
Soundness, and Completeness Lemmas, there are new cases for [P] and (P),
but these are trivial modifications of those for [F] and (F). [ ]

14.7.12 TuEOREM: The tableaux for extensions of CK' are sound and
complete with respect to their semantics.

Proof:

The proofs modify those for CK'. In the Soundness Lemma, there are extra
cases to be checked for the new rules concerning r. These are as in the
propositional case (3.7.7). For completeness, the induced interpretation is
defined as for CK', except that the accessibility relation is defined in terms
of the equivalence relation determined by the information about = on the
branch, as in 3.7.8. In the Completeness Lemma, the cases for atomic sen-
tences and quantifiers are as for CK'. The Completeness Theorem is then
proved as in the propositional case (3.7.8). [ |

14.8 History

Reasoning with modal notions and what we would now call quantifier
phrases goes back to Aristotle (modal syllogistic), and was also much
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discussed in Medieval logic. (See Kneale and Kneale (1975), ch. 2. sect. 8,
and Knuuttilla (1982).) The modern founder of modal logic, C. I. Lewis,
did make a few remarks about quantified modal logic (Lewis (1918),
pp. 320-4, Lewis and Langford (1932), ch. 9); but the first systematic
presentation of it was by Ruth Barcan - later, Barcan-Marcus - (1946).
Quantified modal logic came in for an even tougher time at the hands
of Quine than did propositional modal logic. But the situation changed
with the invention of the world semantics for quantified modal logic by
Kripke (see Kripke (1959) and (1963b)). Quantified tense logic was intro-
duced by the founder of modern tense logic, Prior. (See Prior (1967),
esp. ch. 8.)

The first person to espouse a form of essentialism was Aristotle, in
the Metaphysics and elsewhere. (For a discussion of his form of it, see
Guthrie (1981), ch. 11.) Quine’s attack on quantified modal logic, and
especially its essentialism, can be found in Quine (1953a), (1953b), (1960).
The argument of 14.5.3 comes from the last of these (section 41). Par-
sons (1967), (1969) was an early commentator on Quine’s arguments.
Kripke initiated contemporary defences of essentialism on the basis of
his modal semantics in Kripke (1972). Another stout defender has been
Plantinga (1974).

14.9 Further Reading

On quantified modal logic, Hughes and Cresswell (1996) is now rather
dated (since, for example, it uses axiom systems rather than tableaux
or natural deduction), but is still a classic. For constant domain modal
logic, see chs. 13, 14. Fitting and Mendelsohn (1998) is an excellent
text book on quantified modal logic, containing semantics, tableaux,
and much interesting philosophical discussion. For a survey of quan-
tified modal logic, see Garson (1984) and Cresswell (2001). There is
now an enormous literature on essentialism. One good collection is
Schwartz (1972).

For more on quantified tense logic, see McArthur (1976) and Coc-
chiarella (1984). For an overview of the history of tense logic, and
philosophical disputes to which it is relevant, see @hrstrom and Hasle
(1995).
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14.10 Problems

1. Check the details omitted in 14.3.6, 14.5.4 and 14.6.3.
2. Show the following in CK:

(a) F VxOA = 0OVxA

(b) + IxOCA = OIXA

(c) F OVxA D VxCA

(d) +3Ix0A D OIxA

(e) = VxO(A A B) D VXA

(f) FOC3IxA D OIXCGA Vv B)

3. Show the following in CK. Read off a counter-model from an open
branch of a tableau, and check that it works. If the counter-model is
infinite, find a finite one by trial and error.

(a) ¥ VXxOPx D OVxPx

(b) ¥ O3xPx D Ix0OPx

(c) ¥ vxO(Px v Qx) D OVxPx
(d) ¥ IxOOPx D IxOCOPx

4. Check the following in each of CK p, CKo t and CKv. Where the inference
isinvalid, read off a counter-model from an open branch, and check that
it works. If the counter-model is infinite, find a finite counter-model by
trial and error.

(a) + VxOPx D 3IxPx
(b) FIxOOQx D OIxQx
(c) + OOvVxPx = OVxOPx

5. Check the validity of the inferences in 12.4.14, no. 5, for CK, when ‘>’
is replaced by ‘—3’. Are things different in CK,?

6. Determine the truth of the following in CK®. If the inference is invalid,
give a counter-model and check that it works. Are the results different
in (a) CK?, (b) CK},?

(a) + ((F)3xQx A [FIVx(Qx D Sx)) D (F) IxSx
(b) + (P)3xQx > 3Ix (P) Qx
(c) + 3x[P]Qx D [P]3xQx

7. Could I have been born to different parents in 1234?

8. Temporal essentialism is the view that there are some properties
that objects have at all times that they exist. Discuss temporal
essentialism.

9. *Check the details omitted in 14.7.
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10. *In the proof of the Soundness Theorem, given any open branch, we

11.

construct a sequence of interpretations, J, 7', 3”,..., such that for any
initial section of the branch, a member of the sequence is faithful to it.
Use the sequence to define a single interpretation that is faithful to the
whole branch.

*For the various systems of logic in this chapter, formulate tableaux
for inferences with arbitrary sets of premises. Prove the Soundness
and Completeness Theorems. Infer the Compactness and Lowenheim-
Skolem Theorems.



15 Variable Domain Modal Logics

15.1 Introduction

15.1.1 In this chapter we will look at the other variety of semantics for
quantified modal (and tense) logic: variable domain.

15.1.2 We will start with K and its normal extensions. Next we observe how

matters can be extended to tense logic.

15.1.3 There are then some comments on other extensions of the logics
involved.

15.1.4 The chapter ends with a brief discussion of two major philosophical
issues that variable domain semantics throw into prominence: the question
of existence across worlds, and the connection (or lack thereof) between

existence and the particular quantifier.

15.2 Prolegomenon

15.2.1 Perhaps the most obvious objection to constant domain semantics
is as follows. Just as the properties of objects may vary from world to world,
what exists at a world, it is natural to suppose, may vary from world to
world. Thus, I exist at this world, but in a world where my parents never
met, I do not exist. Or, at this world, Sherlock Holmes does not exist, but in
a world that realises the stories of Arthur Conan Doyle, he does.

15.2.2 Another way of making the point is as follows. Consider the

following formulas:

BF: Vx[A D OOVxA
CBF: OvxA D VxOA
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These are usually called the Barcan Formula and the Converse Barcan Formula,
respectively. Both of these are valid in CK (and a fortiori stronger constant
domain logics), as may be checked. But intuitively they are invalid. For the
Barcan Formula: Suppose that Vx[CIPx holds (at this world). Then every object
that exists satisfies P at every (accessible) world. It does not follow that CIVxPx
is true. For other worlds may contain objects that do not exist at this world,
and they may not satisfy P. Conversely, suppose that (JVxPx is true. Then at
every (accessible) world, every object that exists (there) satisfies P. It does
not follow that Vx[IPx. For this world might contain objects that do not exist
at another world, and there is no reason to suppose that they satisfy P at
such worlds.

15.2.3 The natural response to this sort of criticism is to construct a seman-
tics in which the domain of quantification varies from world to world. This
presents a problem, however. Suppose that VxPx is true at a world. Then
for every object, a, at that world, Pa is true. But suppose that b does not
exist at the world. There is no reason to suppose that Pb is true. Universal
instantiation will therefore fail.!

15.2.4 The simplest and most robust solution to this problem is to base the
modal logic, not on classical logic, but on free logic. Thus, as in chapter
13, we will take one of the monadic predicates in the language to be a
distinguished existence predicate, ¢.>

15.3 Variable Domain K and its Normal Extensions

15.3.1 Bearing this in mind, a variable domain interpretation is a quadruple
(D,W,R,v).D, W, R and v are the same as in the constant domain case, with
the exception that for every w € W, v maps w to a subset of D, that is,

It is worth noting that if an axiomatic version of quantified modal logic is based on a
classical logic using free variables, the CBF is provable in quantified K, and the BF is
provable in quantified Ko. See Hughes and Cresswell (1996), ch. 13.

It is more usual, perhaps, to formulate variable domain modal logics without an exis-
tence predicate in the language. However, its presence is distinctly useful, and has no
effect on the validity of inferences employing only sentences which do not contain it
(by the Locality Lemma (15.9.3)).
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v(w) C D. v(w) is the domain at world w. I will write it as D,,. Note that for
any n-place predicate, P, v, (P) € D" (not D), and vy (¢) is always D,.”

15.3.2 The truth conditions for atomic sentences, truth-functional and
modal operators, are as in the constant domain case (14.2.3). Those for the
quantifiers (as is to be expected) are:

vy (3xA) = 1 iff for some d € Dy, viw(Ax(kg)) =1
Vw(VXA) =1iffforalld e Dw, Vw(Ax(kd)) =1

15.3.3 Semantic validity is defined in terms of truth preservation at all
worlds of all interpretations, as in the constant domain case.

15.3.4 These semantics give the variable domain version of the proposi-
tional logic K, VK.

15.3.5 Adding constraints on the accessibility relation produces the exten-
sions VK p, VK po, etc.

15.4 Tableaux for VK and its Normal Extensions

15.4.1 The tableaux for VK are exactly the same as those for CK, except that
the quantifier instantiation rules are replaced with the corresponding free

logic rules:
VXA, i IxA, i
VAN "
—¢a,i Ax(a),i &c,i
Ax(0),1

with the usual conditions on a and c.

3 Using v to specify the domain of world w in this way is entirely artifactual, but it allows
constant and variable domain interpretations to have a common form. In some contexts
there are good reasons to keep v separate from the rest of the structure. In that case, we
have to add an extra component, §, to an interpretation, such that §(w) is the domain of
world w. Alternatively, we can take D itself to be a function from worlds to sets, so that
D(w) is now the domain of world w. This means that we lose D in the old sense though.
We still have a set D’ = |J{D(w):w € W}. But if this replaces our old D, it ensures that
every object exists at some world. Better not to build this extra assumption into the
semantics.
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15.4.2 Here is a tableaux to show that - OOVx(A D B) D (VxA D [IVxB).

—(OVvx(A D B) D (OVxA D OOvxB)), 0

Ovx(ADB),0
—(0OVxA D OVxB), 0
OVxA, 0
—-0vxB, 0
O=VxB, 0
orl
—VxB, 1
Ix—B, 1
¢a, 1
—Bx(a), 1
VXA, 1
Vx(A D B),1
e N\
—€Ca, 1 Ax(a), 1
X b N\
—¢&a,1 Ax(a) D Bx(a),1
X v\
—-Ax(a),1 Bx(a), 1
X X

15.4.3 And here are tableaux to show that the Barcan Formula and its
converse fail:

¥ Vx[(Px D OVxPx
—(VxOPx D OVxPx), 0

Vx[IPx, 0
—0vxPx, 0
O=VxPx, 0

orl

—VxPx, 1

Ix—Px, 1

¢a,1
—Pa, 1
/ N
—€a,0 [Pa,0
Pa,1

X
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¥ [VxPx D Vx[Px

—(OVxPx D VxOPx), 0
OvxPx, 0
—Vx[Px, 0
Ix—[Px, 0
&a,0
—Pa, 0
&=Pa, 0
orl
—Pa, 1
VxPx, 1
d N\
—-¢a,1 Pa,1

X

15.4.4 Given an open branch, B, of a tableau, a counter-model is read off as
in the constant domain case, as modified by free logic. In particular, Dy, =
v, (€) = {9,: €a,i occurs on B}. Thus, for the counter-model determined by
the open branch of'the first tableau in 15.4.3, W = {wg, w1}, woRw1, D = {9,},
V(Wo) = Dyy = Vo (€) = ¢, v(W1) = Dy = v, (€) = {3}, vy (P) = vy, (P) = &,
and v(a) = 9,.We can depict this as:

aa aa
¢ x wo — Wi ¢ J
P x P x

All objects in the domain of wy satisfy [IPx. (There aren’t any.) So Vx[IPx is
true there. And at wq, the only world accessible from wy, some object in its
domain does not satisfy Px. Hence, CIVxPx is false at wy.

The counter-model determined by the open branch of the second tableau
in 15.4.3 may be depicted as follows:

aa 8@
¢ J | wo > W ¢ x
P x P x

It is easy to check that this makes (VxPx true at wo and Vx[Px false there.
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15.4.5 Note that the counter-model for the Barcan Formula in 15.4.4 has
an empty domain at some world, but the failure of the Barcan Formula
does not depend on the possibility of empty domains. The interpretation
depicted as follows refutes the Barcan Formula too:

da O da O
¢ «/ X wo — Wq ¢ «/ \/
P x x P/ x

It is easy to check that this makes Vx[IPx true at wo and [JVxPx false there.
A similar comment applies to the Converse Barcan Formula (and its
demonstration is left as an exercise).

15.4.6 Tableaux for VKp, VK pt, etc. are obtained by adding the correspond-
ing rules for r. Here, for example, is a tableau to show that ¢3IxPx Fyg,
IXOOPX.

<&3xPx, 0
—3AxOOPX, 0
0r1,1r0
IxPx, 1
¢a, 1
Pa,1
Vx—OOPx, 0
b N
—-¢a,0 —-OOPa,0
0-<Pa, 0
—OPa, 1
0—Pa, 1
—Pa, 0

The counter-model given by the righthand branch may be depicted as

follows.
aa 3a
¢ X Wo S wq ¢
P x VA

I leave it as an exercise to check that this works.
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15.4.7 Since every interpretation for CK is an interpretation for VK (with
Dy = D for all w € W), every inference that is valid in VK is valid in CK,
though not vice versa. (See the examples of 15.4.3.) The same is true of
CKp and VK p, and all the other normal extensions of CK. (The inferences of
15.4.3 are invalid in even the strongest normal variable domain logic, VKv.
I leave this as an exercise.)

15.5 Variable Domain Tense Logic

15.5.1 Given the preceding remarks, the construction of variable domain
tense logics is almost trivial. An interpretation for VK' is the same as for
VK, the truth conditions for the quantifiers are as in 15.3.2, and those for
the tense operators are as in the propositional case (3.6a.4). Extensions are
obtained by putting the appropriate constraints on R.

15.5.2 Tableaux for the systems are obtained by changing the classical
quantifier rules of 14.3.1 to the free rules of 15.4.1.

15.5.3 Here are a couple of examples of tableaux:
Fykt: (P) (P)3xQx D (P) Ix(Qx V Sx):

=((P) (P) 3xQx D (P) Ix(Qx v SX)), 0
(P) (P) 3xQx, 0
—(P) Ix(Qx Vv Sx),0
1r0
(P)3xQx, 1
2r1,2r0
AxQx, 2
¢a, 2
Qa,2
[P]—=3x(Qx Vv Sx), 0
—3x(Qx Vv Sx), 2
Vx—=(Qx Vv Sx), 2

v N
—¢a,2 —(QavV Sa),2
X —Qa, 2

—Sa, 2

X
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Pykt: (3x (P) Qx A IxQx) D 3x (F) Qx:

—((3x (P) Qx A IxQx) D Ix (F) Qx), 0
3x (P) Qx A IxQx, 0
—3x (F)Qx, 0
Ix (P)Qx,0
IxQx, 0
¢a,0
Qa,0
¢b,0
(P)Qb,0
1r0
Qb,1
Vx— (F)Qx,0
e N
—¢a,0 —(F)Qa,0
X v N
—-¢b,0 —(F)Qb,0
X [F1—Qa, 0
[F1-Qb, 0

15.5.4 The counter-model determined by the open branch of the second
tableau may be depicted as follows.

da O %2 Op
¢ x X w1 — Wp ¢ vV
Qe x Qe v x

I leave it as an exercise to check that this works.

15.5.5 The comments of 15.4.7 apply, in analogous form, to variable and
constant domain tense logics.

15.6 Extensions

15.6.1 In this section, we will consider a few possible extensions of the

logics we have been considering.
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15.6.2 The presence of variable domains and accessibility relations makes
possible the addition of some hybrid constraints. A simple one is the
domain-increasing condition:

if wRw' then Dy C D,/

The corresponding tableau rule is the obvious:

irj
¢a,i

\:
¢a,j

15.6.3 Such constraints can certainly have an effect on which inferences are
valid. Thus, the domain-increasing condition validates the Converse Barcan
Formula in VK. To see this, look at the second tableau of 15.4.3, and note
that an application of the rule for the domain-increasing condition to line
five closes the lefthand branch.

15.6.4 In the context of both modal logic and tense logic, the domain-
increasing constraint has little plausibility, however. As is easy to check, it
validates the claim that if a exists, it exists necessarily/for all future times.
These claims seem obviously false. (We will meet the claim again in chapter
20, in connection with intuitionist logic, where it has more plausibility.)

15.6.5 The logics we have been dealing with are all positive free logics,
where objects that do not exist at a world may yet have positive properties
there. Each logic can be extended to a corresponding negative one. We
merely add the constraint that says that an object cannot be in the extension
of a predicate at a world unless it exists there:

If (dy,...,dn) € vy (P) then d € vy, (€), and ... and dy € vy, (€)

and, for the tableaux, the corresponding rule (NCR):

Paqy...a4,1

!

¢aq,i

Eay, i
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15.6.6 Here is a tableau to show that+ ¢Pa > ¢3xPx in the negative version
of VK.

—(OPa D ¢3xPx),0
<Pa, 0
—O3IxPx, 0
orl
Pa,1
O—-3xPx, 0
—3xPx, 1
Vx—Px, 1
b N
—€¢a,1 —Pa,1
&a, 1 X

X

The left branch closes because of a final application of the NCR to line five.

15.6.7 Counter-models are read off from open branches of tableaux in the
obvious way.

15.6.8 Adding the Negativity Constraint to any variable domain logic also
produces a proper extension. The formula of 15.6.6 is not provable in any
of the positive logics we have met. (Details are left as an exercise.)

15.6.9 The Negativity Constraint can, in fact, be added to any of the logics
with world-semantics and an existence predicate that we will look at in
this part of the book. Its addition is almost trivial - at least when identity
is not present; the semantics and tableaux are modified essentially in the
same way as we have modified the logics of this chapter (or, when identity is
present, as we will modify them in the next chapter). I will not mention this
explicitly in the following chapters unless there is some particular point to
doing so.

15.6.10 The incorporation of world-machinery does nothing to change the
counter-intuitiveness of the Negativity Constraint that we noted in 13.4.6
and 13.6.7, however. Indeed, it produces many new apparent counter-
examples of the same kind. Thus, it can be true (at this world) that Sherlock
Holmes has the property lives in Baker St in some non-actual world, w, though
Holmes does not exist (at this world). (And, arguably, neither does w.)
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15.6.11 All the systems we have looked at in this chapter are sound and
complete with respect to their tableaux. This is proved in 15.9.

15.7 Existence Across Worlds

15.7.1 Let us now turn to a couple of philosophical issues to which variable
domain semantics give rise. The first of these is an argument to the effect
that domains in modal logic not only may vary, but must vary, since no
object - at least no concrete object - can exist in more than one world.

15.7.2 One might argue this for a couple of reasons. One is by analogy with
places. No object can have different physical locations; similarly, no object
can have more than one world-location. For the second argument, let a
exist at a world; we may suppose that it is red. Let b exist at another; we
may suppose that it is not red. If a = b then, by SI, a, that is, b, is both red
and not red. Hence a # b.

15.7.3 The consequences of this view for quantified modal logic, at least
in conjunction with the Negativity Constraint, would appear to be pretty
draconian though. Let a be any object that exists at a world, w. Then at any
other world, since a does not exist there, Pa is false there. It follows that
OPa is false at w, unless wRw, in which case ¢Pa is true at w iff Pa is. Taking
w to be the actual world, and assuming that this accesses itself, we have,
therefore, some kind of fatalism: the only things that can be true are the
things that actually are true.

15.7.4 To avoid this problem, David Lewis suggested that although each
object exists at only one world, at other worlds it may have counterparts. An
object is a counterpart if it is a thing that is sufficiently similar, and nothing
at that world is more similar. (So the unique counterpart of any object at
a world is itself.) Then if A is a formula that contains one free variable, x,
and no names, GAx(a) is true at a world, w, iff for some accessible world,
w’, and some counterpart of a at w', b, Ax(b) is true at w'. And [lAx(a) is true
at w iff for all accessible worlds and all counterparts of a at w/, b, Ax(b) is
true at w.*

4 More generally, if A contains more than one constant, the recipe must be applied to
all of these. Thus, OPab is true at a world iff at some accessible world, w, for some
counterparts of a and b at w, a’ and b/, respectively, Pa’b’ is true there. And OPab is true
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15.7.5 The counterpart of an object at a world may not be unique: there
may be two things that are sufficiently, and equally, similar. Nor need an
object have a counterpart at all: there may be nothing sufficiently similar.
Nor need the counterpart relation be symmetric or transitive. Given a in
w1, the thing most (and sufficiently) similar in w, may be b. But the thing
most (and sufficiently) similar to b in wy may be c. Similarly, given a in wy,
the thing most (and sufficiently) similar in wp may be b. And the thing most
(and sufficiently) similar to b in w3 may be c. A different object, d, in w3z may
yet be more similar to a than c. We might depict these two situations as
follows, where the degree of similarity between objects is represented by
the distance between the corresponding letters:

wi: a ¢ w1 a
Woy! b Woy: b
wz: d ¢

15.7.6 How to understand the notion of similarity between objects across
worlds is as problematic an issue as how to understand the notion of sim-
ilarity between worlds. (See the discussion of similarity in 5.8.) But harder
to come to terms with is the fact that the features of the similarity rela-
tion play some havoc with the propositional properties of modal logic. For
example, even in VKv, (Pa D OOPa fails. Thus, in the second scenario of
15.7.5, suppose that the worlds and objects depicted are the only ones there
are, and that P is true of a, b, and d at their respective worlds, but not c.
Then OPa is true at wy. But at wy, OPb is false, since b’s counterpart at ws
is ¢; and since b is the counterpart of a in wy, OOPa is false at wy. Similarly,
Pa > OOPa fails.

15.7.7 Fortunately, then, the arguments of 15.7.2 to the effect that some-
thing cannot exist in more than one world may be resisted. The argument
that appeals to SI may be defused by taking properties to be world-indexed.
So a and b are both red-at-one-world and not red-at-the-other. (See 12.6.6,
12.6.7.) And though we are inclined to consider it impossible for an object

to exist at two different places, we are not inclined to suppose it impossible

at a world iff at every accessible world, w, for every counterpart of a and b at w, a’ and
V', Pa’b’ is true there.
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for an object to exist at two different times. Worlds, we may suppose, are
more like times than places.’

15.7.8 This does raise the question of what it is that makes an object the
same object at different worlds, however. (This is often known as the prob-
lem of transworld identity.) What makes an object, such as my bike, the same
object at different times, is, presumably, some kind of causal continuity.
There can be no continuity of this kind across worlds.

15.7.9 The situation is exacerbated by the fact that objects can change their
properties radically. Thus, it would seem, there is a world in which I am a
woman, Chinese, 4” tall, etc. Why is it still me?

15.7.10 One answer might be that I cannot change all my properties. I
retain, by definition, my essential properties. If the essential properties
of an object uniquely identify it, then this solves the problem. (Essential
properties that uniquely identify an object are sometimes called haecceities,
from the Latin ‘haec’, meaning this.) Thus, one might argue, the property of
being identical with a is an essential property of a and nothing else.

15.8 Existence and Wide-Scope Quantifiers

15.8.1 Finally, let us return to the argument for domain variation given
in 15.2.1. It gets its punch from identifying the things in the domain at a
world with the things that exist there. (Indeed, in the semantics for vari-
able domains, the domain of a world just is the extension of the existence
predicate at that world.) But the very semantics of variable domains appears
to force us to countenance objects whose existence changes from world to
world and which may well, therefore, not exist at the actual world - mere
possibilia. We even quantify over them: some of these objects do not exist
(at the actual world).

15.8.2 This suggests that we should take our quantifiers to be existen-
tially unloaded; in which case, there seems to be little point in not taking
the domain of each world to be the same - comprising all objects - and

5 If worlds are abstract objects - in the last instance, certain sets - as the modal actualist
claims (2.7), there is no problem about seeing how an object can be in more than one
world. Clearly, an object can be in different sets.
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expressing the change of existential status with the existence predicate. If
we do this, then, as we saw in 13.5.6, the existentially loaded, i.e., domain
relative, quantifiers can be defined in terms of the outer quantifiers. We
might just as well, therefore, settle for constant domain semantics plus an

existence predicate.

15.8.3 It might be replied that we can surely imagine a possible world with
just one thing in the domain, a possible world with just two things in the
domain, etc. It must therefore be possible for the domain to change. We can
certainly imagine a domain with one existing thing, two existing things,
etc. These domains could still contain all objects. And given that we are
countenancing non-existent objects, what would it be like for one of these
not to be in the domain of quantification at a world? If I can refer to, and
quantify over, Sherlock Holmes and other things that do not exist at this
world, why cannot the denizen of another possible world do the same?

15.8.4 Hard-liners about the particular quantifier expressing existence,
such as (David) Lewis, would resist the suggestion of 15.8.2. The particu-
lar quantifier does express existence, and the predicate ¢ has then to be
interpreted as a local existence predicate, ‘exists at this world’, cf. ‘exists in
the twenty-first century’ or ‘exists in Scotland’.) But even they hold that we
can quantify over objects, whether or not they exist at this world. The hard
line, therefore, provides no argument against constant domain semantics.

15.9 *Proofs of Theorems

15.9.1 In this section, we will prove the soundness and completeness of
the tableau systems given in this chapter. We will start with VK and its
extensions. Next we consider tense logics. Finally, we consider the domain-
inclusion and negativity constraints.

15.9.2 The proofs are essentially the same as those for constant domain
semantics (14.7), as modified by those for free logic (13.7). We start with the
appropriate versions of the Locality and Denotation Lemmas for VK.

15.9.3 LEMMA (LocALiTy): Let 31 = (D, W,R, v1), 32 = (D, W, R, v2) be two VK
interpretations. Since they have the same domain, the language of the two
is the same. Call this L. If A is any closed formula of L such that v; and v,
agree on the denotations of all the predicates and constants in it, then, for
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allw e W:
viw(A) = voy (A)

Proof:

The proof is essentially as in 14.7.2. The only variation is in the cases for
the quantifiers. In these, clauses of the form ‘d € D’ are replaced by ones of
the form ‘d € D,,’. |

15.9.4 LEMMA (DENOTATION): Let 3 = (D, W, R, v) be any VK interpretation.
Let A be any formula of L(J) with at most one free variable, x, and a and b
be any two constants such that v(a) = v(b). Then for any w € W:

vw (Ax(a)) = vw(Ax (b))

Proof:

Again, the proofis essentially as in 14.7.3. The only variation is in the cases
for the quantifiers. In these, clauses of the form ‘d € D ’ are replaced by
ones of the form ‘d € D,,’. [ ]

15.9.5 SOUNDNESS THEOREM: The tableaux for VK are sound with respect to
their semantics.

Proof:
The proof'is as for the constant domain case (14.7.4-14.7.6). The only differ-
ence is in the cases of the Soundness Lemma for the quantifier rules. The
modifications for the rules concerning negated quantifiers are trivial. For
particular and universal instantiation, the cases are as follows. Let f be a
function that shows J to be faithful to 5.

Suppose we apply the rule:

VXA, i

v\
—¢a,i Ax(a),i

Since J makes VxA true at f (i),  makes Ax(kg) true at f(i), for all d € Dy;);
so, for any d € D, J makes either —¢k; or Ax(ky) true at f(i). Let d be such
that v(a) = v(kg). By the Denotation Lemma, J makes either —&a or Ax(a)
true at f(i). Hence, 7 is faithful to one branch or the other, and we can take
7' to be 7.
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Suppose that we apply the rule:

XA, i
\:
&c,1i
Ay (0),i

J makes IxA true at f(i). Hence, for some d € Dsgy, 3 makes Ay (k;) true at
f(@). That is, 7 makes ¢ky and Ay (k) true at f(i). Let 3’ = (D, W, R, ') be the
same as J except that v/(c) = d. Since ¢ does not occur in A,(kz), 7 makes
¢ky and Ay (ky) true at f (i), by the Locality Lemma. Since v/(c) = d = v'(kg), 7
makes ¢c and Ax(c) true at f (i), by the Denotation Lemma. And since ¢ does
not occur in any other formula on the branch, 3’ makes all other formulas
on the branch true at f (i) as well, by the Locality Lemma. |

15.9.6 COMPLETENESS THEOREM: The tableaux for VK are complete with
respect to their semantics.

Proof:

The proof'is a small modification of that for CK. The induced interpretation
is defined in the same way as 14.7.7, except that, in addition, Dy, = v(w;) =
vy, (€) = {9 €a,i occurs on B}. The proof of the Completeness Lemma is
as in 14.7.8, except for the cases for quantified sentences. Here is the case
for 3. The case for V is similar. Recall that C is the set of constants on the
branch.

Suppose that 3xA, i is on the branch. Then, for some c € C, €&c,iand Ax(c), i
are on the branch. By IH, vy, (¢c) = 1 and vy, (Ax(c)) = 1. For some d € D,
v(c) = d = v(kg). Hence, vy, (€kg) = vy, (Ax(kg)) = 1, by the Denotation
Lemma. That is, vy, (IxA) = 1.

Suppose that —3xA, i is on the branch. Then so is Vx—A,i. So for all ¢ € C,
either —¢&c, i or —Ax(c),iis on the branch. Since the branch is open, then, for
all ¢ € C, if &c,i is on the branch, so is =Ax(c); that is, by IH, if vy, (¢c) =1,
v, (Ax(c)) = 0. If d € D, then for some ¢ € C, v(c) = v(ky). Hence, for all
d € D, such that vy, (¢kg) = 1, i.e,, such that d € Dy, vw,;(Ax(kz)) = 0, by the
Denotation Lemma. Thus, vy, (3xA) = 0.

The Completeness Theorem follows from the Completeness Lemma in
the usual way (14.7.9). |
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15.9.7 THEOREM: The tableaux for the extensions of VK are sound and
complete with respect to their semantics.

Proof:

The proof extends the soundness and completeness proof for VK, just by
checking that the constraints on R verify the corresponding tableau rules,
and the tableau rules induce an interpretation of the right kind. Details are
as in 14.7.10. |

15.9.8 THEOREM: The tableaux for VK! and its extensions are sound and

complete with respect to their semantics.

Proof:
The proofs modify those of VK, as the proofs for CK' modify those for CK
(4.7.11, 4.7.12). Details are left as an exercise. |

15.9.9 THEOREM: In any of the logics we have considered, the addition of
the domain-increasing rule of 15.6.2 produces a system that is sound and

complete with respect to the corresponding semantics.

Proof:

In the proof of the relevant Soundness Lemma, we have to check an extra
case for the new rule. Suppose that f shows J to be faithful to a branch,
B, containing irj and ¢a,i . Then f(i)Rf(j) and v(a) € vy, (¢) = Dy,. By the
constraint, Dty € Dyj), so v(a) € DWJ. = v (€). That is, ¢a is true at f(j), and
we can take 7' to be 7.

In the relevant Completeness Theorem, we have to check that the
induced interpretation satisfies the constraint. Suppose that w;Rw;. Then
irj is on the branch. Suppose that d,€Dy,. Then ¢a,i is on the branch, as is
¢a,j. Hence 9, € ij. [ |

15.9.10 THEOREM: In any of the logics considered, the addition of the
Negativity Constraint Rule is sound and complete with respect to the
corresponding semantics.

Proof:

In the proof of the relevant Soundness Lemma, we have to check an extra
case for the new rule. Suppose that f shows J to be faithful to a branch,
B, containing Pa; . ..ay,i. Then (v(aq),...,v(ay)) € vrii) (P). By the Negativity
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Constraint, v(aq),...,v(a,) € Vr(i) (€). So €ay,...,Ean are all true at f (i). So we
may take J’ to be J.

In the relevant Completeness Theorem, we have to check that
the induced interpretation satisfies the Constraint. So suppose that
(0ays. .., 0a,)€Vw;(P). Paq...an,i is on the branch, and so, then, are
¢aq,i,...,&ay,1. That is, d,, ..., da, € v, (). ]

15.10 History

Variable domain quantified logic goes back to the work of Kripke. (See the
references in 14.8.) The Barcan Formula was introduced by Barcan(-Marcus)
(1946). The problems with it were apparent early. They are pointed out in
Prior (1957). Barcan (1962) provides an early defence of it, in terms of
substitutional quantification. Kripke (1963b) uses a version of classical
logic without free variables to avoid deriving the Barcan Formula (see the
footnote to 15.2.3), though he indicates in a footnote that an existence pred-
icate could be employed. Hughes and Cresswell (1996), ch. 13, employ the
domain-increasing condition. This allows them to sidestep the problem of
non-denoting terms. Using free logic to formulate variable domain seman-
tics seems to have been folklore for quite a long time before anyone put
details into print.

Counterpart theory was put forward and defended by David Lewis (1968)
and (1986), ch. 4. Aristotle did not subscribe to haecceities. A number of
Medieval philosophers, notably Duns Scotus, did, however (see Cross (2006)).
Haecceities have been defended in contemporary philosophy by various
people including Plantinga (1974), ch. 6. For Kripke’s own response to the
problem of transworld identity, see Kripke (1971).

15.11 Further Reading

For variable domain modal logic, see the references for quantified modal
logic by Hughes and Cresswell, Garson, Fitting and Mendelsohn, and Cress-
wellin 14.9. For variable domain tense logics, see the reference to McArthur
in 14.9. See also Cocchiarella (1984) for a number of the philosophical issues
to which quantified modal and tense logic gives rise. It is worth noting that
there is a rather different kind of semantics for modal logics (‘neighbour-
hood semantics’) that verifies neither the Barcan Formula nor the Converse
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Barcan Formula, even with constant domains. See, e.g., Waagbe (1992). An
argument that, contrary to what one might expect, all objects exist neces-
sarily (and so for constant domain semantics) can be found in Williamson
(2002).

A number of good essays on the issue of transworld identity and other
matters can be found in Loux (1979). See also Adams (1979). For a discus-
sion of possibilia, see Yagisawa (2006). On outer quantifiers in modal logic,
see Priest (2005c¢), chs. 1 and 3.

15.12 Problems

1. Check the details omitted in 15.2.2, 15.4.4, 15.4.5, 15.4.6, 15.4.7, 15.5.4,
15.6.4 and 15.6.8.

2. Show the following in VK.

(a) + (OVXA A OVxB) D OVx(A A B)
(b) + ©3xA D GIx(A V B)
(c) = (VxOA A €a) D UAx(a)

3. Show the following in VK. Read off an interpretation from an open
branch of the tableau, and show that it works. If the counter-model is
infinite, try to find a finite counter-model by trial and error.

(a) ¥ VXOA D OVXA

(b) ¥ O3IXA D IxCA

(c) ¥ OVXA D VxOA

(d) ¥ 3x0A D OIXA

(e) ¥ OPa D 3IxOPx

(f) ¥ IxOPx D IxOOPx
(g) ¥ VxPx D IxOOPx
(h) ¥ VxOeEx

4. Does anything change if you repeat the previous question with (a) VK p,
(b) VKv?

5. Determine the truth of the following in VK!. Where invalid, give a
counter-model.

(a) - [PIVxQx D Vx[P]Qx

(b) = Vx[P1Qx D [PIVxQx

(c) = (F)y3xQx D> (P) (F) (F) 3xQx

(d) = ((P)3xQx A [P]Vx(Qx D Sx)) D (P) IxSx
(e) F 3Ix[P](F)Qx D IxQx
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10.

11.

12.
13.

14.

. Are the answers to the previous question any different in (a) VK, (b)

i
VKw.

. Do the following hold in the negative version of VKp? Justify your

answer.
(a) F DO3xPx D O3xex
(b) = O3xPx D IO ExX

. Determine whether the following hold in VK with the domain-

increasing condition:
(a) F3IxeEx D OFxeEx
(b) F OIxeEx D Ixex

. The domain-decreasing condition is: if wRwW' then D,, 2 D,,. Check the

examples of the previous question with respect to this condition.

Can an object exist in more than one possible world? If so, what makes
it the same object?

Do possibilia exist?

*Check the details omitted in 15.9.

*Formulate an appropriate tableau rule for the domain-decreasing con-
straint of question 9, and prove that its addition to the rules for VK gives
a tableau system that is sound and complete with respect to the seman-
tics for VK with the constraint added. Extend this to stronger normal
modal logics.

*For the various systems of logic in this chapter, formulate tableaux
for inferences with arbitrary sets of premises. Prove the Soundness
and Completeness Theorems. Infer the Compactness and Léwenheim-
Skolem Theorems.



16 Necessary Identity in Modal Logic

16.1 Introduction

16.1.1 In this chapter we will start to look at the behaviour of identity in
modal logic. (Henceforth, I use ‘modal logic’ to include tense logic.) There
are, in fact, two kinds of semantics for identity in modal logic: necessary
and contingent.’

16.1.2 Where it is necessary to distinguish between the two notions of iden-
tity, I will use the following notation. If S is any system of logic without
identity, S(NI) will denote the system augmented by necessary identity, and
S(CI) will denote the system of logic augmented by contingent identity. In
this chapter we will deal with necessary identity, which is simpler; in the
next chapter, we will turn to contingent identity.

16.1.3 We will assume, first, that the Negativity Constraint is not in
operation. We will then see how its addition affects matters.

16.1.4 Next, we will look at the distinction between rigid and non-rigid
designators, and see how non-rigid designators can be added to the logic.

1 The terminology is not entirely happy. The distinction turns on whether identity state-
ments can have different truth values at different worlds. For this reason, it might be
more appropriate to call the identities world-invariant and world-variant. Later in the
book, we will be concerned not only with possible worlds, but with impossible worlds
of various kinds. It is therefore entirely possible for identity statements to change their
truth values, but only at impossible worlds. If this is the case, then true identity state-
ments can still be necessarily true (i.e., true at all possible worlds) even though identity
is world-variant. However, since the terminology is standard, I employ it.
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16.1.5 Finally, there is a short philosophical discussion of how this dis-
tinction applies to names and descriptions in a natural language such as
English.

16.2 Necessary Identity

16.2.1 Assume that we are dealing with any quantified (constant or variable
domain) normal modal logic (without the Negativity Constraint). As in the
classical case (12.5.1), we now distinguish one of the binary predicates as
the identity predicate.

16.2.2 The denotation of the identity predicate is the same in every world,
w, of an interpretation: v, (=) = {(d.d) : d € D}.

16.2.3 There are three tableau rules for identity. The first two are exactly
as in the classical case (12.5.3), modulo an appropriate world parameter:

a=hb,i

2 Ax(a),i
a=a,i I

Ax(b),i

- where, recall, A is any atomic sentence other than a = b. Note that in SI,
the world index on every line is the same, so substitution is licensed only
within a world. The third rule is the following:

a=>nb,i

!
a=h,j

where j is any world parameter on the branch distinct from i. I will call this
the Identity Invariance Rule (IIR).

16.2.4 Here are tableaux to demonstrate that Fygny VxVy(x =y D Ox =),
andbygan VaVy(x # y D Ox # y). Clearly, the tableaux work in a similar way
in VK*(NI), when [ is replaced by [F] or [P]. Since the variable domain logics
are sub-logics of the corresponding constant domain logics (15.4.7, 15.5.5),
these inferences are valid in all constant and variable domain quantified
modal logics. It is the validity of these formulas that give this notion of
identity its name: all true statements of identity or difference are necessarily



Necessary Identity in Modal Logic

true (true for all future/past times). For future reference, we will call the
formula VxVy(x =y D Ox = y) NI (Necessary Identity).

=VxVy(x =y D x =%),0
Ix—Vy(x =y D Ox =y),0
¢a,0
—Vy(a=y>UOa=y),0
y—(a=y>0a=y),0
¢b,0
—(a=b>0a=Dh),0
a=>b,0
—=Oa =b,0
O=a=Db,0
or1
—-a=D>b,1
a=b,1

X

The last line is obtained by applying the IIR from line eight.

—VxVy(x #y D OXx #y),0
Ix=Vy(x #y D Ox #),0
&a,0
=Vy(a #y D 0a #y),0
I—(a #y > 0a#y),0
¢b,0
—(a#b>0a#b),0
a#b,0
—=Oa #b,0
O=a #b,0
orl
—-a #b,1
a=bh,1
a=>5,0

X

Again, the last line is obtained by applying the IIR.
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16.2.5 Here is another tableau to show that Fcxny OVXVy((Sax A Say) D
X #Y):
=OVxVy((Sax A Say) D x #Y),0
O=VXYY((Sax A Say) D x #3),0
or1
=VxVy((Sax A Say) DX #y),1
Ax—Vy((Sax A Say) D x #y),1
=Vy((Sab A Say) Db #y),1
Ay—((Sab A Say) Db #y),1
=((Sab A Sac) Db #¢),1
Sab A Sac,1
—b #c,1
Sab, 1
Sac, 1
b=c1
b=c0

16.2.6 Counter-models are read off from open branches as usual. In partic-
ular, where there is a bunch of lines of the form a = b,0,b = ¢,0, etc., a
single denotation is provided for all the constants, as in 12.5.9 and 13.6.5.
(The 0 could, in fact, be any line number, because of the IIR.)

16.2.7 Thus, in the counter-model given by the tableau of 16.2.5, W =
{WO’W1}7 W()RWl, D = {861’ 8b}1 U(a) = aa’ \)(b) = V(C) = 8b’ and UW](S) =
{(94, dp)}. In a picture:

S % B S O O
0a X X Wwo — Wp e x &
d X X dh X X

I leave it as an exercise to check that this interpretation works.

16.3 The Negativity Constraint

16.3.1 In this section, we will see how the addition of the Negativity
Constraint affects matters.

16.3.2 In the presence of the constraint, non-existent objects cannot be in
the extension of the identity predicate. Hence, vy (=) = {{d,d):d € vy (€)}.
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16.3.3 For the corresponding tableaux, the identity rules become:

¢a,i a=hb,i a=hb,i
) Ax(a),i &a,j (or €b,j)
a=a,i J )
Ax(D),i a=b,j

(where Ay(a) is any atomic formula except a = b). Note the comments
of 13.6.3 about the tableau rules for identity in free logic, which apply
equally here.

16.3.4 Here is a tableau to show thata =b D O(¢a D a = b) in VK(NI), the
weakest normal quantified modal logic. (Clearly, a similar tableau works in
VK*(NI), when O is replaced by [F] or [P].)

—(a=b>0(¢a D>a=Dh)),0
a=D>b,0
=0(¢a >Da=D»),0
¢a, 0
¢b, 0
O=(¢a Da=Dh),0
orl
—(¢aD>a=Dh),1
¢a, 1
-a=>b,1
a=Dhb,1

X

The last line follows from the appropriate applications of IIR.

16.3.5 NIdoes not hold in VK (NI) (or VK!(NI)) with the Negativity Constraint.
The tableau s as for the first one of 16.2.4, except that the last line is missing.
We cannot infer a = b, 1, since we have neither ¢a, 1 nor ¢b, 1.

16.3.6 To read off a counter-model from an open branch of a tableau when
the Negativity Constraint is in operation, we give constants the same deno-
tation provided they are said to be the same at some world. Thus, for
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example, if we have a = b,i and b = c,j, we give a, b and ¢ the same denota-
tion.? The first tableau of 16.2.4 (truncated before the last line) then gives
the interpretation depicted as follows:

aa aa
Wo — Wi
¢ J ¢ x

Both a and b denote 9,. I leave it as an exercise to show that this counter-
model works.

16.4 Rigid and Non-rigid Designators

16.4.1 Let us now consider a standard objection to quantified modal logic.
Beethoven wrote nine symphonies. Therefore 9 = 8, where g is ‘the num-
ber of symphonies that Beethoven wrote’. Given NI, - VxVy(x =y D Ox =),
it follows that (09 = p; that is, necessarily the number of Beethoven
symphonies is nine - which is false, since Beethoven could have died
immediately after writing the eighth.

16.4.2 It might be suggested that the failure of NI in necessary identity
systems with the Negativity Constraint provides an answer to the problem,
but it does not. As we saw in 16.3.4, even with the Negativity Constraint,
a=>b > 0(Ea D a = b). Since 9 = B, it still follows that (J(¢9 D> 9 = B),
and so 0¢9 D 09 = B. But a Platonist about numbers ought to be able to
hold that 9 is a necessary existent, without being driven into this absurd
conclusion.

16.4.3 What has gone wrong with the argument is, in fact, that the noun-
phrase 8, ‘the number of symphonies written by Beethoven’ is a noun
phrase that may change its denotation from world to world. In some worlds,
Beethoven wrote eight symphonies, in some two, in some 147.

16.4.4 The constants we have been using so far all have a world-invariant
denotation. (Thus, we write v(c), not v, (c). Compare predicates, where

2 In fact, if we have lines of the form a = b,iandb =, j, then there is a line of the form
¢b,j (by the NCR) and a = b, j (by the IIR). Hence, the worlds at issue can always be taken
to be the same.
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extensions may change from world to world, and we write v, (P), not v(P).)
Constants of this kind are called rigid designators. Constants like 8 are, by
contrast, non-rigid designators. How do such constants behave logically?

16.4.5 Let us augment the language with a collection of new constants: «o,
a1, a2, ... and call these descriptor constants, or just descriptors. I will use «,
B, y,... for arbitrary descriptors. I will call our old constants rigid constants.
The terms of the language now comprise descriptors, rigid constants and
variables.

16.4.6 In an interpretation, v assigns each descriptor a denotation, vy («),
at each world w. If we define vy (a) to be v(a) for all rigid constants, a, we
can write the truth conditions of closed atomic sentences uniformly as:

ww Pty ... tn) = 1iff (wy(ty), ..., vw(tn)) € vw (@)

In all other ways, the semantics remain the same. In particular, the truth
conditions of the quantifiers are still given in terms of the canonical
constants, k;, which are rigid.

16.4.7 To obtain tableaux for the extended language, the identity rules
(whatever they are) are extended to include all closed terms, descriptors
or rigid constants, except that the IIR applies only if both terms are rigid con-
stants. All of the other rules remain the same. In particular, the rules of
universal and particular instantiation (and the NCR if it is present) apply
only to rigid constants. There is, in addition, one further rule:

c=a,i

c is a constant new to the branch. The rule is applied to every descriptor, «,
on the branch, and every i on the branch, for which there is not already a
line of this form.*

3 The effect of applying the other rules to descriptors, where this is legitimate, is obtained
by applying this rule. Thus, consider UI, for example. Given VxPx,i, we have a line of
the form ¢ = «, i, so we can infer Pc, i by Ul, and P«, i by SI.
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16.4.8 Here is a tableau to show that Vx[(Px + P« in CK(NI).

vx[Px, 0
—[Pa, 0
O=Pa, 0
or1
—Pa, 1
a=«,0
b=a,1
OPb, 0
Pb,1
Pa, 1

X

Lines six and seven apply the new rule, and the last line is obtained by SI
from line seven.

16.4.9 Here is a tableau to show that ¥ a = « D Oa = « in the same system.

—(a=oDl0a=aw),0
a=a,0
—-Ua =«,0
C—a=«,0
orl
-a=uqa,l
b=oao,1

The last line is provided by the new rule, but its addition has no further
consequences.

16.4.10 We read off a counter-model from an open branch of a tableau as
before. In addition, if there is a line of the form ¢ = B,i on the tableau,
we set vy, (B) to v(c). (Note that if we have lines of the form ¢; = 8,i and

¢2 = B.i, then we have a line of the form c¢; = ¢3,1, by SL, so v(c1) = v(c2).)

16.4.11 Thus, in the counter-model given by the tableau of 16.4.9, W =
{wo,w1}, D = {84, 3}, WoRW1, v(a) = 0g, V(D) = O, Yy (@) = 3a, v, (@) = 0.
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That is:

o o
Wo — W
b0 Yol a

The descriptor is written above the object that it denotes at each world.
Vwo (@) = v(a) = 33 = vy, (). Hence, a = « is true at wy. But vy, (@) = v(a) =

da # 0 = v(b) = vy, (). Hence, a = « is false at wy, so Oa = « is false at wy.

16.4.12 Note that various quantifier inferences that hold for rigid constants
may fail for descriptors. Thus, 0P« ¥cx Ix0Px. The tableau for this is infinite.
Here is a finite counter-model:

o m o
da wo — Wi 0a O
P J x P x

I leave it as an exercise to check that this works.

16.4.13 All the tableau systems described in this chapter are sound and
complete with respect to the appropriate semantics. This is proved in 16.6
and 16.7.

16.5 Names and Descriptions

16.5.1 Given the distinction between rigid and non-rigid designators, it may
reasonably be asked of various noun-phrases in a natural language, such as
English, which kind they are. Definite descriptions, of the form ‘the so and
so’ are naturally taken to be non-rigid, as we have already observed, in effect,
with the description ‘the number of symphonies composed by Beethoven’.
(Though we might want to make exceptions for descriptions such as ‘the
least natural number’ which, at least arguably, refers to the same object in
all worlds, namely, 0.)

16.5.2 The situation is less clear with respect to proper names, such
as ‘Aristotle’. Some have suggested that proper names are really covert
descriptions, such as ‘the teacher of Alexander the Great’. But if so, the
sentence:

Aristotle is the teacher of Alexander the Great
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would mean the same as:

The teacher of Alexander the Great is the teacher of Alexander the Great

and this is not false at any world (at least, at any world in which Alexander’s
teacher exists). But this does not seem to be the case: in a possible world in
which Aristotle whiled away his life in Stagira as a minor local official, and
Alexander was taught by someone else, the claim would be false.

16.5.3 It is therefore plausible to suppose that proper names in a natural
language (at least when appropriately disambiguated to a particular object)
are rigid designators. Thus, they latch on to the object they denote, not via
some implicit descriptive content, but by a more direct mechanism.

16.5.4 One account of the mechanism has been suggested by Kripke. The
person who coins a name, selects a particular object, x. They then baptise x
with that name, which refers to it rigidly - at all worlds. (They may single x
out with a certain description, but if they do, in any other world the name
still refers to x, not to whatever satisfies the description at that world.) When
other speakers learn to use the name - ultimately from the baptiser - the
reference goes with it. This is sometimes called the causal theory of reference,
because of the causal interaction between speakers which transmits the
use of the name. (Note that the account is quite compatible with speakers,
generally, having false beliefs about what it is the name refers to.)

16.5.5 The theory is not without its problems. For example, folklore has
it that certain Africans used the name ‘Madagascar’ for part of the African
mainland. Some European explorers wished to know the name of a certain
island off the coast of Eastern Africa. Their African informants, misunder-
standing their question, told them that it was Madagascar, the name by
which the island is now known. Clearly, the reference did not transfer
between speakers on this occasion.

16.6 *Proofs of Theorems 1

16.6.1 In the following sections I will prove the soundness and complete-
ness of the tableau systems for identity discussed in this chapter. We will
turn to descriptors in the next section. In this section, we ignore them.
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16.6.2 So suppose that we are dealing with constant or variable domain
semantics for some normal modal (including tense) logic. Selecting the iden-
tity predicate for special treatment does nothing to affect the proofs of the
Locality and Denotation Lemmas, which therefore still hold.

16.6.3 THEOREM: Given any system of modal logic of the previous chapters,
without the Negativity Constraint, the tableaux obtained by adding the
rules for necessary identity (16.2.3) are sound with respect to their

semantics.

Proof:

The proof simply extends that for the corresponding logic without identity.
We need only check the new cases for the identity rules in the relevant
Soundness Lemma. The first is trivial. The second is SI. For the sake of
illustration, we suppose that there is only one occurrence of the term to be
substituted. Then the rule is as follows:

a=Dh,i

Pai...a...a4,1

i

Paqy...b...ay,i

Suppose that f shows that 7 is faithful to a branch with the two premises
on it. Then v(a) = v(b) and (v(a1),...,v(a),...,v(ay)) € vy, (P). Hence,
(v(@1),...,v(b),...,v(a@n)) € vw;(P), and Pay ...b...ay,i is true at 3. We may
therefore take 3’ to be 7.

For the Identity Invariance Rule: if a = b is true at f (i), then v(a) = v(b),
so0 a = b is true at f(j), and we may just take J’ to be J. ]

16.6.4 THEOREM: Given any system of modal logic of the previous chapters,
without the Negativity Constraint, the tableaux obtained by adding the
rules for necessary identity are complete with respect to their semantics.

Proof:

The proofs modify the relevant identity-free cases, using the technique of
the classical completeness proof for identity (12.9.4-12.9.5). We define the
induced interpretation as follows. Let C be the set of (rigid) constants on
the branch, B. Define a ~ b to mean that a = b, 0 is on the branch. This is
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an equivalence relation, as may easily be checked. D = {[a] : a € C} (or, if
C = ¢, D = {9} for an arbitrary 9). W = {w;: i occurs on B}, wiRwj iff irj occurs
on B. (For extensions of CK*(NI) and VK!(NI), this definition of R is modified
as in 3.7.8.) v(a) = [a], and if P is any n-place predicate other than identity,
(la1l,...,[an]) € vw;(P) iff Pay ...an,iis on B. (This is well defined because
of IIR and SI.) For the variable domain case, Dy, = vy, (€). The cases in the
Completeness Lemma for the connectives and quantifiers are as without
identity, and the atomic cases are the obvious modifications of the classical
case (12.9.5):
If P is not the identity predicate:

Paj...an,iisonB = ([a1],...,[ax]) € v, (P)
= (v(@1),...,v(a)) € vy, (P)
= vyPar...ap) =1

—-Pa;...ap,iisonB = Paqi...a,,iisnoton B (B open)
= (la1l,...,[an]) & v, (P)
= (v(@1),...,v(@n)) ¢ v, (P)
= vyPay...ap) =0

For the identity predicate:

a=b,iison B a~b (IIR)
[a] = [b]
v(a) = v(b)

w(@=b)=1

4444

—a=Db,iisonB = a=D>b,0isnoton B (IIR, B is open)
it is not the case thata ~ b

[a] # [b]

v(a) # v(b)

v, (@a=b)=0

44484

The Completeness Theorem then follows in the usual fashion. [ |
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16.6.5 We look next at the variations that need to be made if the Negativity

Constraint is present.

16.6.6 THEOREM: Adding the NCR and modifying the identity rules as in
16.3.3 gives tableaux that are sound with respect to the corresponding

semantics.

Proof:
In the Soundness Lemma, we have to check the cases for the NCR and the

new identity rules. Here is one example. Suppose we apply IIR:

a="h,i
¢a,j

il
a=h,j

and that f shows J to be faithful to a branch containing the first two for-
mulas. Then v(a) = v(b), and v(a), v(b) € vf;)(€). Hence, vsj (a = b) = 1, and
we can take J’ to be 7.

The others are straightforward, and left as exercises. The Soundness

Theorem follows in the usual fashion. [ ]

16.6.7 THEOREM: Adding the NCR and modifying the identity rules as in
16.3.3 gives tableaux that are complete with respect to the corresponding

semantics.

Proof:

The proofis a variation of 16.6.4, using the free logic construction of 13.7.11.
For the induced interpretation, a ~ b is defined to mean that a and b are
the same constant, or for some i, a = b, i is on B. This is still an equivalence
relation. Reflexivity is obvious; for symmetry, see 13.6.3. For transitivity,
suppose thata ~ b and b ~ c. Then, ignoring the trivial case where some of
these constants are identical, for some i and j, a = b,i and b = c,j are on 5.
By the NCR, ¢b,j is on B. Hence, a = b,j is on B, by the IIR. Whence, a = ¢,j
is on B, by SL The rest of the interpretation is then defined as in 16.6.4. The

Completeness Lemma is proved as before, except that the case for identity
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is a variant of that for negative free logics as in 13.7.11:

a=bjiisonB = a~D
and ¢&a,iand ¢b,iareon B (NCR)
= [a]l=[b]
so  v(a) =v(b)
and v(a), v(b) € vy, (€)
= u@a=b=1

If —a = b,i is on B, there are two cases, depending on whether both of ¢a, i
and ¢b, i are on B, or one is not. In the first case:

—a=bh,iisonB = (ifornoj,a=>b,jonB (IR, B open)
and (ii) aand b are distinct terms (B open)

=  itis not the case thata ~b
= [a]l #[b]

= v(a) #v(b)

= wya=b=0

In the second case, suppose that ¢a, i is not on the branch. (The case for b is
similar.) Then v(a) = [a] ¢ vw,(€). So (v(a), v(D)) ¢ vy, (=), and vy, (a =b) =0,
as required. |

16.7 *Proofs of Theorems 2

16.7.1 In this section we consider the addition of descriptors to the lan-
guage. We assume that the Negativity Constraint is not present. The case for
descriptors plus the Negativity Constraint is left as an exercise. (See 16.10,
problem 10.) The proofs of the Locality and Denotation Lemmas are as usual.
The extension of the language does nothing to change them essentially.
(We merely rewrite anything of the form n(t) as uw(t).) In the Denotation
Lemma, it is important that the co-referring constants are rigid. Substitut-
ing descriptors that co-refer at a world is not guaranteed to preserve truth
values at all worlds. It is easy enough to construct an interpretation where
vy (@) = vy (B) = vw(a), vyw(OPa) = 1, but vy, (OPB) = vy (OPa) = 0.

16.7.2 THEOREM: For all the logics we have been dealing with, the tableaux
for descriptors are sound with respect to their semantics.
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Proof:

We have merely to check that the relevant Soundness Lemma continues
to work with the rules that involve descriptors. These are just the identity
rules of 16.4.7. The only one of these that involves any novelty is the last:

c=a,i

where ¢ is new to the branch. For this: Suppose that f shows J to be faithful
to the branch, B, to which we apply the rule. At world f(i), « has some
denotation, d. Hence, v(ky) = vrpy (@). Let 7’ be the same as J, except that
V'(€) =d.v'(c) =d = v(kg) = vp(i) (). So ¢ = a is true at f (i) in 7. And since ¢
does not occur in any formula on B, f shows 7’ to be faithful to the rest of
the branch, by the Locality Lemma. |

16.7.3 THEOREM: For all the logics we have been dealing with, the tableaux
for descriptors are complete with respect to their semantics.

Proof:

For the proof of this, we extend the definition of the relevant induced inter-
pretation to descriptors, and check that the relevant Completeness Lemma
continues to hold. Given any descriptor, «, on the branch, and any world
i, on the tableau, there is a line of the form a = «,i. Take any one such a
(it does not matter which, because of SI), and let this be @. For any rigid
designator, b, let b just be b itself. In the induced interpretation, we define
vy, () to be [@]. The only cases in the Completeness Lemma that need to
be checked are the atomic ones. These modify the argument of 16.6.4 as

follows.
Pty...tp,iisonB = Pi;...G,,iison B (SI)
= ([fl....[t]) € v, ()
= (VWi (t1)’ e vWi (tﬂ)> € UWi (P)
= vy (Pt .. .ty =1
—Pt;...tg,iison B = Pi;...L,,iisnoton B (SI, B open)

= ([f1].-...[fn]) & vw, (P)
= <vWi (tl)’ R vWi (tﬂ)) ¢ vWi (P)
= Vwi(Ptl...tn) =0
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For the identity predicate:

=1fy,iisonB (Sl

-~

t1 =ty,iison B =

) S5

= t=1t,0isonB (IIR)
= h~D
= [h] = [E2]
= v (t1) = v (t2)
= wti=h)=1
—t1 =t,iison B = f{:fﬁ,iis noton B (SI, B open)
= 1 =1f,,0isnoton B (IIR, B open)
= itis not the case that f; ~ {;
=[] # (5]
= vy (t1) # v (t2)
= vyt =1)=0

16.8 History

There are a few comments concerning identity and modal notions in Lewis
and Langford (1932), ch. 10, but the first account of necessary identity in
modal logic (in fact, of identity in modal logic) was Barcan (1947). The argu-
ment of 16.4.1 was part of Quine’s attack on modal logic in (1953). The
analysis of 16.4.3, was given by Smullyan (1948), which was one of the first
papers about descriptions in modal logic. The view that proper names have
a sense which is something like a definite description, and which fixes its
referent, goes back to Frege in ‘Sense and Reference’ (translated as pp. 56-78
of Geach and Black (1970) or pp. 151-71 of Beaney (1997)). The term ‘rigid
designator’ is due to Kripke, as is the argument of 16.5.2. This, other argu-
ments for the same conclusion, and the causal theory of reference, can be
found in Kripke (1972). Kripke (1971) defends the truth of NI. The argument
of 16.5.5 is given by Evans (1973), where it is discussed further.

16.9 Further Reading

Discussions of identity in modal logic can be found in Garson (1984) and
Cresswell (2001). Hughes and Cresswell (1996), ch. 17, contains a discussion
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of identity and descriptions. Fitting and Mendelsohn (1998) has a good
discussion of necessary identity (ch. 7) and descriptions (ch. 12). Kripke’s
work on modality and reference generated an enormous literature. For an
introduction to this, see Devitt and Sterelny (1987), part 2.

16.10 Problems

1. Check the details omitted in 16.2.7, 16.3.6 and 16.4.12.

2. Determine the truth of the following in CK(NI) (without the Negativity
Constraint). If the inference is invalid, read off a counter-model from
an open branch, and check that it works.

(a) OPa - 3Ax(x = a A Px)
(b) OIx(x = a A Px) - IxOPx
() OIxx=at3IxOx =a

3. Repeat question 2 with VK(NI).

4. Determine the truth of the following in VK(NI) with the Negativity Con-
straint. If the inference is invalid, read off a counter-model from an open
branch, and check that it works.

(a) OPat O3x(x = a A Px)
(b) Ca#bt0Ca#b

5. Determine the truth of the following in CK(NI) (without the Negativity
Constraint). If the inference is invalid, read off a counter-model from
an open branch, and check that it works.

(@) a = B,OPa - OPB
(b) - OPa > IxOPX
(¢) FVxOPx D OPa
(d) = OvVxPx D> OP«x

6. Determine the truth of the following in VK*(NI) (without the Negativity
Constraint). If the inference is invalid, read off a counter-model from
an open branch, and check that it works.

() F[Pla=b>[Fla=b

(b) Fa=b>D[PI{P)(F)a=Dhb

() FIxFyPyx =y D> Iy (F)x=y

(@) FIPIGla=pDa=4p

() F{F)a=8D[Pl[Fla =8
7. How is the denotation of an English proper name fixed?
8. *Check the details omitted in 16.6 and 16.7.

365



366

An Introduction to Non-Classical Logic

9.

10.

11.

*Show that in any modal logic with necessary identity, a = b,Ax(a) F
Ay (b). (Hint: see 12.9.2.) Show that in such logics, a = «, OPa ¥ OPa.
*Prove that the tableaux for descriptors plus the Negativity Constraint
are sound and complete. (Hint: modify the arguments of 16.6.6 and
16.6.7 in the way that 16.7.2 and 16.7.3 modify the arguments of 16.6.3
and 16.6.4.)

*For the various systems of logic in this chapter, formulate tableaux
for inferences with arbitrary sets of premises. Prove the Soundness
and Completeness Theorems. Infer the Compactness and Léwenheim-
Skolem Theorems.



17 Contingent Identity in
Modal Logic

17.1 Introduction

17.1.1 In this chapter we will look at the behaviour of contingent identity
in modal logic.! We assume that the logic to which identity is being added
is any quantified normal modal logic, constant or variable domain, without
the Negativity Constraint.? Recall that if L is any logic L(CI) is L augmented
by contingent identity.

17.1.2 First, we will take all constants to be rigid designators. We then look
at the addition of descriptors.

17.1.3 Finally, we will take up briefly two important philosophical issues
concerning identity, tense and modality.

17.2 Contingent Identity

17.2.1 In 16.4.1 we looked at a problem concerning SI. Later in 16.4 we
saw how the distinction between rigid and non-rigid designators solves the
problem. But there would appear to be a more virulent form of it. The
Morning Star is the planet Venus, as is the Evening Star, m = v = e. But
arguably, these noun phrases are rigid. So it follows by NI that Om = e; and
this would seem not to be true. It would seem to be a contingent matter that
the heavenly object that appears in the sky around dawn, and christened
by the Ancients ‘the Morning Star’, turned out to be identical with the
heavenly body that appears in the sky around dusk, and christened by the

1 As in the previous chapter, this includes tense logic. So [J and < may be read as [F] and
(F).
2 The addition of the Negativity Constraint is left as an exercise. See 17.7, question 11.
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Ancients ‘the Evening Star’. The latter, for example, could have turned out
to be Mercury.

17.2.2 To obtain a system of identity in modal logic in which NI fails, we
proceed as follows. An interpretation is a fivetuple (D,H, W,R,v). W and R
are as usual. His a set of objects that for the moment we will call avatars.
(What, exactly, these are, we will return to in due course.) D is the non-empty
domain of quantification, but now its members have internal structure: they
are functions from W to H. If d € D and w € W, we may think of d(w) as the
avatar of d at w. I will write d(w) as |d | - For every (rigid) constant, ¢, v(c) € D.
But for every world, w, and n-place predicate, P, v, (P) is a subset of H", not
D". vy (=) is the world-invariant set {(h,h): h € H}. If the interpretation is a
variable domain interpretation v(w) =Dy = {d € D : |d|,, € vy(&)}.

The truth conditions for atomic sentences, including identity, are now
as follows:

vw(Pay ...an) = 1iff (v(@ply ..., [v(an)ly) € vw(P)

For the connectives and quantifiers, the truth conditions are as usual. In
particular, the truth conditions for the quantifiers are, note:

vw (VxA) = 1iff for all d € D (or Dy), vw(Ax(kg)) =1
v (3xA) = 1iff for some d € D (or Dy), vw(Ax(ky)) =1

Validity is defined as usual, in terms of truth preservation at all worlds.

17.2.3 The tableaux for contingent identity are exactly the same as those
for necessary identity, except that the Identity Invariance Rule of 16.2.3 is
dropped.

17.2.4 Here is a tableau to demonstrate that Fcg VxVyOx =y D
(Px D Py)).
=VxVyO(x =y D (Px D Py)),0
Ix—=vyO(x =y D (Px D Py)),0
=vy((a =y D (Pa D Py)),0
Jy—O(a =y D (Pa D Py)),0
—O(a =b D (Pa D Pb)),0
O=(a=Db D (Pa D Pbh)),0

!
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or1l
—(a=Db > (Pa D Ph)),1
a=>b,1
—(Pa > Pb),1
Pa,1
—Pb,1
Pb,1

X

The last line is obtained by SI.

17.2.5 And to show that this is not a system of necessary identity:
Fekoen YRVY(x =y D Ux =y):

=VxVy(x =y D Ox =y),0
I-Vy(x =y D 0Ox=y),0
=Vy(a=y>Ua=y),0
y—(a=y>0a=y),0
—(a=b>0a=Dh),0
a=>5,0
=Oa =b,0
O=a=Db,0
—a=Dh,1

The tableau is finished. Without the Identity Invariance Rule, the tableau
fails to close. Since CKv(CI) (CK'v(CI)) is the strongest system of quan-
tified normal modal logic, this shows that NI is not valid in any such
logic.

17.2.6 To read off a counter-model from an open branch, W and R are
defined as usual. D = {9,;: a occurs on the branch}. For every constant,
¢, v(c) = 9.. To determine H, start with a set of distinct elements of the
form a;, where a is a constant on the branch and i is a world on the branch.
If there is a bunch of identities of the form a = b,i, b = c,i, etc., on the
branch, choose one of a;, b;, ¢, etc. - say a; - and throw the others away.
Then |84]y, = |9plw, = l9cly; = ... = &;, and H is what remains after the
discarding. For every w; € W, if P is any n-place predicate other than iden-
tity (which always has the same extension) (|3g, lw;» - --» [3a,lw;) € vw, (P) iff
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Pa; ...ay,i1is on the branch. Note that we deploy the avatars corresponding
to the constants. Note, also, that it does not matter which avatar is chosen
for a constant to denote at a world, since SI has been applied within worlds.
This definition does not say under what conditions an n-tuple containing
an avatar that is not of the form |d,/,, is in vy, (P). This is, in fact, a don't
care condition. The simplest thing is to say that all such n-tuples are not
in vy, (P).

17.2.7 Thus, in the counter-model defined by the tableau of 17.2.5, W =
{wo,w1},D = {34, 3p}. H = {@0, a1, b1}, where ||\, = |3ply, = @0, 0alyy, = A1,
and |dply, = b1.

Checking that this works: |v(@)ly, = |9alw, = a0 = [9ply, = ]u(b)|W0. But
(@0, a0) € vw,(=), S0 a = b is true at wo. [v(@)|y, = |daly, = a1 # b1 =
|9y, = |”(b)|w1' But (a1, b1) ¢ vy, (=), soa =Dbis not true at wy, and Ja = b
is not true at wo. Hence VxVy(x =y D [x = y) is not true at wy.

17.2.8 Here is another example. ¥cx(cry YXVy((Ox =y A Px) D Py):

=VxVy((Ox =y APx) D Py),0
x=Vy((Ox =y A Px) D Py),0
—Vy((¢a =y APa) D Py),0
Jy—((Ca =y A Pa) D Py),0
—((¢a =bAPa) DPb),0
Sa=bAPa,0
=Pb,0
Ca=Db,0
Pa,0
or1
a=b,1

3 There is no requirement in the semantics that avatars cannot occur in more than one
world; that s, that forallf, g € D, if |f| wy = |g}WZ thenw; = wy. Imposing this constraint
obviously gives a logic that is at least as strong. In the counter-models given by the
recipe, this constraint is satisfied. (See also the proof of 17.4.5.) Hence, the logic with
this constraint imposed has exactly the same strength. In other words, whether or not
the avatars at distinct worlds must themselves be distinct has no effect on the logic.
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The counter-model determined by the tableau may be depicted as
follows:

dg Oy da O

I Wo — wi N

ap, by a;
P/ x P X

At each world, the members of D are listed at the top, the arrows indicate
their avatars, and whether or not P applies to these is indicated by the ticks
and crosses below. I leave it as an exercise to check that this interpretation
works.

17.2.9 Since the tableau rules for contingent identity are all rules for nec-
essary identity, any inference valid in a logic with contingent identity is
valid in the corresponding logic with necessary identity. The converse, as
we have seen (17.2.5), is not true.

17.2.10 A couple of observations. First, NI breaks down in Lewis’ counter-
part theory of 15.7.4-15.7.6. Suppose that a = b at this world, but that in
world w, a (that is, b) has multiple counterparts, ¢ and d. Then at w it is
not true that ¢ = d. Hence, Oa = b is not true. Hence, it might be thought
that the avatars of an object at different worlds behave as do counterparts
for Lewis. But they do not. Most obviously, as we saw, the counterpart rela-
tion need be neither symmetric nor transitive; and as we also saw, this
fact makes a mess of modal propositional inferences. But the relationship
between the different avatars of an object is an equivalence relation, and so
symmetric and transitive; neither does the machinery of avatars interfere
with the underlying propositional logic.

17.2.11 Secondly, and for future reference: in a contingent identity system,
the members of D are functions from worlds to avatars, but D does not
have to comprise all such functions. This might seem rather arbitrary. What
happens if we insist that in every interpretation it does? The answer is that
in such a system the following is valid: O03xPx > IxOIPx. It is clear that this is
not desirable. (Though see 17.3.12.) Given a fair game, it is necessarily the
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case that someone wins it; but it is not the case that there is someone who
necessarily wins it.*

17.2.12 Finally in this section, let us note that we can add descriptors to
contingent identity logic, just as we added them to necessary identity logic
(16.4). In the semantics, each descriptor simply denotes a member of D
at each world - possibly changing from world to world. In particular, for
atomic sentences the truth conditions are:

vw(Pty .. ty) = L (o Dy - - - ow () lw) € vw(P)

where, if t is a rigid constant, v (t) is just v(t) . Tableaux are obtained as in
the necessary identity case.

17.2.13 It might be wondered where the difference between descriptors
and rigid constants lies, if the business end of the denotation of a rigid
constant may change from world to world. The answer is in the behaviour
of the quantifiers. These work normally for rigid constants, but not for
descriptors. Thus, in CK(CI), for example, (Pa + 3x0OPx, but OP« ¥ 3x0Px,
as the following tableaux show:

OPa, 0 OP«, 0
—3x[0Px, 0 —=3x[0Px, 0
Vx—=[Px, 0 Vx—=[Px, 0

—Pa, 0 a=a,0
&=Pa, 0 —[Pa, 0
orl &=Pa,0
—Pa, 1 orl
Pa,1 —Pa, 1
X b=a,l1
—=[Pb, 0

The second tableau is infinite and does not close. Counter-models are read
off from an open branch of a tableau as in 17.2.6, with the denotations of

4 Just for the record, if, in an interpretation, D is required to be the set of all functions
from W to H, this effectively gives the logic the power of second-order non-modal logic.
Second-order non-modal logic has no sound and complete tableau system. For similar
reasons, neither does this logic. See Garson (1984), 3.4.
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descriptors then being assigned as in 16.4.10. I leave it as an exercise to read

off the counter-model from the second tableau.

17.2.14 A finite counter-model to the open tableau of 17.2.13 may be
depicted as follows:

o
%a O
o
a b1
P J x
w1
/!
Wo
N
w2
o
da I
o
day bz
P x

I leave it as an exercise to show that this interpretation works.

17.2.15 The tableaux for contingent identity are sound and complete with

respect to their semantics. This is proved in 17.4.

17.3 SI Again, and the Nature of Avatars

17.3.1 Let us start our philosophical considerations by returning to the
argument of 17.2.1. Let us assume that ‘Morning Star’ and ‘Evening Star’
are rigid designators (as argued in 16.5). Is it possible that the Morning Star
might not be the Evening Star? If the names are rigid designators, then to
say that the Morning Star is the Evening Star would appear to be saying
no more than that a certain object (viz., Venus) has the property of being
selfsidentical. This is a necessary truth, and it is not possible that it is false.
The argument of 17.2.1 is therefore suspect.
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17.3.2 In virtue of this, it might be suggested that we can dispense with
systems of contingent identity altogether. But there are other possible objec-
tions to NI. Let us start with the case of tense logic. Consider an amoeba,
Alf. At some time, Alf divides into two amoebas, Ben and Con. Now, Ben and
Con did not come into existence at the time of fission. Prior to that, they
were both Alf. Hence, it was the case that Ben and Con were identical. Now
they are distinct.

17.3.3 There are modal analogues of the temporal example. Consider the
zygote that was to become me. Consider a world in which this split at the
appropriate time, and my mother gave birth to identical twins, Graham;
and Graham;. In that world, I am two people; and in this world, they are
one person. So the fact that two things are distinct does not entail that they
are necessarily distinct.

17.3.4 A different sort of example is provided by the following consider-
ations. Consider a lump of clay, I. At a certain time, t1, this is fashioned
into a statue of the Buddha, b. At a later time, t;, the statue is destroyed by
squashing the clay back into an amorphous lump. Now, between t; and t;
it would appear that I = b; but at t1, it was the case that | # b; after all, |
existed, but b did not. Similarly, at t;, it will be the case that [ £ b.

17.3.5 Again, there is a modal analogue. Between t; and tp, | = b. But it is
possible for this to be false. After all, before t; it was false, and the statue
might never have been made.

17.3.6 One may certainly argue about these examples. But there are oth-
ers which seem harder to dispute. As was observed in 3.6.8, one possible
interpretation of necessity is as epistemic necessity. To say that something
is necessary in this sense, is to say that it is known to be true; and to say
that it is possible is to say that it is not known to be false. Now, at least as far
as the Ancients knew, the Morning Star and the Evening Star might have
been different celestial bodies. (Maybe they even believed that they were.)
Hence, NI appears to fail for epistemic necessity.

17.3.7 This bring us back to the examples of 12.6.5-12.6.8 concerning SI.
In necessary identity systems, a = b,Ax(a) F Ax(b) (16.10, question 9), but
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in contingent identity systems, this does not hold.> (For example, a = b,
Oa = a ¥ Ua = b. I leave it as an exercise to check this.) Now, the hardest
of the problems we met was that concerning George Eliot and Mary Anne
Evans. I knew that George Eliot was a novelist; I did not know that Mary
Anne Evans was. The argument here precisely applies SI within the con-
text of an epistemic operator. Appealing to a system of contingent identity
therefore solves this problem.

17.3.8 It does not solve the other problem of 12.6.8, though. Even in contin-
gent identity systems: g = m, Tpg = Tpm. (Substitutivity breaks down only
in modal contexts.) Hence, if Priest was thinking about George Eliot, it still
follows that he was thinking about Mary Anne Evans.

17.3.9 Maybe, then, we should just accept the conclusion. I was thinking
about Mary Anne Evans; I just did not know that I was. Of course, I knew
that I was thinking about George Eliot, and Mary Anne Evans is George
Eliot. But it does not follow that I knew that I was thinking about Mary
Anne Evans. That inference requires SI within an epistemic operator.

17.3.10 Since we need to take systems of contingent identity seriously, we
therefore need to face the question of what, exactly, the members of H,
the avatars, are. If we interpret the modal operators as tense operators -
as we did in reasoning about the amoeba example of 17.3.2 - worlds are
naturally thought of as states of affairs at certain times. Now, a physical
object extended over space obviously has spatial parts. In the same way, we
may suppose, a physical object extended over time has temporal parts. We
may therefore take the members of H to be such parts. An object is the sum
of its temporal parts (in the appropriate order), and a member of D is just a
function from worlds (times) to parts, which effectively arranges the parts
in the right order.

17.3.11 If we think of the worlds as worlds proper (and not times), it is less
clear that the analogous move is plausible. An object, we may suppose, has
different ‘modal’ parts at different worlds. But what is it that makes them

5 Though one does have this if x is not in the scope of a modal operator. See 17.7,
question 10.
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parts of one and the same object? In the temporal case, there is, presumably,
some kind of temporal or causal continuity that ties the parts together into
a single whole. There would seem to be nothing analogous in the modal
case. (Since the parts are different objects, one cannot even appeal to the
haecceities of 15.7.10.)

17.3.12 There is an extreme solution here: any combination of parts can be
taken to form a whole. What this amounts to is that D should comprise all
functions from worlds to parts. But as we noted in 17.2.11, this would appear
to produce an unacceptably strong modal logic.® It would seem, then, that
objects composed of trans-world parts must be held together by some kind
of non-arbitrary metaphysical glue. What this might be is opaque.

17.3.13 A quite different suggestion is to give up the idea that the members
of H are parts, and take the notion of an avatar more literally. Objects may
have different (or the same) colours at different worlds, different (or the
same) locations at different worlds, and so on. Let us suppose that they may
also have different (or the same) identities at different worlds. Thus, in the
actual world, George Eliot and Mary Anne Evans had the same identity;
but as far as my epistemic state before I learned this fact goes, there were
worlds where they had quite different identities. We might, then, take the
members of H to be identities. Each object may be mapped to its identity
at each world; or, as a matter of convenience, we may simply identify the
object with the map.

17.4 *Proofs of Theorems

17.4.1 In the following section I will prove the technical results mentioned
in this chapter. We suppose that we are dealing with constant or variable
domain semantics for some normal modal logic, first without descriptors.

17.4.2 The statement of the Locality and Denotation Lemmas are asin 14.7.2
and 14.7.3 (except that the interpretation has one new component, H).

6 Some philosophers have suggested interpreting the members of D as individual con-
cepts, i.e., concepts that pick out individuals, such as the tallest mountain. Its avatar at a
world is then simply the individual that it picks out there. Thought of in this way, the
logic may not be too strong. If it is necessarily the case the someone wins the game,
then, arguably, there is someone who necessarily wins, viz., the winner. However, if our
quantifiers are to range over objects, not concepts, the point remains.
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17.4.3 THEOREM: The Denotation and Locality Lemmas hold in contingent
identity semantics.

Proof:
The proofs are as in 14.7.2 and 14.7.3 (15.9.3 and 15.9.4 for the variable

domain case), except for the basis cases, which now go as follows.

Locality:

viw@Pay ...ap) =1 iff  (vi@)hy,.... vinly) € viw®)
iff  (va@Dly,... v2@)ly) € vow®) (%)
iff vzW(Pal . an) =1

Line (*) follows, since v1(a;) = v2(ay), etc.

Denotation:
vwwPay...a...ay) =1 iff (v@)lw, - 1v@ly,---s vw(@)ly) € vw(P)
i ([V@)hys o POy V@) € v @) ()
iff vw@Pai...b...ay) =1
Line (*) follows, since v(a) = v(b). |

17.4.4 THEOREM: The tableaux for contingent identity are sound with
respect to their semantics.

Proof:

The proofis as in the necessary identity case (16.6.3), except that the Identity
Invariance Rule has now disappeared, and the proofs for the other identity
rules require minor and straightforward modifications. Thus, for SI, given
that [v(@)|w, = [v(D)|w; and (V@D lw;> .- V@ w5 V(@) lwy) € v (P), we

may infer that ([v(@p)lw;, ..., [V |w;, ... [V(@n)lw;) € v, (P). |

17.4.5 THEOREM: The tableaux for contingent identity are complete with
respect to their semantics.

Proof:

We define the induced interpretation, and prove the Completeness Lemma.
The Completeness Theorem then follows as usual. Given an open branch
of a tableau, the induced interpretation is defined as follows. W = {w;:
ioccurs on B}. wiRwj iff irj occurs on B (modified as in 3.7.8 for tense logic if
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necessary). D = {d,: a occurs in a formula on B}.” The 9, are now functions,
defined as follows. Define the relation a ~; b to mean that a = b, i occurs on
B. ~j is an equivalence relation. Let [a]; be the equivalence class of a under
~;. H = {[a]; : for all a, i on B}. For w; € W, we define:?

|alw, = [al;

For each constant, a, v(a) = 9,. For each n-place predicate, P, other than
identity:

([a1li». ... [anl;) € vw;(P) iff Paq ...apn,iison B

(Any n-tuple that contains an avatar that is not of the form [a]; is not in
v, (P).) As usual, it does not matter which member of an equivalence class
we chose, because of SI. If the interpretation is a variable domain interpre-
tation, Dy, = {d € D: |d|w, € vw,;(€)}.

The cases in the Completeness Lemma are as in the non-identity case
(14.7.8 and 15.9.6 - or in the case of tense logic proper, 14.7.11, 14.7.12 and
15.9.8). The atomic cases are as follows:

If P is not the identity predicate:

Paj...aniisonB = ([a1li,...,[aul;) € vw;(P)
= (0a;lw;»---» 0, lw;) € v, (P)
= (v@)lwy---> [v@n)lw;) € v (P)
= vyPar...ap) =1

—Paq...ay,iison B = Pay...a,,iisnoton B (B open)
= (la1lis...,[anli) & v (P)
= ([0a;lw;» - -+ » [0ay lw;) & v; (P)
= (v@)lwy-- -5 v@n)lw;) & vw; (P)
= vyPay...ap) =0

7 In the odd case where there are no constants on the branch, D = {3}, for an arbitrary
d; H = {h}, for an arbitrary h; and for every w, |3|,, = h.

8 If we wanted to ensure that the avatars are different at different worlds, we could take
H to be {(i,[a];) : for all a, i on B}. 9alw; is then (i, [a];).
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For the identity predicate:

a=b,iisonB = a~;b

= [ali = [bk

= [dalw, = |plw,

= @l = ®)lw,

= wa=b=1
—a=b,iisonB = a=bh,iisnotonB (B open)

it is not the case thata ~; b
[a]; # [b];

[0alw; # [Oplw;

@l # [vb)lw,
w,(@a=b)=0

L

17.4.6 Next, we consider the addition of descriptors, and the tableaux
therefor. The Locality and Denotation Lemmas are proved as in 16.7.1.
The soundness and completeness arguments are modifications of the
corresponding arguments for the necessary identity case (16.7.2, 16.7.3).

17.4.7 THEOREM: The tableaux for descriptors are sound with respect to
their semantics.

Proof:
We have to check that the Soundness Lemma continues to work with the
new rules for descriptors. The first rule is:

o =auo,i

The proof for this is simple, and is left as an exercise. The second rule is SI
(we assume that there is only one occurrence of t for the sake of illustration):
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where t and t' are any terms. Suppose that fshows J to be faithful
to the branch, B, on which the two premises lie. Then |vg ()| )

|Vf(i) (t/)|f(i) and<|vf(i) (t1)|f(i) e |Vf(i) (t) |f(i) yeees Uf(i) (tn)|f(i)> (S Uf(i) (P) Thus,
(o0 @ sy [0 @l -+ VW) € vy (P, and Pha,.. ..ty s

true at f(i). We may therefore take 3 to be 7.

The final rule of inference is:

a=uq,i

where a is new to the branch. Suppose that f shows J to be faithful to the
branch, B, to which we apply the rule. At f (i), « has some denotation, d € D.
Then |v(kg) |f(i) (= |vra (ka) |f(i)) = | (@) |f(i)' Let 7 be the same as 7', except
that v(a) = d. v(@)|rg), = ‘d’f(i) = ]v(kd)|f(i) = ‘vf(i)(a)’f(i)' So a = « is true
at f(i). And since a does not occur in any formula on B, f shows J' to be
faithful to the rest of the branch, by the Locality Lemma. [ ]

17.4.8 THEOREM: The tableaux for descriptors are complete with respect to
their semantics.

Proof:

We define the induced interpretation as in 17.4.5. We extend the induced
interpretation to apply to descriptors, and check that the Completeness
Lemma holds. Given any descriptor, «, on the branch, and any world i, on
the tableau, there is a line of the form a = «, i. Take any one such a (it does
not matter which, because of SI), and let this be «. For any rigid designator,

b, let b be b itself. In the induced interpretation, we define:
Vw; (@) = 05

(For rigid designators, a, we already had vy, (a) = d3.)
If P is not the identity predicate:

Pti...ty,iison B = Pﬁ...fﬁ,iisonlﬁ (ST)
= ([f1lis- ... [tali) € v, (P)
= |8tA1|wi""’ 8§n|wi>evwi(P)
= (w0l - vwi(tn)‘wi> € vy, (P)
= vy Pty ty) =1
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=Pt1...tg,iison B = Pt;...t;,iisnoton B (B open)
= Pi;...tp,iisnoton B (SL, B open)
= ([f1lis- - [Bali) ¢ vy (P)
= (logl,, - 3fn|w,-> ¢ vy, (P)
= (- [, ) € v @)

= Vwi(Ptln-tn) =0

For the identity predicate:

ti =ty iisonB = L =0,iisonB (ST)
= awia
= [0l = [f2];
= |ogl,, =95,
= o tD],, = w2,
= wti=th)=1

—t;1 =ty,iisonB = 1t =ty,iisnoton B (B open)

t; =t,,iis not on B (SL, B open)
it is not the case that f; ~; &5

[F1li # [B2);

05,1, # 15, ..,

|”Wi(t1)|w,- 7 |vWi(t2)’W,-

Vw; (t1=1t2)=0

A

17.4.9 Finally, we prove the result announced in 17.2.11.

17.4.10 THEOREM: If in contingent identity interpretations we require that
D be the set of all functions from W to H, then F [03xPx D Ix[IPx.

Proof:
Suppose that in an interpretation, (D,H, W,R,v), v, (0d3xPx) = 1. Then for
every w’ such that wRw’, v, (3xPx) = 1; so for some d € D, vy (Pk;) = 1; that
d
f be a function such that for all the w’ in question, |f

is,

w € vw (P). For eachw’, choose one such d (by the Axiom of Choice). Let
wo= ’d w/;
w, [f’ \» can be anything one likes. This is in D, since D contains all functions

for all other

from W to H. By construction, for all w" such that wRw', vy, (Pks) = 1, so
v(DPkf) = 1. That is, v(3xOPx) = 1. [ |
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17.5 History

Problems about substitutivity in intensional contexts go back to Aristotle.
They were discussed by a number of the great Medieval logicians. (For discus-
sion and references, see Priest (2005c¢), 3.7.) The problems were put on the
map in the contemporary period by Frege in ‘Sense and Reference’ (trans-
lated as pp. 56-78 of Geach and Black (1970) or pp. 151-71 of Beaney (1997)).
Contingent identity semantics developed in a series of works, starting with
Kanger (1957), and running through Hughes and Cresswell (1968), ch. 11,
Parks and Smith (1974), and Parks (1974). In the last of these it assumes
essentially the form given here.

Intensional concepts were advocated by Carnap (1947). The splitting
example of 17.3.2 is discussed by Prior (1968); the example of the statue
of 17.3.4 is discussed by Gibbard (1975).

17.6 Further Reading

For contingent identity modal logics (including discussions of intensional
concepts), see Hughes and Cresswell (1996), ch. 18, Garson (1984), and Cress-
well (2001). For a discussion of various philosophical issues surrounding
contingent identity, see Priest (2005), ch. 2, and the essays in Part 2 of Kim
and Sosa (1999).

17.7 Problems

1. Check the details omitted in 17.2.8, 17.2.13, 17.2.14 and 17.3.5.

2. Determine the truth of the following in CK(CI). If the inference is
invalid, read off a counter-model from the open branch, and check that
it works.

(a) Ga=bka=b
(b) FVxVy(x £y D Ox # )
(c) ©Ix(x = a A Px) - OIxPx
(d) a=b,OPat OPb
(e) OPa t- 3x(x = a A Px)
(f) ©3Ix(x = a A Px) - IxOPx
3. Repeat question 2 with VK(CI).
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. Determine the truth of the following in CK(CI). If the inference is

invalid, read off a counter-model from the open branch, and check that
it works.

(a) o« = B, OPa - OPB

(b) + OPa D IxOPx

(c) FVxOPx D OPa

5. Repeat question 4 with VK(CI).
6. Determine the truth of the following in CK*(CI). Where invalid, give a

counter-model.

(@) F ((Fya=b A (F)Qa) D (F)Qb
(b) = (F)a=bA[FIQa) D (F)Qb
() -{Pya=bD[F]{P)a=Db

7. Is it possible for one object to be two?

8. What is the best understanding of the nature of the members of H in

11.

12.

the semantics of contingent identity modal logic?

. *Check the details omitted in 17.4.
10.

*Show that if xis not in the scope of a modal operator, a = b,Ax(a) E
Ax(b). (Hint: Show by induction that if [v(a),, = |v(b)|,, then, for any A
of this form, Ay (a) and Ax(b) have the same truth value at w. Note that
formulas of this form are made up from atomic formulas, and formulas
of the form OA and ¢A in which x does not occur free, by means of
truth-functional connectives and quantifiers.)

*Formulate the semantics and appropriate tableaux for systems with
contingent identity and the Negativity Constraint. Prove that they are
sound and complete.

*For the various systems of logic in this chapter, formulate tableaux
for inferences with arbitrary sets of premises. Prove the Soundness
and Completeness Theorems. Infer the Compactness and Léwenheim-
Skolem Theorems.
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18 Non-normal Modal Logics

18.1 Introduction

18.1.1 The techniques concerning quantification and identity in normal
modal logics carry over in a natural way to other logics which have possible-
world semantics. In this chapter we will look at one of these, non-normal

modal logics.'

18.1.2 We will ignore identity to start with, and look at the constant and
variable domain versions of non-normal modal logics (without descriptors).

18.1.3 We will then look at the addition of identity to these logics.

18.1.4 Non-normal worlds are important since, being worlds where logical
truths may fail (as we saw in 4.4.7), they are harbingers of the impossible
worlds of relevant logics (9.7). But the addition of quantifiers and identity
to non-normal worlds appears to raise no novel philosophical issues. There
is therefore no philosophical discussion in this chapter.

18.2 Non-normal Modal Logics and Matrices

18.2.1 In a non-normal modal logic, formulas of the form [JA and ©¢A are
assigned truth values at non-normal worlds in a way that does not depend
on the value of A. When quantification is involved, employing this strategy
in the simple-minded way may cause a problem. Most obviously, []Pa and
(OPb may be assigned different values at a world, even though a = b is
true there. (More generally, the Denotation Lemma, which is integral to the
correct functioning of quantifiers, breaks down.)

1 There are, in principle, non-normal tense logics, though no one, as far as I am aware,
has ever bothered to formulate them. We will not concern ourselves with them here.
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18.2.2 To overcome this problem, we have to treat formulas of the form
[JA and ©A, with n free variables, effectively as n-place predicates. However,
we want to count, e.g., O0Px and Py as the same predicate, even though
x and y are different variables. So the first thing we have to do is a bit of

standardisation.

18.2.3 Call any formula of the form UAor ¢A a modal formula. Given any
closed modal formula, A, of the language, we obtain its matrix as follows.
Recall that the variables are vy, v1, . . . . Let m be the least number greater than
every n such that v, occurs bound in A. Starting on the left of A, and moving
right, we replace every occurrence of an individual constant with vy, Vi1,
Vm+2, - - -, in that order. Note, in particular, that if a constant occurs more
than once, different variables will be used to replace it on each occasion.
The following table illustrates.

Formula Matrix

(Sab v Pc) O(Svovy V Pvp)
OVveSaveb OVVSV7VeVs
O3vzSvzvs O3vzSvivs

O(=Pa D YvgSvoa) | O(—=Pvi D YvpSvova)

Clearly, we can obtain the original formula from its matrix by making the
reverse substitution. We will call a formula itself a matrix if it is the matrix

of some closed formula or other.

18.2.4 Some useful notation: let x4, ..., X, be any variables. We will write
Ay, x, (01, ..., ay) for A with x; replaced by aq, and ..., and x, replaced by
an. If we write the sequence x4, . . ., X, as X , this can be written more simply
asA~ (a1, ...,an). (We could write it, more tersely, as A; (3), but it will often
be useful to display the as individually.)

18.3 Constant Domain Quantified L

18.3.1 We are now in a position to specify the semantics for quantified non-
normal modal logics. We start with the constant domain version of the logic
L of 4.4a, CL.

18.3.2 An interpretation is a structure (D, W,N,R,v). D is the domain of

quantification; W, N, and R are as in the propositional case (4.2); v is as in

385



386

An Introduction to Non-Classical Logic

the case of normal modal logics, except that, in addition, if M is any matrix
with free variables x4, ..., %;, and w is any non-normal world, v,,(M) C D".
By convention, we take D to be the set whose only member is the empty
sequence, (.).% (So its subsets are just {{.)} and ¢.)

18.3.3 The truth conditions for the truth-functional connectives and quan-
tifiers are as for normal modal logics (14.2.3). The truth conditions for OJ
and < are the same as usual for normal worlds (2.3.5). But now consider any
closed modal formula of the form M~ (a1, ..., an), where M is a matrix. The
truth conditions are:

vw(M (@1, ..., an)) = 1iff (v(ay), ..., v(@n)) € vw(M)

Note that if M contains no free variables, (v(a1),...,v(ay)) is simply the
empty sequence, (.). So M is true at w just if {.) € vy (M).

18.3.4 Validity is defined in terms of truth preservation at all normal worlds
of all interpretations, as in 4.2.5.

18.4 Tableaux for Constant Domain L

18.4.1 To obtain appropriate tableaux for CL, we simply augment the propo-
sitional tableau rules of 4.4a.3 (where, in particular, no modal rules apply
at worlds other than 0) with the quantifier rules of 14.3.1.

18.4.2 Here are tableaux to show that - Vx[JA D [Ax(a), and ¥ O@FxO(Px A
Qx) D IxOPx):
—(VxOA D OAx(a)), 0
Vx[IA, 0
—Ax(a),0
O=Ax(a), 0
orl
—Ayx(a), 1
OAx(a),0
Ax(a), 1

X

2 We have not, in fact, defined what this is. For our purposes, it does not really matter.
We can take it simply to be Aristotle.
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=O@xS(Px A Qx) D IxOPx), 0
O=(FxO(Px A Qx) D IXxOPX), 0
0or1
—(FxO(Px A Qx) D IxOPx), 1
IxOPx A Qx), 1
—3IxOPx, 1
&(Pa AQa), 1
Vx—OPx, 1
—OPa, 1
In the second tableau, world 1 is non-normal, and no further modal rules
can be applied; hence the tableau remains open.

18.4.3 Toread off a counter-model from an open branch, we proceed exactly
as in the constant domain case for a normal modal logic, except that all
worlds other than 0 are non-normal; and if i > 0 and M is a matrix,
(a1,...,an) € vy, (M) iff M+ (a1, ...,an),iis on the branch.

18.4.4 Thus, in the counter-model given by the open tableau of 18.4.2, we
have W = {wg, w1}, N = {wp}, woRwy, D = {9,}, v(a) = 94, the extension of P
and Q at both worlds is ¢, vy, (C(Pvo A Qv1)) = {(3a, 3a)} and vy, (CPvg) = ¢.
We may depict it thus:

; A O(Pvo AQvy) g
a
P x da
P x wo — |W
.
Q x
OPvy X

(The rightmost table in the box for wy indicates the extension of ¢(Pvo AQv1)
there). The box around w; indicates that it is non-normal. I leave it
as a straightforward exercise to show that the interpretation does the
required job.

18.5 Ringing the Changes

18.5.1 Constant domain L can be varied or extended in all the standard
ways. For a start, it is easy enough to give variable domain semantics, VL.
Interpretations are exactly the same as variable domain semantics for nor-
mal modal logics (see 15.3.1), except that there is a class of non-normal
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worlds, W —N, as well. At these, the interpretation function, v, assigns each
matrix an extension, which is employed in giving the truth conditions of
its substitution instances, as in 18.3.3. The tableaux for VL are the same as
those for CL, except that the classical quantifier rules are replaced by those
of free logic, as in 15.4.1.

18.5.2 Here is a tableau showing that ¥y; O(3xOPx D O3xPx):

—0(3xOPx > O3xPx), 0
O=(3xOPx O O3xPx), 0
orl
—(3xOPx D O3xPx), 1
Ix[Px, 1
=[J39xPx, 1
¢a, 1
OPa, 1

18.5.3 Counter-models are read off from an open branch as in the constant
domain case, except that the information about the domains is read off
as in the variable domain case for normal modal logics (that is, from the
extension of the existence predicate). (See 15.4.4.) Thus, in the counter-
model given by the tableau of 18.5.2: W = {wg, w1}, N = {wp}, woRwy, D =
{0a}, (@) = 3a, Dy = vy (€) = @, Dy, = vy, (€) = {94}, the extension of P at
both worlds is ¢, vy, (O3xPx) = ¢, and vy, (OPvg) = {9,}. In a diagram:

da ()
% ¢ J O3xPx  x
¢ x woe — (W
P
P x
OPvy /

Checking:

(3a) € vw, (OPvg), so OPa is true at wq as, then, is Ix0OPx
(.) ¢ vw, (d3xPx) , so O3xPx is false at wq

Verifying the facts about the other relevant formulas is routine, and left as

an exercise.

18.5.4 Next, we may produce the constant and variable domain versions of
non-normal modal propositional logics stronger than L. Thus, CN and VN
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are formed by adding the constraint that for allw € W —N, and all matrices
0A and <A, with n free variables:

vw(A) = ¢
v (CA) = D"

This has the effect of making every substitution instance of JA (and so every
closed formula of that form) false at w, and every substitution instance of
OA true. In particular, then, —JA and ¢—A have the same truth value at w,
as do —CAand O—-A.

18.5.5 The tableaux for CN and VN are the same as those for CL and VL,
respectively, except that the rules for the modal operators of N (4.3.1) are
applied, instead of those for L. (So the rules for [J, —[J, and —< are applied at
all worlds; the rule for < is applied only at world 0 and [-inhabited worlds.)

18.5.6 Here is a tableau to show that ¥ VxOOPx D VxO(Qx v 0OQx) in CN:

—(YxOOPx D VxO(Qx v OOQx)), 0
vxOOPx, 0
=VYxO(Qx v OJOQx), 0
Ix—-0(Qx v OOQx), 0
=[(Qa v OOQa), 0
&=(Qa v 00Qa), 0
orl
—(Qa v 0OOQa), 1
—Qa, 1
—00Qa, 1
<&=0Qa, 1
O00Pa, 0
OPa, 1
1r2
=[Qa, 2
<&=Qa, 2
Pa,2

The rule for ¢ is applied to the formula at line 11, because world 1 is [J-
inhabited due to line 13. It is not applied to the formula at line 16, since
world 2 is not U-inhabited.
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18.5.7 Counter-models are read off from open branches of tableaux as for
CL and VL, except that (i) the normal worlds are world 0 and any world that
is C-inhabited (as in 4.3.5), and (ii) for allw € W — N, and all matrices of the
form (JA and ¢A, with n free variables, v, (CA) = ¢ and v, (¢GA) = D". Thus,
for the counter-model determined by the tableau of 18.5.6, W = {wg, w1, w2},
N = {wg,w1}, woRwy and wiRwy; D = {94}, v(a) = 9,. All extensions are
empty, except that vy, (P) = {d,}. In a picture:

Wo — W1 —
8Cl aa 8Cl
P x P x P
Q x Q x Q
DQVO X

I leave it as an exercise to check that this counter-model works.

18.5.8 The quantified versions of L and N can also be extended by adding
constraints on the accessibility relation, to give CLp, VNp, etc. Appro-
priate tableaux are obtained by adding the corresponding rule for r.
Counter-models are read off in the obvious way.

18.5.9 Here is an example to show that ¥ O(¢3xPx D —<3xQx) in CLp:

—0(C3xPx O —<¢3IXQX), 0
0r0
O=(O3xPx D —03xQx), 0
orl, 1r1
—(¢AxPx D ~OIxXQx), 1
O3IxPx, 1
——=03x0Qx, 1
<&AxQX, 1

In the counter-model, W = {wg, w1}, N = {wg}, woRwg, WoRw1, w1Rw1, D =
{9}. (This is one of the odd cases where there are no constants on the com-
pleted tableau.) The extension of P and Q at both worlds is ¢; vy, (C3xPx) =
vy, (©3xQx) = {(.)}. Checking that this works is straightforward and is left

as an exercise.
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18.5.10 As a matter of fact, in the case of N and its extensions, the use of
matrices can be avoided. Things work just as well if we take v to assign truth
values to closed statements of the form [JA and ¢A at a non-normal world,

w, as follows:

vy (JA) =0
w(CA) =1

This is proved in 18.7.8.

18.6 Identity

18.6.1 In this section, we look at the addition of identity to the non-normal

logics we have so far considered.

18.6.2 For necessary identity, we take the extension of the identity pred-
icate at all worlds, normal and non-normal, to be {(x,x):x € D}.> (At
non-normal worlds, v assigns extensions to all matrices - including ones
containing identity.) For the tableaux, we simply add the identity rules of
16.2.3, except that, in the rule SI, Ay(a) may also be a modal formula if i
is non-normal (that is, in L and its extensions, if i > 0; and in Nand its

extensions, if i > 0 and is not C-inhabited).

18.6.3 Here, for example, are tableaux to show that F¢ry) VaVyO(x =y D
(OPx > OPy)) and ¥y O(a =b D (OPa O OPb)):

—VxvyO(x =y D (OPx D OPy)), 0
Ix—VyO(x =y D (OPx D OPy)),0
=vyO(a =y D (OPa D OPy)), 0
Fy—0O(a =y > (OPa > OPy)), 0
=O(a = b > (dPa D> OOPbh)), 0
O=(a =b D (OPa D OPb))
orl
—(a =b > (dPa D OPh)), 1
a=bh,1
—(0OPa > OPb), 1

!

3 When the Negativity Constraint is in operation, this has to be restricted to those x that
exist at the world.
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OPa, 1
—0Pb, 1
OPb, 1

X

In the last line, SI is applied to a modal formula at world 1, which is non-
normal.
=O(a =b > (dPa > ©Ph)),0
O=(a=b > (dPa > ¢©Ph)),0
orl
—(a =b D> (OPa D ¢Ph)), 1
a=hb,1
—(OPa > ©Ph),1
a=>b,0
OPa, 1
-OPb, 1
OPb, 1

Again, at the last line, SIis applied to a modal formula. There being no other
rules (modal or identity) applicable, the tableau is open.

18.6.4 Counter-models are read off from open branches as in the case where
identity is not present, except that whenever we have a bunch of formulas
of the forma = b,0, b = ,0, ... on a branch, one single object is chosen
for all of the constants to denote (as in 16.2.6). Thus, in the interpretation
determined by the open tableau of 18.6.3, we have W = {wg, w1}, N = {wp},
woRw1, D = {9,}, v(a) = v(b) = 9,4, the extension of P at both worlds is ¢,
vwy (OPvo) = {84} and vy, (CPvg) = ¢. In a picture:

Ja
dg P x
Wo — W1
P x |:|PV() \/
OPvyp X

I leave it as an exercise to check that this works.

18.6.5 The non-normallogics can also be extended with contingent identity.
The semantic techniques are exactly the same as those used for normal
systems; and the appropriate tableaux are as for necessary identity, but
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with the Identity Invariance Rule dropped. Details are left as an exercise.
(See 18.11, question 9.)

18.6.6 All the non-normal systems of logic in this chapter are sound and
complete with respect to their appropriate semantics. This is proved in
18.7.

18.6.7 Finally, note that all the systems of logic we have dealt with in the
chapter can be modified by the addition of the Negativity Constraint and/or
descriptors. The reader will no doubt be relieved to learn that I will not go
into these matters here. (But see 18.11, questions 7 and 8.)

18.7 *Proofs of Theorems

18.7.1 In this section I will give the soundness and completeness proofs for
the tableau systems of this chapter. We will start by considering the logics
without identity.

18.7.2 LEMMA (LocaALIty): Let 31 = (D,W,N,R,v1), J2 = (D, W,N,R, vp) be
two non-normal interpretations (constant or variable domain). Since they
have the same domain, the language of the two is the same. Call this L.
If A is any closed formula of L such that v; and v, agree on the denota-
tions of all the predicates, constants and matrices deployed in it, then for
allw e W:

viw(A) = vow(A)

Proof:

The proof is exactly the same as in the normal case, except for the induc-
tion case for modal formulas at non-normal worlds. Suppose that w is
non-normal, and that M is a matrix.

viwMz (@1,...,an)) =1 iff (vi(a1),...,v1(an)) € viw(M)
iff  (v2(a1),...,v2(an)) € vaw(M)
iff UZW(M? (al, ey an)) =1

18.7.3 LEMMA (DENOTATION): Let 3 = (D, W, N, v, R) be any non-normal inter-
pretation (constant or variable domain). Let A be any formula of L(J) with
at most one free variable, x, and a and b be any two constants such that
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v(a) = v(b). Then for any w € W:
vy (Ax (@) = v (Ax (b))

Proof:

The proof is the same as in the normal case, with the exception of the
inductive case for modal formulas at non-normal worlds. Suppose that w is
non-normal, that M is a matrix, and, for the sake of illustration, that a is
substituted for only one free variable in it.

vwMz @1,...,0,...,a0)) =1 iff  (v(a1),...,v(@),...,v(an)) € vy(M)
iff  (v@a1),....v(d),...,v(@an)) € V(M)
iff Vw(M?(al,...,b,...,an)) =1

18.7.4 SOUNDNESS THEOREM FOR CL AND VL: The tableaux for CL and VL are

sound with respect to their semantics.

Proof:

The Soundness Lemmas are proved as in the normal case (14.7.5 and 15.9.5).
This is entirely straightforward: there are fewer cases to consider. (No rules
apply to modal formulas at non-normal worlds.) The Soundness Theorem
follows in the standard way (14.7.6, 15.9.5). [ |

18.7.5 COMPLETENESS THEOREM FOR CL AND VL: The tableaux for CL and VL
are complete with respect to their semantics.

Proof:

The induced interpretation is defined as in the normal case (14.7.7, 15.9.6),
with the following modifications. N = {wp}; for every w; € W —N, and every
n-place matrix, M, with instantiations on the branch, (d,,, ..., da,) € vw,(M)
iff M (a1,...,an),i is on B. The Completeness Lemma is then proved in
the usual way (14.7.8, 15.9.6). There is only one new case, that for modal
formulas at non-normal worlds. This is the same as for atomic formulas,
given the definition of the extension of matrices at non-normal worlds. The
Completeness Theorem follows as usual (14.7.9, 15.9.6). [ |

18.7.6 SOUNDNESS AND COMPLETENESS THEOREMS FOR CN AND VN: The
tableaux for CN and VN are sound and complete with respect to their
semantics.
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Proof:

The proofs are simple modifications of the arguments for L just given.
In the Soundness Lemma, there are extra cases for modal rules applied
at non-normal worlds. The arguments here are as in the propositional
case (4.10.1).

For completeness, the induced interpretation is defined as for L, except
that the normal worlds are wo and all the O-inhabited worlds (as in 4.10.3);
for any matrix, (JA, and non-normal world, w;, vy, (CJA) = ¢; for any matrix
©A, with n-free variables, and non-normal world, w;, vy, (CA) = D". (In partic-
ular, then, any formula of the form A~ (a1, . .., ay) is false at such a world,
and any formula of the form ©A~ (ay,...,ay) is true.) It is clear that this
is an N interpretation. The cases for modal formulas in the Completeness
Lemma now proceed as in the propositional case (4.10.3). |

18.7.7 SOUNDNESS AND COMPLETENESS THEOREMS FOR EXTENSIONS: The log-
ics obtained by extending the quantified versions of L and N by adding
constraints on the accessibility relation are sound and complete with
respect to their tableaux.

Proof:

This is just a matter of checking the cases for the rules concerning r in the
Soundness Lemma, and checking that the appropriate constraints are in
place in the induced interpretation. This is all straightforward. |

18.7.8 Asobservedin 18.5.10, in N and its extensions, we can dispense with
matrices and give the truth values of modal formulas directly. In this case,
the Locality and Denotation Lemmas can be enunciated as in the normal
modal case. The induction case for modal formulas in the Locality Lemma
is trivial (if w is non-normal, vy (CJA) = 0 = vy (0JA), and similarly for
©), as it is in the Denotation Lemma (if w is non-normal, vy (CAx(a)) =
0 = vy (TAx(b)), and similarly for ¢). The Soundness and Completeness
arguments are trivial modifications of the ones already given for N and its
extensions.

18.7.9 We now suppose that necessary identity is added to the language.
The proofs of the Locality and Denotation Lemmas of 18.7.2 and 18.7.3 are
unaffected. These Lemmas therefore continue to hold.
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18.7.10 SOUNDNESS THEOREMS FOR NECESSARY IDENTITY: The tableau sys-
tems for all the quantified non-normal logics with necessary identity are
sound.

Proof:

The Soundness Theorem for each logic follows from the Soundness Lemma
in the usual way. The only novelty in the proof of this concerns the rules
for identity. These are handled as in the normal case (16.6.3), except that
we need to consider the case for SI where a substitution is made in a modal
formula at a non-normal world, thus:

a="h,i
M+ (ai,...,a,...,an),1

+

M+ (a1,...,b,...,an),i

i is non-normal, M is a matrix, and we suppose for the sake of illustration
that a is substituted for only one of the variables in it. Suppose that f shows
that 7 is faithful to a branch with the two premises on it. Then v(a) = v(b)
and (v(a1),...,v(@),...,v(an)) € v (M). Hence, (v(a1),...,v(b),...,v(an)) €
vriy (M), M3 (@1,...,b,...,ay) is true at f (i), and we may take 3’ tobe 3. H

18.7.11 For each logic, given an open branch, B, of a tableau, the induced
interpretation is defined as in the normal case (16.6.4), with the addition
that the class of normal worlds is defined in the standard way (just 0 for L
and its extensions; just 0 and [-inhabited worlds for N and its extensions);
and for non-normal worlds, w;, and any matrix, M, with n-free variables,
([a1l, ..., [an]) € vy, (M) iff M (a1, ..., an),iis on B. This is well-defined since
SI has been applied to matrices at non-normal worlds.

18.7.12 COMPLETENESS THEOREMS FOR NECESSARY IDENTITY: The tableau sys-
tems for all the quantified non-normal logics with necessary identity are
complete with respect to their semantics.

Proof:

The Completeness Theorem for each logic follows from the appropriate
version of the Completeness Lemma. This is proved as for normal modal
logics (16.6.4). There is one extra case, namely that for modal formulas at
non-normal worlds. Thus, suppose that i is non-normal, and that M is a
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Mz (@1,...,ap),iison B = ([a1],...,[as]) € vy, (M)

matrix.

—M= (a1,...,aq),iisonB =
=
=
=

18.8 History

= (v(@1),...,v(@an)) € vy;(M)
= vy Mz@@1,....ap) =1

M= (a1,...,aq),iisnoton B (B open)
(laal, ..., [anl) & vw; (M)
(v(@1),...,v(an)) ¢ vw, (M)

vy, (M (a1,...,an)) =0

Quantified non-normal logics were formulated by Barcan (1946) and Feys

(1965), sect. 12. The semantics in the form given in 18.5.10 were provided

by Routley (1978). Matrix semantics were first deployed (as far as I know) in
Priest (2005c), chs. 1 and 2; ch. 2 uses contingent identity.

18.9 Further Reading

There is no significant literature on quantified non-normal logics, and

therefore nothing much more to read than the works cited in 18.8.

18.10 Problems

1. Check the details omitted in 18.4.4, 18.5.3, 18.5.7 and 18.5.9.
2. Determine the truth of the following in CL. If the inference is invalid,

read off a counter-model and check that it works.

(a) - 0O3xPx D IxOPx

(b) = CO(VXPx D IxPx)

(¢) F ©(3FxOPx A IxO—Px)
(d) = O3x(Px A OPx)

3. Repeat question 2 for each of CLp, VL, VLp, CN, CNp, VN and VNp.
4. Determine the truth of the following in CL(NI). If the inference is invalid,

read off a counter-model and check that it works.
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(@) FGa=b>0Oa=>b

(b) FVxvy(Ox =y D 0O0Ox =)

(c) = VxVy(O(Px A —Py) D x #Y)

(d) F(@ODOa=bA0Ob=c)>0O0a=c

. Repeat question 4 for CN(NI).

6. *Check the details omitted in the proofs of 18.7.
7. *Add the Negativity Constraint to VL(NI); specify the appropriate tableau

10.

rules, and prove them to be sound and complete. Do the same for
VN(NI).

. *Add descriptors to CL(NI); specify the appropriate tableau rules, and

prove them to be sound and complete. Do the same for CN(NI).

. *Formulate the semantics for contingent identity systems CL(CI) and

CN(CI). Construct appropriate tableaux, and prove them sound and
complete.

*For the various systems of logic in this chapter, formulate tableaux
for inferences with arbitrary sets of premises. Prove the Soundness
and Completeness Theorems. Infer the Compactness and Léwenheim-
Skolem Theorems.



19 Conditional Logics

19.1 Introduction

19.1.1 In this chapter we will look at another family of logics which have
possible-world semantics: conditional logics.

19.1.2 We will ignore identity to start with, and look at the constant and
variable domain versions of conditional logics. We will then turn to the
addition of identity to such logics.!

19.1.3 We finish by looking at a couple of philosophical issues concerning
conditionals, quantification and identity.

19.2 Constant and Variable Domain C

19.2.1 Letus start with the constant domain version of the basic conditional
logic C, CC.

19.2.2 The language of first-order modal logic is augmented by the binary
connective, >. An interpretation, J, for this language is a structure
(D,W,{Ra: A € F},v). F is the set of formulas of the language of J; D is
the domain of quantification; v is as in normal modal logics (14.2.2); W and
{Ra: A € F} are as in the propositional case (5.3.3); and, as there, we will
assume for the sake of simplicity that the underlying modal logic is Kv (see
5.3.2).

1 As in the last chapter, we ignore the Negativity Constraint and descriptors, and relegate
them to exercises.
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19.2.3 The truth conditions for the quantifiers are as in the modal case,
14.2.3, and those for the propositional operators are as in 5.3.4. In particu-
lar, for >:

vw(A > B) = Tiff f (w) C [B]

where fy(w) = {w € W:wRyw'} and [A] = {w: vy (A) = 1}. Validity is defined
in terms of truth preservation at all worlds of all interpretations.

19.2.4 There is one further condition on interpretations: for all formulas,
A, and constants in the language of J, a and b:

if v(a) = v(b) then RAx(a) = RAx(b)

(or equivalently, if v(a) = v(b) then fa,@) = fa, ). Let us call this the Accessi-
bility Denotation Constraint (ADC). What goes wrong without it is most easily
seen by considering identity. Suppose that v(a) = v(b). Consider the condi-
tionals Pa > A and Pb > A. These are true at w if fp, (W) C [A] and fp, (W) C [A],
respectively. Unless fp, = fpp (that is, Rp; = Rpy), then one may be true, but
not the other. (In more general terms, without this constraint, the Denota-
tion Lemma, crucial to the behaviour of quantification, will fail. We met a
similar situation with respect to non-normal modal logic in 18.2.1.)

19.2.5 Tableaux for CC are obtained by adding the quantifier rules of
constant domain modal logic (14.3.1) to those for propositional C (5.4.1).

19.2.6 Here is an example to show that A > By(a) = A > 3xB.

A > Byx(a),0
—(A > 3xB),0
0ral
—3xB, 1
Vx—B,1
—Bx(a), 1
Bx(a), 1

X

The last line follows from the first, since 0r41. (Note that it is the proposi-
tional rules for C that are being applied, not those for C*.) Here is another
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tableau to show that Vx(Px > Qx) ¥ VxPx > VxQx:

Vx(Px > Qx),0
—(VxPx > VxQx),0
Oryxpx1
—VxQx, 1
Ix—-Qx, 1
—Qa, 1
Pa > Qa,0

There being no information of the form Orp,i, no further rules are
applicable.

19.2.7 Given an open branch of a tableau, for a counter-model, the worlds
and accessibility relations are read off as in the propositional case (5.4.4).
The domain and the information about the extensions of the predicates at
each world are read off as in the case of constant domain (normal) modal
logic (14.3.4). Note that reading the counter-model off from an open branch
of the tableau in this way guarantees that the ADC is automatically satisfied:
if a and b are constants on the tableau, and v(a) = v(b), a and b must be the
same constant, so Ax(a) is Ax(b).?

19.2.8 Thus, for the open tableau of 19.2.6, W = {wg, w1}, WoRyxpxW1, D =
{94}, v(a) = 94, and the extension of every predicate at every world is empty.
In a diagram:

aa aa
Pox | wo % owy | P ox
Q x Q

Since wy accesses no world along Rp;, Pa > Qa is true at wy, as, then, is
Vx(Px > Qx). VxQx is false at wi, and since wg accesses wq along Ryxpy, VxPx >
VxQx is false at wy.

2 Strictly speaking, this is less than required, since the constraint must be satisfied for
all constants in the language of the interpretation, including the various k;s for d € D.
However, if d = 93, we can simply define Ry, o o be Ry, (q)- So the result will hold for
these too.
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19.2.9 Variable domain C, VC, is obtained by modifying CC in the natural
way. In particular, in an interpretation, for everyw € W, v(w) = Dy, = v, (€);
and the truth conditions of a quantified sentence at a world, w, are given in
terms of the objects in Dy,. (See 15.3.1 and 15.3.2.) The tableaux are obtained
from the tableaux for CC by replacing the classical quantifier rules by those
for free logic, as in 15.4.1.

19.2.10 Here are a couple of tableaux for VC showing that Vx(A > B) F
VX(A > (B Vv C)) and VX(Px > Sx) ¥ Vx((Px A Qx) > Sx):

VXx(A > B),0
—=Vx(A> Bv()),0
Ix—(A> BVv(),0

¢a,0
—(Ax(a) > (Bx(a) v Cx(a))), 0
0ra, a1
—(Bx(a) v Cx(a)), 1
—By(a), 1
—Cx(a),1
' o
—¢a, 0 Ax(a) > Bx(a),0
X Bx(a),1

X

The last line in the right branch is obtained in virtue of the information
about the accessibility relation at line 6.

Vx(Px > Sx),0
=Vx((Px A Qx) > Sx),0
Ix—((Px A Qx) > Sx),0

¢a,0
=((Pa A Qa) > Sa),0
0rpanQal
—Sa, 1
v N
—¢a, 0 Pa > Sa,0

X
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Since we have no information about rp, (at world 0) no further rules can be

applied.

19.2.11 We read off a counter-model from an open branch as in the con-
stant domain case, except that we use the information about what exists
to determine the domain at each world (as in the variable domain modal
case, 15.4.4). Thus, the counter-model determined by the open branch of
the tableau in 19.2.10 may be depicted by the following diagram:

aa 8{1

¢ J ¢ x
PanQa

P x Wo — w1 P x

Q x Q x

S x S x

Since wq accesses nothing under Rpy, Pa > Sa is true there, as, then, is
Vx(Px > Sx) (since a is the only thing that exists there). And since Sa is false
at wi, (Pa A Qa) > Sa is false at wyp, as is Vx((Px A Qx) > Sx).

19.3 Extensions

19.3.1 The basic quantified conditional logics are, in fact, very weak. None
of the following, for example, holds:

1. FVxPx > Pa

2. F (VxPx A VXQX) > Vx(Px A Qx)
3. Pa,vx(Px > Qx) - Qa

4. vxOPx D Qx) F Vx(Px > Qx)

Details are left as exercises.

19.3.2 The logics can be extended in the same way that the propositional
logics are, by adding constraints on the accessibility relations. Perhaps the
most basic extension is obtained by adding constraints (1) and (2) of 5.5.1:

(1) fatw) S [A]
(2) if w € [A] then w € fa(w)

The corresponding tableau rules are as in 5.5.3. This gives the constant and
variable domain systems CC* and VC*.
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19.3.3 Each of 1-4 of 19.3.1 then holds generally in these systems (that
is, we may replace Px and Qx with arbitrary formulas, A and B, respec-
tively) - though in the case of variable domains, an extra premise to the
effect that a exists is necessary in 1 and 3. Here are tableaux to demonstrate
that €a,Ax(a), VX(A > B) Fyc+ Bx(a), and Vx(A D B) F¢c+ VX(A > B). The
others are left as exercises.

¢a,0
Ax(a),0
Vx(A > B),0
—Bx(a),0
v N\
—¢a, 0 Ax(a) > Bx(a),0
X v N\
—Ax(a),0 Ax(a),0
X 074, (0)0
Bx(a),0
X

Note that the rule corresponding to constraint (2) (which causes the second
split) needs to be applied only to closed formulas that are the antecedent of
a conditional or negated conditional on the branch.

Vx[(A D B),0
—Vx(A > B),0
Ix—(A > B),0
—(Ax(a) > Bx(a)),0
0ra, @1
Ax(a), 1
—Bx(a), 1
O(Ax(a) D Bx(a)), 0
Ax(a) D Bx(a), 1

v N
—Ax(a),1 Byx(a),1
X X

Line 9 holds by the [ rule for Kv.
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19.3.4 If a tableau does not close, we read off the counter-model from an
open branch as for CC or VC. Thus, consider the following tableau, showing
that VxQx ¥ccr VX(PXx > Qx):

vxQx, 0
—Vx(Px > Qx),0
Ix—=(Px > Qx),0

=(Pa > Qa),0
Qa,0
Orpg1
Pa,1
—Qa, 1
i N
—Pa, 1 Pa,1
X 1rpg1
v N
—=Pa,0 Pa,0
0rpa0

In the counter-model given by the righthand open branch, W = {wg, w1},
WoRpaWo, W1Rpe, w1, and woRpsw; (and for all other A and w, fa(w) = [A]),
D = {94}, v(@) = 9a, vng(P) = vy @) = vy (Q) = {%a}, vw; Q) = ¢. In a
diagram:

da Pa Pa da

% Pa a2
P V| wo — w IV
QL Vv Q x

This is a CC* interpretation: at every world that wo and wy access under Rp,,
Pa holds; Pa holds at wg and w1, and each world accesses itself under Rp,. All
the other instances of the constraints for C* are taken care of by the default
definition of f. (The ADC is automatically satisfied, as we noted in 19.2.7.)
VxQx clearly holds at wp. —=Qa holds at wy and woRpyawy; hence Pa > Qa fails
at wy, as, then, does Vx(Px > Qx).

19.3.5 More complex constraints on f can be obtained with the sphere
semantics of 5.6. Thus, we may augment an interpretation with a set of
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spheres for each world. f is then defined in terms of these asin 5.6.5: fa(w) =
S;iN[A], where S; is the smallest sphere that intersects with [A] (or if [A] = ¢,
fa(w) = ¢). This gives the constant or variable domain version of the propo-
sitional system S. (See 5.6.) Adding constraint (6) or constraint (7) of 5.7 gives
the constant or variable domain version of C; and C; respectively.

19.3.6 In the sphere semantics, the ADC is automatically satisfied, so we do
not have to worry about it. For suppose that v(a) = v(b). Then vy (Ax(a)) =
vy (Ax(b)). But then [Ax(a)] = [Ax(b)], so the smallest sphere intersecting
each of these is the same. Hence, fa, @) = fa,@)-°

19.3.7 These semantic systems have (at the time of writing) no correspond-
ing tableau systems of the kind in use here. Validity therefore has to be
shown by giving a direct argument. Thus, we may demonstrate that:

IxPx, Vx(Px > Qx) = IxQx

in CS as follows.

Take any interpretation that makes the premises true at world w. Then for
some d € D, Pky and Pky > Qkg are true at w, sow € [Pkg] and fpr, (W) < [Qkg].
If we can show that Qk; holds at w, then we are home. [Pk;] is non-empty,
o) fpkd (w) = §; N [Pky], where §; is the smallest sphere containing w which
has a non-empty intersection with [Pky]. Hence, w € fpi, (w). It follows that
w € [Qkg], as required.

(This particular inference happens also to be valid in CC*. So an alter-
native way to proceed in this case is to show the inference to be valid in
CC™ using tableaux. We may then infer that it is valid in CS (constant domain
S), since CC™ is a subsystem of CS. Of course, this procedure will not be
available in general.)

19.3.8 To show that an inference is not valid, a counter-model has to be
constructed by intelligent trial and error, and checked to be a counter-model
in the usual way. Let us show, as an example, that:

—3x(Px A Qx) ¥ Vx(Px > Qx)

3 Strictly speaking, this is a proof by joint recursion. We show that for all w:
1. if v(a) = v(b) then vy (Ax(a)) = vw(Ax (b))
2. ifv(a) = v(b) then fa, @) = fa, b
by induction on A. The argument in the text deals with case (2); case (1) is straight-
forward.
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in CCy. As observed in 5.7.8, an interpretation is guaranteed to be a C;
interpretation if each of Sy, S; — Sp, Sz — S1, etc., is a singleton. So let us look
for an interpretation of this kind. Let w be some world in the interpretation.
We wish to make the premise true there, and the conclusion false. To keep
things simple, let us see if we can get away with supposing that D is a
singleton, {d}. To make the premise true at w, we need to ensure that either
Pkj or Qky is false at w. Now, to make Vx(Px > Qx) false at w we have to make
Pky > Qk, false there. So at the world nearest to w where Pk, is true Qkg must
be false. If Pk, is true at w, this can just be w itself. If it is false, then we
need to ensure that there is a nearest world where Pk; is true, and that Qk,
is false there. Hence, either of the interpretations depicted in the following
diagrams will do. I draw the spheres with broken lines to differentiate them
from the contents of worlds.

| w |

| d |

| Py | So

| Q x |

| |
| |
| === |
o w | W |
I 1 | 1 |
o Py | So poy| IS
o Q x | Q x| |
o | |
| |
|

Ileave it as an exercise to check that the interpretations depicted are indeed
counter-models.
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19.4 Identity

19.4.1 We now consider the addition of identity to the language, starting
with necessary identity.

19.4.2 For necessary identity, we simply take the extension of the identity
predicate at all worlds to be {(x,x) : x € D}.* For the tableaux for C and
C* with identity, we add the identity rules of 16.2.3 to the respective sets
of rules. There is also one further rule, required by the ADC (see 19.2.4),
namely:

a=>0,0

irav@i

!
A, b))

Call this the Accessibility Denotation Rule (ADR).

19.4.3 Here, for example, are tableaux to show that a = b,Pa > Qc Fcca
Pb > Qc and F¢c+ vy VAVY(x =y > (Px > Py)):
a=b,0
Pa > Qc,0
=(Pb > Qc),0
Orpp1
—Qc, 1
Orpg1
Qc, 1
X
The penultimate line is given by the ADR. The last line then follows from
line 2.
—VxVy(x =y > (Px > Py)),0
Ix—Vy(x =y > (Px > Py)),0
-Vy(a =y > (Pa > Py)),0
Jy—(a =y > (Pa > Py)),0
—(a=Db > (Pa > Pb)),0
Org—p1
a=>b,1
—(Pa > Pb),1
1rpg2

!

4 Unless the Negativity Constraint is in operation, in which case it has to be restricted to
those x that exist at the world.
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Pa,2
—Pb, 2
a=Db,2
Pb,2
X
The last line is obtained by SI, and the one preceding it is obtained by the
Identity Invariance Rule. (Note that this inference is invalid in CC(NI) since
lines 7 and 10 are missing in that case.)

19.4.4 Given an open branch of a tableau, a counter-model is read off as in
the case without identity, except that if we have lines of the form a = b, 0,
b = ¢,0,... we choose a single object for all the constants to denote (as
in 16.2.6). Thus, consider the following tableau, which demonstrates that
Fyenn VXVWVZ(Xx =y > (Y =2 > X = 2)).

“VXVWz(x =y > (y=2>X=12)),0
IX-VYWVz(x =y > Y=z >x=12)),0
¢a,0
“YWza=y> Yy =z>a=2)),0
Jy—-Vza=y>Y=z>a=2)),0
¢b,0
-Vz(a=b>(b=z>a=2)),0
Iz—-(a=b>b=z>a=2)),0

&c,0
—(a=b>b=c>a=10)),0
Org—pl
—(b=c>a=0),1
1rp—c2
a#c¢?2

There being no further rules applicable, the tableau is finished, and it is
open. The counter-model is depicted as follows.

a=b b=c
Wo — w1 — %)
g ab dc Oa 3b o g ab dc
¢ v VvV ¢ x X X ¢ x x X

At wy, a = cis false; soat wi, b =c > a = cis false; soat wp,a=b > (b =
¢ > a = ¢) is false. Since all three things exist at wp, VxVyVz(x =y > (y =z >
X = z)) is false at wy.
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19.4.5 An interpretation for a contingent identity conditional logic is a
structure (D, W,H, {Ra:A € F},v), where D, H, W and v are as in the case of
a contingent identity (normal) modal logic, and the R,s are as usual for con-
ditional logics. The truth conditions are as for constant or variable domain
normal modal logic (17.2.2) - Kv, for the sake of simplicity - except those
for the conditional, which are as in 19.2.3.

19.4.6 The tableau systems for contingent identity C and C* are the same
as those for the corresponding necessary identity system, except that the
Identity Invariance Rule and, perhaps surprisingly, the ADR are dropped.

19.4.7 Thus, the following tableau shows that - VxVy(OPx > (x = y > Py))
in CC*(CD):
=VxVy(OPx > (x =y > Py)),0
Ix—=Vy([OPx > (x =y > Py)),0
=Vy(OPa > (a =y > Py)),0
Jy—(OPa > (a =y > Py)),0
—(0OPa > (a =b > Pb)),0
Orgpal
OPa, 1
—(a=Db > Ph),1
1rg—p2
a=D>b,2
—Pb, 2
Pa,2
Pb, 2

X

19.4.8 To read off a counter-model from an open branch of a tableau, we
proceed as for a normal modal logic with contingent identity (17.2.6), mod-
ified by reading off the information about the accessibility relation as in
the case for propositional conditional logic. Thus, consider the following
tableau, which shows that ¥cccry a =b > (Pa > Pb):

—(a=b > (Pa > Pb)),0
Ory—p1
—(Pa > Pb), 1
1rpg2
—=Pb, 2
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The counter-model can be depicted thus:

a=b Pa

Wo — w1 — L)
aa ab aa ab aa ab
o ol o
a, by a; by a, b
P x x P x x P x x

Pa > Pb is false at w1, soa = b > (Pa > Pb) is false at wy.

19.4.9 In the interpretation depicted, the ADC is satisfied. This is because
every constant has a different denotation. (3, and 9, have different avatars
at every world.) Hence the constraint is satisfied, as in 19.2.7. But this need
not be the case in an interpretation induced by an open branch. If, on a
branch, we have a = b, i for every i, then 9, and 3, will have the same avatar
at every world, and hence be identical. But iry, «)j may be on the branch
whilst iy ,)j is not. In such cases we can rectify the matter with an artifice.
Normally in set theory a function, 9, is taken to be a set of ordered pairs,
(input, output), but we can take it equally well to be a set of ordered triples,
(a,input, output). This ensures that if a and b are distinct constants, 9, and
9 are distinct. (One can perform the same trick in a normal modal logic.)

19.4.10 In the systems with sphere semantics, to establish the validity of
an inference, a direct argument must be given. Thus, to establish that:

VxVy(Px > x =y) = VxVy(Px > Py)

in CS(NI), we argue as follows. Consider any interpretation where VxVy(Px >
x = y) holds at a world, w. Then, for all d, e € D, Pkg > kg4 = k. there.
Hence, fp,(w) € [kg = ke]. We need to show that VxVy(Px > Py) is true at
w. Suppose not, for reductio. Then, for some d, e € D, Pk; > Pk, is false at w.
So fpr, (W) & [Pkel. Let W' € fpy,(w) and w’ ¢ [Pke]. Then w' € [kg = k.] and
w’ € [Pky] (since in S, fa(w) C [A]). Thus, k; = k. and Pk, are true at w/, and
Pk, is true at w’. Contradiction.

19.4.11 Similarly, to show that an inference is invalid, we have to construct
a counter-model directly. Let us show, as an example, that in CC1(CI):

Pa>a=bFE ParQb)>a=Dh
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As observed in 5.7.8, an interpretation is guaranteed to be a C; interpreta-
tion if Sp is a singleton. So let us look for a counter-model of this kind. We
need Pa > a = b to be true at some world, w. That is, at the nearest worlds
to w where Pa is true, a = b is true. We may as well try taking w to be the
unique such world. Hence, Pa is true at w, and 9, and d, need to have the
same avatars there. We require (Pa A Qb) > a = b to be false at w. That is,
at a nearest world where Pa A Qb is true, a = b is false. This clearly cannot
be w. So we should arrange for a nearest world to w where Pa A Qb is true
to be some other world, w'. (In particular, then, Qb must be false at w. And
9, and 3, must have different avatars at w’). An interpretation having these
properties may be depicted thus:

w | w’
0 O | 0 o
N | '
a | So 2 b S
P | P J x
Q  x : QL x

I leave it as an exercise to check that this works.

19.4.12 Note that, for all systems with necessary identity, a = b,Ax(a) £
Ax (D). (This follows from the Denotation Lemma (19.6.2) in the obvious way.)
For contingent identity, this is not the case. Thus, for example, a = b,Pa >
Pa ¥ Pa > Pb in CCy(CI) (the strongest contingent identity conditional
logic that we have met). The construction of a counter-model is left as an

exercise.

19.4.13 All the tableau systems of this chapter are sound and complete with
respect to their corresponding semantics. This is proved in 19.6.
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19.5 Some Philosophical Issues

19.5.1 We end this chapter with a few comments on some philosophical

issues.

19.5.2 First, if we assume that > represents English conditionals - or at
least, subjunctive conditionals - should one prefer a constant domain con-
ditional logic or a variable domain one? It is not too difficult to see that
one should prefer a variable domain logic - or at least a constant domain
logic in which the extension of the existence predicate varies from world
to world (see 15.8.2). Just consider, for example:

If Father Christmas does exist, we are all very mistaken (about his existence).
If Father Christmas were to exist, we would not have to buy the kids presents
at Christmas.

These conditionals appear to be true. To evaluate them, we have to look
at worlds that are, ceteris paribus, the same as ours, except that Father
Christmas exists. Hence, we have to consider worlds where what exists
is different.

19.5.3 Do we have any reason to prefer constant domain semantics with an
existence predicate to variable domain semantics? Consider the following
conditional: If any non-existent thing did exist then (ceteris paribus) there
would be fewer things in the world. That is:

(0) For any non-existent x, if x were to exist then there would be fewer things
in existence.

This certainly looks false. If something non-existent were to exist, then,
ceteris paribus, there would be more things in existence. Now, if we can
quantify only over existent things (0) is vacuously true. To evaluate the con-
ditional, we need to take something in this world that does not exist, and
consider a world where things are the same except that that thing exists.
(And in that world, there would be more things.) Hence, we need to quantify
over things that do not exist (at this world).

19.5.4 What about identity? Do conditionals give us any reason for pre-
ferring contingent identity over necessary identity? It would appear so.
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Consider the conditional:

If the Morning Star is not the Evening Star, modern astronomy is badly
mistaken.

This seems true enough. To evaluate it, we have to look at worlds where the
Morning Star is not the Evening Star. This requires contingent identity. It
might be replied that we should stick to necessary identity. The antecedent
expresses the thought that a certain object is not selfsidentical, and the
conditional is vacuously true. But if the object is not self-identical, it is
not modern astronomy that is badly mistaken: it is modern logic. So the
conditional should be false.

19.5.5 Here is another example. Consider the conditional:

(1) If I were Rupert Murdoch, I would have more than a million dollars in
my bank account.

This seems true. But to evaluate it we have to consider a world in which
Murdoch and I are one, which we are not at this world. So it looks as though
we need to consider a contingent identity conditional logic.

19.5.6 But things are not straightforward. What of the conditional:

(2) If Rupert Murdoch were I, he would have less than a million dollars in
his bank account.

That seems true too. But how can this be true as well (and why do we not
conclude that if Murdoch and I were one, we would have both more and
less than a million dollars in our bank account)?

19.5.7 The answer is that what counts as ceteris paribus depends on the con-
text (see 5.2.7). In a context where I am wondering what it would be like
to be Murdoch, then I (that is he) am/is wealthy. In a context where I am
wondering what Murdoch would do if he were a penurious philosopher, he
(that is I) is/am not wealthy. (1) is true in the first context; (2) in the second.
(The antecedents of the two conditionals are logically equivalent, but the
different order of the terms suggests the different contexts.)

19.5.8 Having got that straight, whichever context we are in, in evaluating
the conditional, we have to consider a world in which two things which are,
as a matter of fact, distinct, are identical. Hence, we require a contingent
identity logic.
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19.6 *Proofs of Theorems

19.6.1 In this section I will establish soundness and completeness for the
tableau systems of this chapter. We assume, for a start, that identity is not
in the language.

19.6.2 LOCALITY AND DENOTATION LEMMAS FOR CONDITIONAL Logics: The
Locality and Denotation Lemmas are stated in the natural way:

(Locality) Let 31 = (D, W,{Ra:A € F},v1), T2 = (D,W,{Ra:A € F},vp) be two
interpretations. Since they have the same domain, the language of the two
is the same. Call this L. If A is any closed formula of L such that v; and v,
agree on the denotations of all the predicates and constants in it, then for
allw e W:

viw(A) = vow(A)

(Denotation) Let 7 = (D, W, {Rq:A € F},v) be any interpretation. Let A be
any formula of L(J) with at most one free variable, x, and a and b be any two
constants such that v(a) = v(b). Then for any w € W:

vw (Ax(a)) = vw(Ax(b))

Proof:
The proofs are as for normal modal logics, with the addition of a case for
the conditional connective. The cases go as follows. For Locality:

viwA > B) =1 iff forallw’ such that wRAw', vy (B) =1
iff for all w’ such that wRaw', vy (B) = 1
iff vww(A>B) =1

For Denotation:

vw(Ax(a) > Bx(a@)) =1 iff for allw’ such that wRa, W, v (Bx(a)) =1
iff for all w’ such that wRy ;,W', vw (Bx(b)) =1
iff vy (Ax(b) > Bx(b)) =1

The second line, in each case, is by IH, and, for Denotation, the ADC of
19.2.4. |

19.6.3 SOUNDNESS THEOREM FOR C: The tableaux for CC and VC are sound
with respect to the relevant semantics.
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Proof:

The proofs modify the arguments for constant and variable domain K
(14.7.5, 14.7.6, 15.9.5) in the same way that the argument for propositional
C modifies the argument for propositional K (5.9.1). |

19.6.4 COMPLETENESS THEOREM FOR C: The tableaux for CC and VC are

complete with respect to the relevant semantics.

Proof:

The proofs modify the arguments for constant and variable domain K
(14.7.7,14.7.8,15.9.6) in the same way that the argument for propositional C
modifies the argument for propositional K (5.9.1). There is only one special
point to note: checking that the induced interpretation satisfies the ADC.
Suppose that in the induced interpretation v(a) = v(b). Then a and b are
the same constants. (Unless identity is involved, all constants have distinct
denotations.) Hence, for any A, Ax(a) and Ax(b) are identical, as then are
Ray(@) and Ry, ). u

19.6.5 SOUNDNESS AND COMPLETENESS THEOREM FOR C*: The tableaux for

CC* and VC* are sound and complete with respect to the relevant semantics.

Proof:
The proofs extend the arguments for C in the same way that the argument
for propositional C* extends that for propositional C (5.9.2). |

19.6.6 Turning to identity, suppose that we add this to constant or variable
domain C or C*. Consider, first, the necessary identity case. The proofs of
the Locality and Denotation Lemmas of 19.6.2 are unaffected. These Lemmas
therefore continue to hold.

19.6.7 SOUNDNESS THEOREM FOR NECESSARY IDENTITY: The tableau systems
for all the logics in question are sound.

Proof:

The Soundness Theorem for each logic follows from the Soundness Lemma
in the usual way. To extend the proof of the Lemma without identity to
include it, we have only to consider the cases for the identity rules. Except
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for the ADR, these are as in 16.6.3. For the ADR, suppose that we apply the
rule:
a=Db,0
iray@]
|

(WO

and that f shows J to be faithful to the branch. Then a = b is true at f (0), so
v(a) = v(b), and f ()HRa,@)f (). By the ADC, Ry, () = Ra, v)- Hence, f ()Ra, m)f (),
and we may take 7’ to be J. |

19.6.8 COMPLETENESS THEOREM FOR NECESSARY IDENTITY: The tableau sys-
tems for all the logics in question are complete.

Proof:

For every logic in question, given an open branch, B, of a tableau, the
induced interpretation is defined as for normal modal logics (16.6.4), except
that Ry is defined as follows. Say that A and A’ are coidenticals if for some a
and b such that a ~ b, A is of the form By(a) and A’ is of the form By (b). It is
not difficult to check that being coidenticals is an equivalence relation. Say
that A is engaged if something coidentical to A is the antecedent of a condi-
tional or negated conditional on B. Note that if A and A’ are coidenticals,
the one is engaged iff the other is. Now the definition of R4:

if A is engaged, w;Rw; iff iry/j is on B for some coidentical, A’, of A;
otherwise, w;Raw; iff A is true at wj.

We need to check that the interpretation, thus defined, satisfies the ADC.
So suppose that v(a) = v(b). Then a = b, 0 is on B. Case (i): Ax(a) is engaged.
Then wiRa, @yWj iff ira,()j is on B, where Ay (c) is some coidentical of Ay(a).
WiRA, myWj iff ir4,)j is on B, where Ax(d) is some coidentical of Ax(b). Since
a=c,0and b =d,0are on 5, so is ¢ = d, 0. The result follows by the ADR.
Case (ii): Ax(a) is not engaged. Then w;Rx, ()W; iff w; € [Ax(a)] iff w; € [Ax(D)]
(by the Denotation Lemma) iff w;Ra, @)W

The Completeness Theorem for each logic follows from the appropriate
version of the Completeness Lemma. This is proved as for normal modal
logics (16.6.4), except where > is concerned. The cases for this go as fol-
lows. Suppose that A > B,i is on B, and w;R4w;. A is engaged. So for some
coidentical, A’, of A, iryj is on B. By the ADR, irsj is on B. So B,j is on B,

417



418

An Introduction to Non-Classical Logic

and B is true at w; by IH, as required. Suppose that —(A > B),iis on 5. Then
for some j, irsj and B,j are on B. Since A is engaged, w;Rawj, and the result
follows by IH.

It remains to check the constraints (1) and (2) of 5.5.1 when the cor-
responding rules are present. If A is not engaged, the result holds by the
definition of R4. So suppose that A is engaged. For (1): suppose that w;Raw;.
Then for some coidentical of A, A’, iraj occurs on B. The only way for this
to happen is for iry/j to have been introduced by the rules corresponding to
(1) and (2), where A” is some coidentical of A’ (and so of A). But in each case,
when we introduce this node, we introduce one of the form A”,j. By the
Completeness Lemma, w; € [A”], and so w; € [A], by the Denotation Lemma.
For (2), suppose that vy, (A) = 1. Then since the rule for (2) has been applied,
either —A,i or ir,i is on B. By the Completeness Lemma, it cannot be the
first; and so w;Raw;. [ ]

19.6.9 Now suppose, instead, that we are dealing with contingent identity.
The appropriate Locality and Denotation Lemmas are stated as for the neces-
sary identity case. The proofs are as for normal modal logics with contingent
identity (17.4.3), with one new case for >, which is as in 19.6.2.

19.6.10 SOUNDNESS THEOREM FOR CONTINGENT IDENTITY: The tableaux for

all systems considered are sound.

Proof:

The Soundness Theorem for each logic follows from the Soundness Lemma
in the usual way. The Soundness Lemma is proved as in the case for normal
modal logics with contingent identity (17.4.4), except that there are extra
cases for >. These are as in 19.6.3. |

19.6.11 COMPLETENESS THEOREM FOR CONTINGENT IDENTITY: The tableaux
for all systems considered are complete.

Proof:

For every logic in question, given an open branch, B, of a tableau, the
induced interpretation is defined as in the case of normal modal logic
(17.4.5), except that the information concerning the various R4s is read off
from the information on the branch as in the propositional case (5.9.1). To
ensure that the ADC is satisfied, ensure that each constant has] a different
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denotation by taking functions to be ordered triples, as explained in 19.4.9.
The ADC then follows as in the case without identity, 19.6.4.

The Completeness Theorem for each logic follows from the appropriate
version of the Completeness Lemma. This is proved as for normal modal
logics (17.4.5), with the addition of the case for >, which is the same as in
the propositional case (5.9.1). [ |

19.7 History

Given quantified modal logic, how to extend propositional conditional log-
ics to include quantifiers and identity is pretty obvious - at least in principle.
Perhaps for this reason, no one seems to have bothered to do it before.

19.8 Further Reading

There is a very brief discussion of quantified conditional logics, involving
descriptors and counterpart theory, in Lewis (1973b), 1.9.

19.9 Problems

1. Fill in the details omitted in 19.3.1, 19.3.3, 19.3.6, 19.3.8, 19.4.11 and
19.4.12.

2. Determine the truth of the following in CC. Where the inference is
invalid, read off a counter-model from an open branch and check that
it works.

(a) Vx(Px > Qx) - VxPx D VxQx
(b) + Pa > 3xPx

(¢) Pa,Vvx(Px > Qx) - IxQx

(d) —3x(Px A Qx) - Vx(Px > —Qx)

3. Repeat question 2 for CC*, VC, and VC™.

4. Determine whether each inference of question 2 holds in CC,. If it does,
give a direct argument for its validity. (A tableau system is not available.)
If it does not, find a counter-model by intelligent trial and error, and
show that it works.

5. Find two examples of inferences involving quantification that are valid
in CCq or CC, that are not valid in CC*.

6. Check the validity of the inferences in 12.4.14, question 5, for CC, when
‘D>’ is replaced by ‘>’. Are things different in CC*?
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7.

10.
11.

12.

13.

14.

Determine the truth of the following in CC™(NI). Where the inference
is invalid, read off a counter-model from an open branch and check that
it works.

(a) EVx(Px > x =x)

(b) EVxVy(x =y >y =X)

(c) EVXYWzZ(x =y Ay =2) > X =2)

(d) FVx(x =a > ((Pa > Qa) D (Px > Qx))

(e) FVx(x =a > ((Pa > Qa) > (Px > Qx))

(f) Fa=b> (Pa > Pb)

. Repeat question 7 for VC* (NI), CC*(CI) and VC*(CI).

. Determine whether each inference of question 7 holds in (i) CC» (NI), (ii)

CC»(CI). If the inference is valid, give a direct argument for its truth. (A
tableau system is not available.) If it does not, find a counter-model by
intelligent trial and error, and show that it works.

Object to some of the arguments of 19.5.

*Write out one (or more!) of the soundness and completeness proofs of
19.6 in full detail.

*Add the Negativity Constraint to VC(NI); specify the appropriate
tableau rules, and prove them to be sound and complete.

*Add descriptors to CC(NI); specify the appropriate tableau rules, and
prove them to be sound and complete. Do the same for VC(NI).

*For the various systems of logic in this chapter, formulate tableaux
for inferences with arbitrary sets of premises. Prove the Soundness
and Completeness Theorems. Infer the Compactness and Léwenheim-
Skolem Theorems.



20 Intuitionist Logic

20.1 Introduction

20.1.1 In this chapter we will look at one more logic with possible-world
semantics: intuitionist logic.

20.1.2 After a brief prolegomenon, we will look at the semantics for this.
We will then look at two tableau systems. The first is close to the tableau
system for variable domain modal logic of chapter 15. The second is slightly

more complicated to formulate, but produces simpler tableaux.

20.1.3 All this without identity, which is thrown into play in the second
half of the chapter.

20.1.4 En route, we will also look at some philosophical issues concerning
existence, construction and identity.

20.2 Existence and Construction

20.2.1 Mathematical Platonists think of mathematical objects as existing
in some objective realm, just like (we normally think that) stones and stars
do; it is just a realm that is out of causal contact with us - or anything else.
As we observed (6.2.5) mathematical intuitionists reject this view.

20.2.2 So what, according to them, does it mean to say that a mathematical
object exists? It means that we are able to construct it; that is, that there is
some recipe we can follow to produce it. Obviously, the entity constructed
is not a physical entity; we may call it a mental (or maybe social) entity.
Thus, mathematical objects have no cognition-independent existence.
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20.2.3 As we also observed (6.2.6), an intuitionist needs to give the proof
conditions for sentences (where a proof'is something that can be recognised
as such). So, assuming that we think of 3 as meaning ‘there exists’, what
proof conditions are to be given for sentences of the form 3xA? Bearing in
mind what I have just said, the natural ones are:

JxA is proved if there is a construction which gives an object, a, plus a proof
that Ax(a)

A construction here is something like an algorithm, or procedure that can
be effectively followed, to give the required result.

20.2.4 What of the proof conditions for sentences of the form VxA? The
natural thought is that this is proved if, for any object we can construct,
callit a, we can prove Ax(a). But this is not quite good enough. As knowledge
develops, we not only prove new things to be true, we construct new objects
as well. We don’t want to count VXA as proved unless we are sure that any
object that we have or that we may come up with will satisfy A. Thus, the proof
conditions need to be given as follows:

VxAis proved if there is a construction that can be applied to any object we
may come up with, a, to give us a proof that Ax(a)

20.2.5 Bearing these things in mind, we can now specify the semantics of
quantified intuitionist logic.

20.3 Quantified Intuitionist Logic

20.3.1 The language of quantified intuitionist logic has the same connec-
tives as propositional intuitionist logic (6.3.2); it also has the quantifiers, V
and 3 (thought of as existentially loaded). Until 20.5, we will also take the
language to contain an existence predicate, €.

20.3.2 Interpretations for the language are a species of variable domain
modal logic interpretation. Specifically, they are of the form (D, W, R, v), as
in 15.3.1. R is reflexive and transitive, as in the propositional case.

20.3.3 We require two further constraints. For all w € W, if wRw' then:

1. vy(P) S vy (P)
2. DW g DW/
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The first of these is essentially the heredity constraint of 6.3.3. The second
is the domain-increasing constraint of 15.6.2. In the present context, it may
be seen as expressing the thought that whatever gets discovered/invented
remains discovered/invented. In fact, given that we have an existence
predicate, and that for every w € W, Dy, = vy(¢), 2 is just a special
case of 1.

20.3.4 The truth conditions for atomic sentences are what one would
expect. If w is a world, and P is an n-place predicate:

w(Paq...an) =1if (v(aq),...,v(aq)) € vw(P); otherwise, it is 0.

The truth conditions for the connectives at a world are as in 6.3.4, and the
truth conditions for the quantifiers are:

v (3IxA) = 1if for some d € Dy, vy (Ax(kg)) = 1; otherwise it is 0
vw(VxA) = 1if for all w' such that wRw/, and all d € Dy, vy (Ax(ky)) = 1;
otherwise it is 0

(So one can think of the intuitionist VXA essentially as the variable-domain
modal [O0vVxA.) As in the propositional case, truth conditions ensure that
whenever wiRwy and vy, (A) = 1, vy, (A) = 1. The proof is relegated to a
footnote, and can be skipped if desired.'

20.3.5 Note that the truth-at-a-world conditions plausibly capture the intu-
itive proof conditions for quantifiers. Given that D,, contains the things that
can be constructed at stage w, this is pretty obvious for 3. For V: if there is a
construction that can be applied to any object that we come up with, then
whatever object we construct at a later time, there will be a proof that it
satisfies A. Conversely, if there is no such construction, then there is a pos-
sible development in which we find an object for which there is no such
proof.

20.3.6 Validity is defined in the usual way: ¥ |= A iff for every world, w, of
every interpretation, if every member of ¥ is true at w, so is A.

1 The proof is by induction on A. The basis case is given by 20.3.3. The cases for the
connectives are as in 6.3.5. For the quantifiers: suppose that 3xA is true at wy. Then for
some d € Dy, , Ax(kg) is true at wy. By IH, this is true at wy. By 20.3.4, 3xA is true at w;.
For VxA, we prove the contrapositive. Suppose that VxA is not true at wy. Then for some
w such that wyRw, and some d € Dy, Ax(ky) is not true at w. By transitivity wiRw, and
VXA is not true at wy.
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20.3.7 There is one further wrinkle. Let us call interpretations, as I have
just specified them, free intuitionist interpretations (or just free interpretations),
and the logic they determine free intuitionist logic. Standard intuitionist logic
is not a free logic. To obtain intuitionist interpretations, properly speaking,
we have to add the further constraint that:

for every constant, a (in our original language), and every w € W, v(a) € Dy

Note that this entails that for every w € W, Dy, # ¢, since the (original)
language contains some constants. Note also that the constraint does not
apply to all the constants in the language of the interpretation. In this
language, each object, d, in D has a name, k4, and clearly some of these
names will denote objects that may not exist at every world.

20.3.8 Sometimes, a further constraint is placed on intuitionist interpreta-
tions, namely, that predicates can be true at a world only of things that exist
there: for all w and n-place P, vy (P) C D}, (not D"). (This is the Negativity
Constraint of 13.4.2.) Because of the domain-increasing constraint, however,
this extra condition makes no difference to which inferences are valid. (See
20.13, question 12.)

20.3.9 Finally, as in the propositional case (6.3.9), note that a one-world
intuitionist interpretation is, in effect, an interpretation for classical first-
order logic. Hence, anything valid in intuitionistic first-order logic is valid
in classical first-order logic. The converse is not true, as we shall see.?

20.4 Tableaux for Intuitionist Logic 1

20.4.1 To obtain tableaux for quantified intuitionist logic, start with the
rules for propositional intuitionist logic (including the rules p and 7) (6.4).

2 Ttis also worth noting that the Glivenko ‘double negation’ translation of classical propo-
sitional logic (6.3.9, fn. 3) fails in the case of quantified intuitionistic logic. Vx(Pxv — Px)
is valid in classical logic, but —— Vx(PxVv — Px) is not valid in intuitionistic logic. See
20.13, quesion 4(e). The same example shows that something can be consistent in first-
order intuitionist logic, but not in first-order classical logic. This cannot happen in the
propositional case.
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The Heredity Rule now has to be formulated for atomic sentences, thus:

Paq...a4,+i
irj
\
Pay...an, +j

Note that a special case of this is when Pis the existence predicate, ¢. We
then add the appropriate versions of the quantifier rules for variable domain
modal logic (15.4.1). These are as follows. (Note that there are no rules for
negated quantifiers, since there is a separate rule for negation.)

XA, +i VXA, —i
J l
&c, +i irj

Ax(c), +i &c, +j
AX (C)’ _]
IxA, —i VXA, +i
v N irj
Ca,—i Ax(a), —i v \

Ga’ _j AX (a)’ +j

c is a constant new to the branch. a is any constant on the branch. In the
top right rule, j is a world-number new to the branch; in the bottom right,
the rule applies whenever something of the form irj is on the branch. If
one is ticking off lines to show that one is finished with them, then, when
applying the bottom two rules, we cannot tick off the formulas involved
since we may later introduce a new constant to which the rules must be
applied.

Because of the considerations explained in 20.3.7, we also have to include
in the initial list a line of the form ¢a, +0, for every constant, a, in a premise
or conclusion, or one of the form ¢c, 40 if there are none.

425



426

An Introduction to Non-Classical Logic

20.4.2 Here are tableaux to show that -+ VxPx 3 Pa and ¥ 3x(PxVv — Px):

¢a,+0
VxPx 1 Pa, -0
0r0
orl,1r1
VxPx, +1
Pa, -1
e N
¢a,—1 Pa,+1
¢a, +1 X

X

On the left branch, the last line is obtained by the Heredity Rule applied to

line 1.

&c, +0
dx(Pxv — Px),—0
0r0
e N
&c,—0 Pcv — Pc,—-0

X Pc,—0
— Pc,—0

orl,1rl

Pc,+1

&c,+1

20.4.3 Given an open branch of a tableau, we read off a counter-model as in
the propositional case (6.4.8), the quantificational structure being handled
as in variable domain modal logic (15.4.4). For any predicate, P (including
existence), (da,, . .., da,) € vw;(P) iff Pay ...apy, +i is on the branch. The inter-
pretation defined in this way is, strictly speaking, a free interpretation, since
some of the constants may denote things that do not exist at all worlds. But
all the objects denoted by constants in the premises and conclusion do exist
atall worlds (because of the initial list and applications of the Heredity Rule).
The other constants can simply be thought of as the appropriate kys. This
makes it an intuitionist interpretation proper.
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20.4.4 The counter-model determined by the open branch of the second
tableau of 20.4.2 may be depicted as follows.

wo > W
a(; a(;
¢ ¢
P x P

Clearly, Pc fails at wp; but since Pc holds at wy, — Pc fails at wy. Hence,
Pcv — Pc fails at wy. Since c is the only thing that exists there, Ix(PxVv — Px)
fails at wy.

20.5 Tableaux for Intuitionist Logic 2

20.5.1 We will call tableaux of the kind described in the last section tableaux
ofkind 1. Tableaux of kind 1 are perspicuous, but can be rather unwieldy, due
to the branching delivered by the second pair of quantifier rules. Moreover,
intuitionist logic is not normally formulated with an existence predicate in
the language. It is worth noting, then, that with a bit of extra book-keeping,
we can both simplify the tableaux, and eliminate the use of the existence
predicate. The main function of the existence predicate in tableaux of kind 1
is to keep track of the domains. We can do this directly. Any constant either
occurs in a premise or the conclusion, or else it is introduced by a quantifier
rule. We can use this information (plus information about the accessibility
relation) to determine the domains of the various worlds directly. I will call
tableaux of the following kind tableaux of kind 2.

20.5.2 In tableaux of kind 2, the propositional rules (including heredity, as
formulated in tableaux of kind 1) are augmented by the following quantifier
rules. The first two are easy.

XA, +i VXA, —i
A \:
Ax(c), +i irj
Ax(0), —j

¢ and (in the second rule) j are new to the branch.
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20.5.3 To state the other two quantifier rules, we need a little new jargon.
If a constant, a, occurs on a branch, then, running down from the top, there
will be a first line in which the constant occurs. If this is of the form A, +i or
A, —i we will call i the entry number of a. Intuitively, if the entry line of a is i,
then a denotes something in w;, and so in every w; such that w;Rw;, because
of the domain-increasing condition. Let us say that a belongs to i, if kri is on
the branch, where k is the entry number of a. Note that if the entry number
of a is i then, since iri will be on the branch (unless it closes beforehand), a
will belong to i.

20.5.4 The other two rules may now be stated as follows:

XA, —i VXA, +i
) irj
Ax(a), —i |
Ax(a),+j

In the first of these, a is any constant belonging to i; in the second, a is any
constant belonging to j.

20.5.5 One further wrinkle. If there are any constants in the premises or
conclusion, then we are guaranteed a constant with entry number 0. If not,
we need to ensure this. (Note that deploying the rule for VxA, —0 does not
give us a constant with entry number 0.) We could just remember that in
such cases there is a constant which has, by fiat, entry number zero, and
which must be employed in the appropriate instantiations. But it’s easy to
forget this. So what we will do in these circumstances is add a dummy line
of the form ¢ = ¢, 40 at the start of the initial list. (Though identity is not
in the language at this point, we may count ¢ = c as true at every world of
every interpretation simply by convention.)

20.5.6 Here is a tableau demonstrating that Vx — A -— 3xA. a is a constant
that does not occur in A. If there are no constants in A, then there should
also be a line of the form ¢ = ¢, +0 at the start. But I shall omit mention of
such a line here and in what follows if it plays no role in the closure of a
tableau.

VX — A, +0
— 3JxA, -0
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0r0
orl, 1r1
XA, +1
Ax(a), +1
— Ax(a),+1
Ax(a), -1

X

Note that the entry number of a is 1; so abelongs to 1 (since 1r1 is on
the branch). Hence the constant can instantiate the universal quantifier at
line 1.

20.5.7 Here is another tableau demonstrating that Vx(Pa v Qx) ¥ Pa v VxQx.
Note that this inference is valid in classical first-order logic. (Details are left
as an exercise.) A little table showing the entry number of each constant is
also depicted.

Vx(Pa v Qx),+0
Pa v vxQx, —0
0r0
Pa, -0
vxQx, —0
or1, 1r1
Qb, -1
Pa v Qa,+0
Pa v Qa,+1
Pa v Qb,+1
v N
Pa,+0 Qa,+0
x Ve N\
Pa,+1 Qb,+1
v N x
Pa,+1 Qa,+1
Qa,+1

Universal instantiation is applied at lines 8-10; there are three cases (a, 0),
(a,1) and (b, 1), since a belongs to 0 and 1, and b belongs to 1. (b does not
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belong to 0 since 110 is not on the branch.?) The last line on the lefthand
open branch is obtained from the Heredity Rule (which produces nothing
new on the righthand open branch).

20.5.8 We read off a counter-model from an open branch as for tableaux of
kind 1(20.4.3), except that Dy, is the set of things, 9,4, such that a belongs to .
Thus, the counter-model given by the leftmost open branch of the tableau
of 20.5.7 is as follows. W = {wg,w1}; woRwo, woRw1, wiRw1; Dy, = {94},
Dw, = {0a, dp}; v(a) = da, v(b) = Ip; vy (P) = ¢, vy (Q) = {da}, vw, (P) = {da},
vw, (Q) = {3,}. The § next to an object indicates that it does not exist at the
world in question.

~ ~
Wo — w1
8(1 Tab 8(1

P x x P/ x

QL v x Q Vv x

Pa v Qa hold at wop; Pa v Qa and Pa v Qb hold at w;. Hence Vx(Pa v Qx) holds
at wo. But Pa fails at wp, and VxQx fails at wy (since Qb fails at wy). Hence,
Pa v VxQx fails at wy.

20.5.9 Here are a couple of final examples to illustrate the use of the dummy
line ¢ = ¢, +0. We show that - VxPx 3 3xPx and ¥ VxPx:

c=¢+0
VxPx 1 AxPx, —0
0r0

orl,1r1
VxPx, +1 c 0
IxPx, —1

Pc, -1

Pc,+1

X

3 Note that if we applied Universal Instantiation to (b, 0) the tableau would close. (We
would have a line of the form Pa v Qb, +0. When the rule for v is applied to this, the
lefthand branch closes immediately, and an application of the Heredity Rule closes the
righthand branch.) This shows that if were we to insist that all domains be the same,
this inference would be valid.
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Since ¢ belongs to 1, the quantifiers at lines 5 and 6 can be instantiated
with it.
c=c¢+0
VxPx, —0
0ro
0r1,1r1
Pa, -1

The counter-model given by the tableau can be depicted as follows.

~ ~

Wo — w1

dc Tog O Og
P x x P x x

20.5.10 Note, finally, that it is quite possible for an open tableau for quanti-
fied intuitionist logic (of kind 1 or kind 2) to be infinite. When it is, a finite
counter-model can often (though not always) be found by intelligent trial

and error.

20.6 Mental Constructions

20.6.1 Before we pass on to identity, let us note one of the problems with
the intuitionist claim that mathematical objects are mental constructions.

20.6.2 There are some things that do not exist in concrete reality, and
which obviously are mental constructions in some sense. These are fictional
objects, such as Sherlock Holmes and Bilbo Baggins.

20.6.3 Mathematical objects appear to behave nothing like these. I would
seem to be able to make up facts about a fictional object at will. I cannot
make up the facts about the number 3 at will. And if Tolkien says that Bilbo
did this or that, there is no sense in which he could get it wrong. Whereas
if I say that 3 + 3 = 7, I clearly have got it wrong.

20.6.4 Moreover, different people can make up different stories about Bilbo,
and both stories are equally good, in the sense that it would be silly to say
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that one got it right and one got it wrong, even if the stories contradict
one another. But people can’t go around saying different things about the
number 3. If one person says one thing, and someone else contradicts them,
then they can’t both be equally right.

20.6.5 The trouble, then, is that even if mathematical objects are not
denizens of some abstract realm, they seem to have an objectivity that
genuine mental constructions lack. Whence?

20.7 Necessary Identity

20.7.1 The simplest way of adding identity to intuitionist logics is as neces-
sary identity. So, in an interpretation, the extension of the identity predicate
at any world is the set {(x,x) :x € D}.

20.7.2 To obtain tableaux of kind 2 for necessary identity, we simply add
the appropriate rules:

a=>b,+i a=>b,+i

\ Ax(a), +i 2
a=a,+i l a=>b,+j
Ax (D), +i

where A is any atomic sentence other than a = b, and i and j are any natural
numbers. The last rule is the intuitionist version of the Identity Invariance
Rule. (As usual, we omit lines of the form a = a, +i, and close tableaux
with lines of the form a = a, —i.)* Tableaux of kind 1 for necessary identity
are obtained in the same way, but in what follows we will consider only
tableaux of kind 2.

20.7.3 Here is an example showing that-Fa=b3J (b=c3Ja =0¢):

a=badab=c3da=c),-0
or0
0rl, 1r1

!

4 In SI, we could equally have Ax(a), —i and Ax(b), —i, but this would be redundant. The
same, for that matter, is true of the formulation of the IIR with — instead of +.
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a=>b,+1
b=cada=c -1
1r2, 2r2, 0r2
b=c,+2
a=c,—2
a=>b,+2
a=c,+2
X

The penultimate line is obtained from line 4 by either the Identity Invari-
ance Rule or the Heredity Rule applied to identity. (There is overkill here.)
The last line is then SI.

20.7.4 To read off a counter-model from an open branch of a tableau, we
proceed as in the case without identity, but for every bunch of lines of
the form a = b,+0, b = ¢,+0... on the branch, we choose one object for
the constants all to denote (as in 16.2.6). The object is in Dy, iff any of the
constants in the bunch belongs to i.°> Thus, consider the following tableau,
which shows that¥ (a=bvb=c¢) Ja=c:

(a=bvb=c)dJa=c -0
0r0
Oorl, 1r1
a=bvb=c+1
a=c¢—1
v N\
a=b,+1 b=c+1
a=b,+0 b=c+0

There being no other rules applicable, the tableau is finished. The counter-
model determined by the left branch is as follows. W = {wgp, w1}, woRwo,
woRw1, wiRw1, Dy, = Dy, = {94, 9c}, v(a) = v(b) = 93 and v(c) = 9. I leave it
as an exercise to check that this works.

5> For tableaux of kind 1, the object is in Dy iff €a, +i is on the branch.
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20.8 Intuitionist Identity

20.8.1 Intuitionist identity is not necessary identity, however. Consider the
following tableau:

a=bv—a=b,—0
0r0
a=>b,-0
—a=Db,—-0
orl,1r1
a=b,+1
a=>b,+40

X

The last line is an application of the Identity Invariance Rule. This shows
that the Law of Excluded Middle holds for identity statements if identity is
necessary identity. The Law of Excluded Middle is not valid in intuitionist
logic. It could of course be that identity is a special case, and that the Law
should be valid for it. But it is not.

20.8.2 To see this, suppose that I have two real numbers in the closed inter-
val [0,1]. One s 1 itself; the other is a number, n, given to me by an algorithm
that generates its decimal expansion. Using this, I can calculate the first
decimal place, the second, the third, and so on. Now suppose that I start
to compute, and I find that I keep getting 9s. So the initial sequence of n
is 0.99999. Is n equal to 1 or is it not? If it happened to have a 9 in every
decimal place, then it would be equal to 1, but I have no way of proving
that this is the case. If it had some other number in a decimal place, then it
would not be 1, but however far along the expansion I go, if such a number
has not turned up, I have no way of knowing whether or not it will. In short,
I can prove neither that n = 1 nor that it is not. Hence,n = 1v — n = 1 fails.

20.8.3 The appropriate identity for intuitionist logic is, in fact, contingent
identity. At a certain world (state of information) I may not be able to prove
that a = b. So this is not true. But at a later time I may come up with a proof
of this statement, so at that world (state of information) it is true.

20.8.4 Thus, a free interpretation for quantified intuitionist logic with
identity is a structure (D, H, W, R, v), as in contingent identity modal logic
(17.2.2). (D, W,R,v) is a free interpretation for quantified intuitionist logic,
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and foranyw € W andd € D,

d|, € H.vw(=) = {{h,h) : h € H}. Note that the
heredity constraint applies to identity statements. What this comes to is:

if wRw' and |d|,, = el then |d|,, = lel,

Once two things are established to be identical, they remain so. An inter-
pretation proper is a free interpretation that satisfies the condition for
constants in 20.3.7.

20.8.5 Tableaux for the semantics are as for necessary identity, except that
the Identity Invariance Rule is dropped. Note, however, that we still have:

a=D>b,+i
irj
\
a=>b,+

This is an instance of the Heredity Rule.

20.8.6 Here is a tableau to show that - VxVy(x =y 3 (Px O Py)):

VxVy(x =y 3 (Px 3 Py)), —0
0r0
Oorl, 1r1
Vy(a =y 3 (Pa 3 Py)), -1
1r2, 2r2,0r2
a=>b3 PaPb),-2
2r3,3r3,0r3,1r3
a=>b,+3
Pa 3 Pb, -3
3r4, 4r4, 0r4, 1r4, 2r4
Pa,+4
Pb, —4
a=>b,+4
Pb, +4

X

The last two lines are applications of the Heredity Rule and SI, respectively.

20.8.7 We read off a counter-model from an open branch as in the case
of quantified intuitionist logic, as modified, where necessary, by the tech-
niques of contingent identity modal logic. Specifically, W and R are as in the
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propositional case, D = {d,: a occurs on the tableau}. Dy, = {d,: a belongs
to i}.° For every constant, a, v(a) = 9,. Wherever there are lines of the form
a=>b,+i,b=c,+i,...weputadistinct object, a;, in H, and 94, d, . .. all have
that avatar at world i. (|9a, lw;, - - . » 94, lw;) € vw; (P) iff Pay ... an, +iis on B.
Thus, consider the following tableau, showing that ¥ VxVy(x = yv
— X=Y).
c=¢,+40
VxVy(x =yv — x =y),—0
0ro
orl,1r1
Vy@a=yv —a=y), -1
1r2,2r2,0r2
a=bv—a=b,-2
a=>b,—2
—a=Db,-2
2r3,3r3,0r3,1r3
a=>b,+3

S e o
N = O

The counter-model delivered by the tableau may be depicted as follows. (I

omit the arrows for reflexivity and transitivity.)

da O O
Wo 2 Voo
fap fbo ©o
|
W O o
wy Il
a; b1
J
da  Op O
w2 ol
a b o
\
0a 0p O
w3 N
az c

6 For tableaux of kind 1, Dy; = {d,: €a, +i is on the branch}
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a = b holds at w3, so — a = b fails at w,, but a = b fails at wp, soa = bv —
a = b fails at wy, and VxVy(x = yv — x = y) fails at wy.

20.8.8 Note the following. Since intuitionist identity is a contingent iden-
tity, one might expect the full substitutivity of identicals to fail. But because
of the heredity conditions involved, it does not: a = b, Ax(a) = Ax(b). This is
proved in 20.10.10.

20.8.9 All the tableau systems of this chapter are sound and complete
with respect to their semantics. This is proved in the following technical
appendices.

20.9 *Proofs of Theorems 1

20.9.1 In this section we will prove soundness and completeness for both
kinds of tableaux we have considered (without identity, which is reserved
for the next section). We start, as usual, with the appropriate Locality and
Denotation Lemmas. We prove soundness and completeness for tableaux
of kind 1, and then for tableaux of kind 2.

20.9.2 LEMMA (LocALiTy): Let 31 = (D,W,R,v1), J2 = (D,W,R,12) be two
free interpretations. Since they have the same domain, the language of the
two is the same. Call this L. If A is any closed formula of L such that v; and
v, agree on the denotations of all the predicates and constants in it, then,
forallw e W:

viw(A) = vow(A)

Proof:
The result is proved by recursion on formulas. For atomic formulas:

viw®Paq...ap) =1 iff (vi(a1),...,v1i@@n)) € viw(P)

iff  (v2(a1),...,v2(0an)) € vow(®P)
iff \JZW(PCll A an) =1

The case for negation is as follows.

viw(— B) =1 iff forallw such that wRW', v1y(B) =0
iff for all w’ such that wRw’, v,,,(B) =0 (IH)
iff v (—B)=1
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The cases for the other connectives are straightforward, and are left as
exercises. The cases for the quantifiers are as follows.

vw(@xB) =1 iff for some d € Dy, viw(Bx(kg)) =1
iff for somed € Dy, vaw(Bx(kg)) =1 (%)
iff v (3xB) =1

viw(VxB) =1 iff for all w’ such that wRw’ and all d € D,,,
viw (Bx(kg)) = 1
iff for all w’ such that wRw’ and all d € D,,,
vow (Bx(kg)) = 1 (")
iff vy (VxB) =1

The lines marked (*) follow from the induction hypothesis (IH), and the fact
that vy (k) = va(kg) = d. |

20.9.3 LEMMA (DENOTATION): Let 7 = (D, W, R, v) be any free interpretation.
Let A be any formula of L(J) with at most one free variable, x, and a and b
be any two constants such that v(a) = v(b). Then, for allw € W:

v (Ax (@) = v (Ax (b))

Proof:
The proof is by recursion on formulas. For atomic formulas I assume that
the formula has one occurrence of ‘a’ for the sake of illustration:

vwPai...a...ap) =1 iff (v(a1),...,v(a),...,v(an)) € vy (P)
iff (v(a1),...,v(),...,v(an)) € vy(P)
iff v@ai...b...ay) =1

The case for negation is as follows:

vw(— Bx(a)) =1 iff for all w’ such that wRw/, v, (Bx(a)) =0
iff for all w’ such that wRwW/, v, (Bx(b)) =0 (IH)
iff vy(— Bx(b)) =1

The cases for the other connectives are straightforward, and are left as
exercises. The cases for the quantifiers are as follows. Let A be of the form
VyB or 3yB. If x is the same variable as y then Ax(a) and Ay (b) are just A, so
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the result is trivial. So suppose that x and y are distinct variables.

vw((FYB)x(a)) =1 iff  vyEyBx(a)) =1
iff for some d € Dy, v (Bx(@))y(kg)) =1
iff for some d € Dy, vw((By(kg))x(@) =1
iff for some d € Dy, viy((By(kg)x(b)) =1 (IH)
iff for some d € Dy, viy(Bx(D))y(kg)) =1
iff v EyBx()) =1
iff v (GyB)x(b) =1

v ((VYB)x(@) =1 iff vy (Yy(Bx(a)) =1

iff for all w’ such that wRw’, and all d € D,
vy (Bx(@)y(kg)) = 1

iff for all w such that wRw’, and all d € D,,,
vy ((By(kg))x(a)) =1

iff for all w’ such that wRw’, and all d € D,
v ((By(ka))x (D)) =1 (IH)

iff for all w’ such that wRw’, and all d € D,,,,
Vw’((Bx(b))y(kd)) =1

iff v (YyBx(b)) =1

iff v ((VyB)x(b) =1

20.9.4 DEFINITION: Let 3 = (D, W, R, v) be any free interpretation, and B be
any branch of a tableau. Then 7 is faithful to B iff there is a map, f, from the
natural numbers to W such that:

for every node A, +i on 5, A is true at f(i) in J
for every node A, —i on B, Ais false at f(i) in J
if irj is on B then f(i)Rf(j) in J

20.9.5 SOUNDNESS LEMMA, TABLEAUX OF KIND 1: Let B be any branch of a
tableau. Let 7 = (D, W,R,v) be any free interpretation. If J is faithful to
B, and we apply a tableau rule of kind 1 to a formula on 3, there is an
interpretation, 3’ = (D, W,R, V'), and an extension of B, B/, such that 7' is
faithful to B'.
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Proof:

The proof for the connectives is essentially as in the propositional case.
The case for the Heredity Rule is the obvious modification of that for the
propositional case. (See 6.7.3. In each case, we may take 7’ to be J.) This
leaves the cases for the quantifiers. Let f be a function that shows 7 to be
faithful to B. There are four rules to consider.

(1) XA, +i
"

&, +i

Ax(0)
IxA is true at f (i). So, for some d € Dy ;), Ax(kq) is true at f (i). Also, €ky is true
at f(i). Let 7’ be the free interpretation that is the same as J, except that
v(c) = d. Then, by the Denotation Lemma, A, (c) and &c are true at f(i) in J'.
Since ¢ does not occur in any other formula on the branch, 3’ makes all the
other formulas on the branch true/false at their respective worlds too, by
the Locality Lemma.

(i) VXA, —i
\
irj
¢c,+j
Ax(©),—j
VxA is false at f (i). So, for some w such that f (i)Rw and some d € Dy, Ay (k) is
false at w. Also, ¢k; is true at w. Let f/ be the same as f except that f'(j) = w.
Since j does not occur on any line on 3, f’ shows J to be faithful to B, and,
moreover, f'(i))Rf'(j). Now, let 7’ be the free interpretation that is the same
as J, except that v(c) = d. Then, by the Denotation Lemma, &c is true and
Ax(c) is false at f’(j) in 7’. Since ¢ does not occur in any other formula on
the branch, 7’ makes all the other formulas on the branch true/false at
the appropriate worlds, by the Locality Lemma. Hence, f’ shows that 7’ is
faithful to all the formulas on the extended branch.

(iii) XA, —i
v N\
¢a,—i Ayx(a),—i
IxA is false at f(i). So, foralld e Dy, Ax(ky) is false at f (). So, for any d € D,
either ¢ky is false at f (i) or Ax(ky) is false at f(i). Let v(a) = d. Then, by the
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Denotation Lemma, either ¢a is false at f(i) or Ax(a) is false at f(i). In the
first case, f shows J to be faithful to the left branch; in the second, it shows
it to be faithful to the right. In either case, we may take J’ to be J.
(i) VXA, +i
irj
v N
Ca,—j Ax(a),+j

VXA is true at f (i) and f (i)Rf (j). Hence, for all d € Dy, Ax(kg) is true at f(j).
So, for all d € D, either ¢k is false at f (j) or Ax(ky) is true at f (j). Let v(a) = d.
Then, by the Denotation Lemma, either &a is false at f(j) or Ax(a) is true
at f(j). In the first case, f shows J to be faithful to the left branch; in the
second, it shows it to be faithful to the right. In either case, we may take 7’
to be 7. |

20.9.6 SOUNDNESS THEOREM, TABLEAUX OF KIND 1: Tableaux of kind 1 are
sound with respect to the semantics.

Proof:

Suppose that ¥ ¥ A. Then given a tableau for the inference there is an
interpretation, J, which makes all members of ¥ true and A false at some
world, w. For every constant, ¢, of the original language, v(c) € D,,. Hence,
every formula of the form ¢&c at the start of the initial list is true at w. So
7 is faithful to the original list. (Let f(0) = w.) By repeatedly applying the
Soundness Lemma as usual we can find a whole branch, B, such that for
every initial section of it there is a free interpretation which makes every
formula on the section true. Again as usual, it follows that the branch is
open. So X ¥ A. |

20.9.7 DEFINITION OF INDUCED INTERPRETATION, TABLEAUX OF KIND 1: Sup-
pose that we have a completed tableau with an open branch, 5. Let C be
the set of all constants on 5. The free interpretation induced by B is the
interpretation (D, W,R, v) defined as follows: W = {w;: i is a world number
on B}; wiRwj iff irj occurs on the branch; D = {9,: a € C}. Dy, = {3,: €a, +i
is on B}; for all constants, a, v(a) = 8g; (day> - --» 0a,) € vw;(P) iff Paq .. .an, +i
occurs on B.

One may check that the structure is a free interpretation. As in the propo-
sitional case, the rules for r ensure that R is reflexive and transitive. Because
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all applications of the Heredity Rule have been made, the structure satisfies
the heredity constraint (and so the domain-increasing condition).

20.9.8 COMPLETENESS LEMMA, TABLEAUX OF KIND 1: Given the free interpre-
tation specified in 20.9.7, for every formula A:

if A, +iis on B then vy;(A) =1
if A, —iis on B then vy, (A) =0

Proof:

This is proved by recursion on formulas. For atomic formulas:

Paj...an,+iisonB = (0a;,...,0,) € vw,(P)
= <V(a1)’---,v(an)> € vWi(P)
= vyPay...ap) =1

Pay...ap,—iisonB = Pay...ay,+iisnotonB (B open)
= (Oags-..»0a,) & vw;(P)
= (v@),...,v(@n)) & vw,(P)
= wvy,Par...an) =0

For negation:

— A,+iisonB = foralljsuch thatirjison B, A, —jis on B
= for all w; such that w;Rwj, vw; (A) = 0 (IH)
= vy (—A) =1

— A,—iisonB = forsome jsuch thatirjison B, A, +jis on B
= for some w; such that w;Rwj, Uy A =1 (IH)
== Vwi (—r A) = 0
The cases for the other connectives are similar, and are left as an exercise.
For the quantifiers:

IxA,+i ison B = for some a, ¢a, +i and Ax(a), +i are on B
= for some a with denotation in Dy,
v (Ax(@)) =1 (IH)
= for some d € Dy, vy, (Ax(kg)) =1 W]
= (A =1

(*) holds by the Denotation Lemma. The asterisks below mean the same.
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IxA,—i ison B = for every a such that &a, +i is on B,

Ay(a),—iison B (B open)
= for every a with denotation in Dy,

vy; (Ax(@)) = 0 (IH)
= for every d € Dy, vw,;(Ax(kg)) =0 ]
= vy, (3XA) =0

VxA,+i ison B = for all j such that irj and ¢a, +j are
on B, Ax(a), +jis on B (B open)
= for all wj such that w;Rwj, and all a
with denotation in Dy, vw; (Ax(@)) =1 (IH)
= for all w; such that w;Rw;,
and all d € Dy, vy, (Ax(kg)) =1 ]
= vy (VxA) =1

VXA, —i ison B = for some j and a, such that irj and
¢a, +j are on B, Ax(a), —jis on B
= for some w; such that w;Rwj, and a
with denotation in Dw;, vw;(Ax(a)) = 0 (IH)
= for some w; such that w;Rwj,
and some d € Dy;, vy, (Ax(kg)) = 0 *
= (VxA) =0

20.9.9 CoMPLETENESS THEOREM, TABLEAUX OF KIND 1: Tableaux of kind 1 are
complete with respect to their semantics.

Proof:

Suppose that T ¥ A. Construct a tableau for the inference. Define the free
interpretation, J, as in 20.9.7. By the Completeness Lemma, this makes
all the members of ¥ true and A false at wy. This is not quite what we
want, since J may not be an interpretation proper. By construction, any
constant occurring in the initial list denotes something in D, and hence
Dy for all w € W (by applications of the Heredity Rule). But for constants,
a, that have been introduced by applications of the quantifier rules, this
may not be the case. Let ¢c be the first line of the tableau. Let 3’ be an
interpretation (properly so called) that is the same as 7, except that for all
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these a, v(a) = v(c). By the Locality Lemma, 3’ makes all members of T true
and A false at wp.” Hence, T ¥ A. [ ]

20.9.10 SOUNDNESS LEMMA, TABLEAUX OF KIND 2: We will say that a free
interpretation respects the constants in C iff v(a) € Dy, for every a € C and
w € W. Let B be any branch of a tableau with premises £ and conclusion
A, and let 3 = (D, W,R,v) be any free interpretation that respects all the
constants in the initial list. If 7 is faithful to 5, and a tableau rule of kind
2 is applied to it, then there is a free interpretation, 3’ = (D, W,R,V’), that
respects the constants in the formulas on the initial list, and an extension
of B, B, such that 7’ is faithful to B'.

Proof:

The proof for the connectives is essentially as in the propositional case.
The case for the Heredity Rule is the obvious modification of that for the
propositional case. (See 6.7.3. In each case, we may take 7’ to be 7.) This
leaves the cases for the quantifiers. Let f be a function that shows J to be
faithful to B. There are four rules to consider.

(i) 3xA, +i

\:
Ax(c), +i

Suppose that 3xA is true at f (i). Then for some d € Dy ;), Ax(kg) is true at f (i).
Let 7’ be the free interpretation that is the same as J, except that v(c) = d.
Then, by the Denotation Lemma, A, (c) is true at f(i) in 7. Since ¢ does not
occur in any other formula on the branch, 3’ makes all the other formulas on
the branch true/false at their respective worlds too, by the Locality Lemma.
If 3 respects all the constants in formulas on the initial list, so does J'. Note
that the denotation of ¢ is in Df;,, where i is its entry number.

(ii) VXA, —i
\:
ij

AX (C)’ _]

7 Note that there is no no guarantee that the interpretation will satisfy the conditions of
the Completeness Lemma for other lines of the tableau.



Intuitionist Logic

Suppose that VxA is false at f(i). Then for some w such that f(i)Rw and
somed € Dy, Ay (ky) is false at f (i). Let f” be the same as f except that f’(j) = w.
Since j does not occur on any formula on 3, f’ shows J to be faithful to B3,
and, moreover, f'(i))Rf’(j). Now, let 7’ be the free interpretation that is the
same as J, except that v(c) = d. Then, by the Denotation Lemma, Ax(c) is
false at f/(j) in 7'. Since ¢ does not occur in any other formula on the branch,
7’ makes all the other formulas on the branch true/false at the appropriate
worlds, by the Locality Lemma. Hence, f’ shows that 3’ is faithful to all the
formulas on the extended branch. If J respects all constants in formulas on
the initial list, so does J'. Note that the denotation of ¢ is in Dy;, where j is

its entry number.
(iii) XA, —i
!
Ax(a), —i

where a is any constant that belongs to i. Suppose that it has entry number
k; then kri is on the branch. We have it that 3xA is false at f (i) and f (k)Rf (i).
So, for all d € Dy, Ax(kg) is false at f(i). a is either a constant in a formula
on the initial list or is introduced by one of the previous two quantifier
rules. In the first case, the denotation of a is in Df;, since the interpretation
respects all these constants. In the second case, the denotation of a is in
Ds - By the domain-increasing condition, Dy, € Dy, so the denotation of
a is in Dy as well. Hence, in both cases, for some d € Df;, a and k; have
the same denotation. It follows by the Denotation Lemma that A, (a) is false
at f (i). Hence, we can take 3’ to be J.

(iv) VXA, +i
irj
J
Ax (a) ) +j

where a is any constant that belongs to j. Suppose that it has entry number
k; then krj is on the branch. We have it that VxA is true at f (i) and f (i)Rf (j).
So, for all w such that f(i)Rw - in particular, for f(j) - and for all d € Dy,
Ax(kg) is true at w. As in the previous case, for some d € Dy;, a and k4 have
the same denotation. Hence, Ax(a) is true at f (j), by the Denotation Lemma.
We can therefore take 3’ to be 7. |
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20.9.11 SOUNDNESS THEOREM, TABLEAUX OF KIND 2: Tableaux of kind 2 are
sound with respect to the semantics.

Proof:

Suppose that ¥ ¥ A. Then given a tableau for the inference, there is an
interpretation, J, which is faithful to all the members of the original list
(including the line ¢ = ¢, 40 if there is one). Let C be the set of constants in
formulas on the original list. J respects all the constants in C. (It respects all
the constants in the original language.) By repeatedly applying the Sound-
ness Lemma as usual, we can find a whole branch, B, such that for every
initial section of it there is a free interpretation (that respects all the con-
stants in C) which makes every formula on the section true. Again as usual,
it follows that the branch is open. So X ¥ A. |

20.9.12 DEFINITION OF INDUCED INTERPRETATION, TABLEAUX OF KIND 2: The
interpretation induced by a branch of a tableau of kind 2 is defined as for
a tableau of kind 1, except that Dy, = {3; : a belongs to i}. As for kind
1 tableaux, the structure defined is a free interpretation. For the domain-
increasing condition: suppose that d; € Dy, and w;Rw;. Then if the entry
number of a is k, kri is on the branch. But irj is also on the branch, so by the
t rule, krj is on the branch, and 9, € ij.

20.9.13 COMPLETENESS LEMMA, TABLEAUX OF KIND 2: This is stated as for
kind 1 tableaux.

Proof:
This proofis as for tableaux of kind 1, except for the cases for the quantifiers.
For these, we have the following:

IxA,+i ison B = for some a with entry number i,
Ax(a),+iison B
= for some a that belongs to i,
vy (Ax(a)) =1 (IH)
for some d € Dy, vw;(Ax(kg)) =1 (%)
; (IXA) = 1
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(*) holds by the Denotation Lemma. The asterisks below mean the same.

IxA, —i ison B

VXA, +iison B =

=

VXA, —i ison B =

= for every a that belongs to i,
Ax(a),—iison B
= for every a that belongs to i,
vy (Ax(a)) = 0 (IH)
= forevery d € Dy, vw;(Ax(kg)) =0 (%)
= vy, (AxA) =0

for all j such that irj is on B, and every a
that belongs to j, Ax(a), +j is on B

for all w; such that w;Rw;, and every a

that belongs to j, vw;(Ax(a)) =1 (IH)
for all w; such that w;Rw;,

and all d € Dy, vw, (Ax (k) = 1 *
v (VXA) = 1

for some j such that irj is on B, and some a
with entry number j, Ax(a), —j is on B
for some w; such that w;Rw;, and
some a that belongs to j, vw; (Ax(a)) = 0 (IH)
for some w; such that w;Rw;,
and some d € ij, Dy (Ax(kq)) =0 "
vy, (VXA) =0
|

20.9.14 COMPLETENESS THEOREM, TABLEAUX OF KIND 2: Tableaux of kind 2

are complete with respect to their semantics.

Proof:

Suppose that T ¥ A. Construct a tableau for the inference. Define the free

interpretation, J, as in 20.9.12. By the Completeness Lemma, this makes all

the members of ¥ true and A false at wy. This is not quite what we want,

since it may not be an interpretation proper. Any constant, a, occurring

in the initial list has entry number 0. And since for every world, i, on the

branch Ori occurs on it, a belongs to i; so v(a) € Dy, for every i. But for

constants, a, that have been introduced by the quantifier rules, this may
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not be true. Choose any constant, ¢, with entry number 0. (We know that
there is at least one.) Let 3’ be an interpretation that is the same as J, except
that for all these, v(a) = v(c). As in 20.9.9, 3’ makes all members of ¥ true
and A false at wg. Hence, X ¥ A. [ |

20.10 *Proofs of Theorems 2

20.10.1 We now turn to the soundness and completeness theorems for the
tableaux of kind 2 with identity. (Tableaux of kind 1 are left as an exercise.
See 20.13, question 14.) We start with necessary identity.

20.10.2 The Locality and Denotation Lemmas are stated and proved as in
the case without identity (20.9.2, 20.9.3).

20.10.3 SOUNDNESS THEOREM FOR NECESSARY IDENTITY: The tableaux for
intuitionist logic with necessary identity are sound with respect to their
semantics.

Proof:

The Soundness Theorem follows from the appropriate Soundness Lemma,
as in the case without identity (20.9.11). In the proof of the Lemma, we
need to consider the new cases for the identity rules of 20.7.2. These are
straightforward, and are left as exercises. ]

20.10.4 DEFINITION: Given an open branch, B, of a tableau, the induced
interpretation is defined as in the case without identity (20.9.12), except for
the following. If a and b are constants on the branch, leta ~ biffa = b, +0is
on 3. As usual, this is an equivalence relation. D = {[a]: a occurs on B}. Dy, =
{x € D: for some a € x, a belongs to i}.® v(a) = [a], and for n-place predicates
other than identity ([a1], ..., [ax]) € vw;(P) iff Pay ...an,+iis on B. As usual,
this is well defined. As in the case without identity, the induced structure
is a free interpretation. For the domain-increasing condition: suppose that
x € Dy, and w;Rwj. Then, for some a € x, a belongs to i. Let k be the entry
number of a; then kri is on the branch. But itj is also on the branch, so by
the 7 rule, krj is on the branch. That is, a belongs to j, i.e., x € Dy;.

8 The definition for tableaux of kind 1 is the same, except that Dw; = {lal: €a, +i is on B}.
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20.10.5 COMPLETENESS THEOREM FOR NECESSARY IDENTITY: The tableaux

with necessary identity are complete with respect to their semantics.

Proof:

The proof of the Completeness Theorem follows from the appropriate Com-

pleteness Lemma in the usual way. The cases of the Completeness Lemma

are as follows. For identity sentences:

a=Db,+iison B

= a=b,+0ison B (IIR)

= a~b
= [a] =[b]
= v(a) =v(b)
= wy@a=b=1
a=b,—iisonB = a=Db,+iisnoton B (B open)
= a=Db,+0isnoton B (IIR, B open)
= itis not the case thata ~b
= [a] # [b]
= v(a) # v(b)
= w@=b=0
For other atomic sentences:
Pay...ap,+HiisonB = ([a1l,....[an]) € vy, (P)

Pai...ay,—iison B =
=
=
=

= (v(@1),...,v(an) € vw;(P)
= vwyPay...ap) =1

Pay...an,+iisnoton B (B open)
(la1l, ..., [an]) & vw; (P)
(v(@i1),...,v(an)) ¢ vw;(P)
vw;(Pay...ap) =0

The cases for the connectives and quantifiers are as in the case without

identity (20.9.13).

20.10.6 We now turn to intuitionist (contingent) identity. We start, as usual,

by establishing the Locality and Denotation Lemmas. In fact, it will be useful

to establish something a bit stronger than the latter.
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20.10.7 LEMMA (LocALiTy): Let 31 = (D,H,W,R, v1), J2 = (D,H,W,R, v,) be
two free interpretations. Since they have the same domain, the language
of the two is the same. Call this L. If A is any closed formula of L such that
v1 and v, agree on the denotations of all the predicates and constants in it,
then, forallw e W:

viw(A) = vow(A)

Proof:

The result is proved by recursion on formulas. For atomic formulas:

viwPay ...ap) =1 iff  (Jvi@ly,....vi@wly) € viwP)
iff  (lva@)ly ..., va@ly) € vow(P)
iff VZW(PCH A an) =1

The cases for the connectives and quantifiers are as in the non-identity case
(20.9.2). [

20.10.8 LEMMA: Let 3 = (D,H, W, R, v) be any free interpretation. Let A be
any formula of L(J) with at most one free variable, x, and w, a and b be such
that [v(a)|lw = [v(b)|,,- Then for all w' € W:

if wWRw’ then vy, (Ax(@)) = vy (Ax (b))

Proof:

The proof is by recursion on formulas. Suppose that wRw'. For atomic for-
mulas I assume that the formula has one occurrence of a for the sake of
illustration:

vwPaj...a...ap) =1 iff (v@)lys- - V@l -, V@)l € v (P)
iff (v@)lws..., VO, ... v@an)lw) € v @) (%)
iff vw®Pay...b...ay) =1

Line (*) holds by the heredity constraint applied to identity (see 20.8.4).
The case for negation is as follows:

vy (— Bx(a)) =1 iff for all w” such that w'Rw” , v,,»(Bx(a)) = 0
iff for all w” such that w'RwW”, v,,»(Bx(b)) =0  (¥)
iff vy (— By(b) =1
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Line (*) follows from the IH and the fact that wRw” (since wRw’ and w'Rw").
The cases for the other connectives are straightforward, and are left as exer-
cises.

The case for the universal quantifier is as follows. The case for the par-
ticular quantifier is left as an exercise. Let A be of the form VyB. If x is the
same variable as y then Ayx(a) and Ax(b) are just A, so the result is trivial. So
suppose that x and y are distinct variables.

v (Y¥B)x(a)) =1 iff vy (Vy(Bx(a)) =1

iff for all w” such that w'Rw”, and all d € D,
v ((Bx(a))y(kg)) =1

iff for all w’ such that wRw', and all d € Dy,
Vw”((By(kd))x(a)) =1

iff for all w” such that w'Rw”, and all d € D,,»,
vy (By(kg))x (b)) = 1 ()

iff for all w” such that w'Rw”, and all d € D,
vy ((Bx(b))y(kg)) = 1

iff vy (YyBx(b))) =1

iff vy ((VyB)x(b)) =1

Line (*) follows from the IH and the transitivity of R, as for negation. |

20.10.9 COROLLARY 1 (DENOTATION LEMMA): Let 3 = (D,H,W,R,v) be any
free interpretation. Let A be any formula of L(J) with at most one free vari-
able, x, and a and b be any two constants such that v(a) = v(b). Then for all
weW:

v (Ax (@) = v (Ax (D))
Proof:

Immediate. n

20.10.10 COROLLARY 2 (SI): a = b, Ax(a) = Ax (D).

Proof:
Let w be any world of any interpretation where vy (a = b) = vy (Ax(a)) = 1.
Then |v(a)|,, = |[v(D)|w- By the lemma, it follows that v, (Ax(b)) = 1. [ ]

20.10.11 SOUNDNESS THEOREM FOR CONTINGENT IDENTITY: The tableaux for
intuitionist logic with contingent identity are sound with respect to their
semantics.
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Proof:
The proof is as in the case without identity. There are new cases for the
identity rules of 20.8.5. These are straightforward, and left as exercises. H

20.10.12 DEerFINITION: Given an open branch, B, of a tableau, the induced
interpretation is the structure (W,H,R,D,v). W and R are as in the propo-
sitional case. If a and b are constants on the branch, leta ~; biffa = b, +i
is on B. As usual, this is an equivalence relation. D = {d,: a occurs on }.
Dy, = {d4: a belongs to i}. H = {[a];: for all i and a on B} (where [a]; is the
equivalence class of a under ~;). For all w; € W, ||y, = [a];. v(a) = 8, and
([a1lis - -, [anli) € vw;(P) iff Pay ...ay, +i is on B. (Any n-tuple that contains
an avatar that is not of the form [a]; is not in vy, (P).) As usual, this is well
defined; and it is not difficult to check that this is a free interpretation.

20.10.13 COMPLETENESS THEOREM FOR CONTINGENT IDENTITY: The tableaux
for intuitionist logic with contingent identity are complete with respect to
their semantics.

Proof:

The proof of the Completeness Theorem follows from the appropriate Com-
pleteness Lemma in the usual way. The cases of the Completeness Lemma
are as follows. For identity sentences:

a=b,+iisonB = a~;b

= [a}i = [b}
= |dalw, = 19plw,
= @y = [vb)lw
= w,@=b=1
a=b,—iisonB = a=D>b,+iisnoton B (B open)
= itis not the case thata ~; b
= lal; # [b;
= |dalw, 7 9plw
= v@lw # VD)l
= w,(@=b=0

9 The definition for tableaux of kind 1 is the same, except that Dw; = {3a: €a,+iis on B}.
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For other atomic sentences:

Pai...ap,+iison B = ([a1li,...,[an]i) € vw,(P)
= ({19 lwjs - - -5 19, lw;) € vy (P)
= {v@)lw .- 1v@n)lw) € v, (P)
= vyPar...ap) =1

Pay...ap,—iisonB = Paj...ay, +iisnotonB (B open)
([a1li, ..., [anli) & vw;(P)

(194 |wi» cees |3a41|wi> ¢ Vwi(P)

(lv@Dlws - - -5 V(@) lw;) & v (P)
vw;(Pay...ap) =0

N

The cases for the connectives and quantifiers are as in the case without
identity (20.9.13). [ ]

20.11 History

For a history of intuitionism and intuitionist logic, see 6.8. The comments
there apply just as much to quantified intuitionist logic, which was for-
mulated by Heyting in the same year that he formulated propositional
intuitionistic logic.

20.12 Further Reading

Again, for further reading, see 6.9. For some of Brouwer’s papers, see part
1 of Mancosu (1998). Heyting (1956), ch. 1, contains a nice discussion of
the intuitionist position on mathematical existence. For further details of
intuitionist logic one can consult Fitting (1969), van Dalen (1986, 2001),
Mints (2000), and Bell, DeVidi and Solomon (2001), ch. 5 (5.3.3 has a brief
discussion of intuitionist identity.) For a discussion of the issues of 20.6
(though not in the context of intuitionism), see Priest (2005c), 7.7.

20.13 Problems

1. Check the details omitted in 20.5.7 and 20.7.4.
2. Using tableaux of kind 1, show the following:
(a) 3x — Px F— VxPx
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(b) — IxPx - Vx — Px

(c) Vx — Px — 3xPx

(d) Ix(Px v Qx) - IxPx v IxQx
(e) IxPx v IxQx F Ix(Px v Qx)
(f) Ix(Px A Qx) | IxPx A IxQx
(g) Vx(Px A QX) F VxPx A VxQx
(h) VxPx A VxQx F Vx(Px A Qx)
(i) VxPx v VxQx - Vx(Px v Qx)

3. Repeat the previous question with tableaux of kind 2.

4. By constructing appropriate counter-models and checking that they
have the right properties, show the following. Use whichever kind of
tableau you like (or none). Note that some of the relevant tableaux may
be infinite.

(a) IxPx A 3xQx ¥ Ix(Px A Qx)

(b) Vx(Px Vv Qx) ¥ VxPx v VxQx

() — VxPx ¥ 3Ix — Px

(d) Vx(Pxv — Px), — Vx — Px ¥ 3xPx
(e) ¥—— Vx(Pxv — Px)

5. Check the validity of the inferences in 12.4.14, question 5, when ‘>’ is
replaced by ‘77"

6. Show that the following hold in intuitionistic logic (with contingent
identity). Use tableaux of kind 2.

(a) FVxx =x

(b) FVxVy(x =y Jy =X)

(c) EVXVy(x =y Ay =2) Ox=2)
(d) F VxVy((x =y A Px) O Py)

(e) = VxVy((PxA — Py) O— x =Y))

7. Show the following in intuitionist logic (with contingent identity).
Provide appropriate counter-models and show that they work.

(a) FIx — x=x
(b) EVxdy — x =y
(c) #VxVy((PxA — x =y) O— Py)
(d) EVXVWz(x =yVvy=2zVzZ=X)
(e) ¥ Vxvy(Qxy 23— x =)

8. Discuss the objection of 20.6.

9. According to the proof conditions of 20.2.3, IxXA is proved if there is a
construction of a certain kind. But what does it mean to say ‘there is’
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12.

13.

14.

15.
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in this context? Constructions are naturally thought of as mathemati-
cal objects of a certain kind. An intuitionist obviously cannot say that
for there to be such an object is for it to be an independently existing
abstract object. Nor can they say that for there to be such an object some-
one has actually to have constructed it. That would make mathematics
far too contingent an affair. So what can they say?

*Check the details omitted in 20.9 and 20.10.

*Extend the McKinsey-Tarski translation of intuitionist propositional
logic (6.10, question 11) to predicate logic, and show the equivalence of
the logic to an appropriate version of VKpr.

*Let (D, W,R,v1) and (D, W, R, vp) be two free interpretations such that
for all n-place predicates, P, and all w € W, v1,4(P) N Dy = voy(P) N Dy,.
Show that for every formula, A, and every w € W, if every constant in
A denotes something in Dy,:

V1w (A) = vy (A)

(Hint: argue by induction on A; for the cases concerning —, J and V,
use the domain-increasing constraint.) Infer that in an interpretation
(where all constants denote objects at every world), whether or not
something that does not exist at a world is in the extension of a pred-
icate there is irrelevant, and that we may always, therefore, suppose
that vy (P) € D}, for every n-place predicate, P.

*Formulate the semantics for a quantified version of the intermediate
logic LC. Formulate an appropriate tableau system and prove it to be
sound and complete. (See 6.10, question 10.)

*Prove that the tableaux of kind 1 with (i) necessary identity and (ii)
contingent identity are sound and complete.

*For the various systems of logic in this chapter, formulate tableaux
for inferences with arbitrary sets of premises. Prove the Soundness
and Completeness Theorems. Infer the Compactness and Léwenheim-
Skolem Theorems.
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21 Many-valued Logics

21.1 Introduction

21.1.1 In this chapter we leave world-semantics for the time being, and turn
to many-valued logics.

21.1.2 We will start with a brief look at the general situation concerning
many-valued logics, before turning to the special cases of the 3-valued logics
of chapter 7 for more detailed consideration.

21.1.3 Free versions of these logics are next on the agenda - in particular,
now that we have the machinery of truth value gaps at our finger tips,
the neutral free logics mentioned in 13.4.7. This will occasion a discussion
of the behaviour of the existence predicate in a many-valued logic, and the
question of whether it might make good philosophical sense for a statement
of existence to have a non-classical value.

21.1.4 Next, we turn to the behaviour of identity in many-valued logics, and
particularly the 3-valued logics of chapter 7. This will occasion a discussion
of whether identity statements may plausibly be taken to have non-classical

values.

21.1.5 We will finish with a few comments on supervaluations and subval-
uations in the context of quantificational logic.

21.2 Quantified Many-valued Logics

21.2.1 Aswesawin 7.2.2, a propositional many-valued logic is characterised
by a structure (V,D,{f.: c € C}), where Vis the set of truth values, D C Vis the
set of designated values, and for each connective, c, f; is the truth function
it denotes. An interpretation, v, assigns values to propositional parameters;
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the values of all formulas can then be computed using the fs; and a valid

inference is one that preserves designated values in every interpretation.

21.2.2 A quantified many-valued logic is characterised by a structure of the
form (D, V,D.{fc:c € C},{fz:q € Q}). V, D, and {fc:c € C} are as before. D is
a non-empty domain of quantification, and if Q is the set of quantifiers in
the language, for every q € Q, fy is a map from subsets of V into V. (In a free
many-valued logic, there is an extra component, the inner domain, E, and
ECD.)

21.2.3 Given this structure, an evaluation, v, assigns every constant a mem-
ber of D and every n-place predicate an n-place function from the domain
into the truth values. (So if P is any predicate, v(P) is a function with inputs in
D and an outputin V.) Given an evaluation, every formula, A, is then assigned
a value, v(A), in V recursively, as follows. If P is any n-place predicate:

v(Paq...an) =v(P)(v(aq),...,v(an))

For each n-place propositional connective, c:
V(A1 ..., An) = fe((A1), ..., v(An))

as in the propositional case. And for each quantifier, g:
v(gxA) = fa({v(Ax(kg)):d € D})

(In a free many-valued logic, ‘D’ is replaced by ‘E’.) For example, v(VxA) =
fv({v(Ax(kg)): d € D}). Thus, the value of gxA is determined by the set of the
values of substitution instances of A formed using the names of all members
of the domain of quantification.

21.2.4 Asin the propositional case, an inference is valid if it preserves des-
ignated values. Thus, X | A iff for every interpretation, whenever v(B) € D,
forallB e =, v(A) € D.

21.3 Yand 3

21.3.1 Of course, the main quantifiers in which we are interested (in this
book, anyway) are the universal and particular quantifiers. So, given a many-
valued logic, how would one expect fy and f3 to behave?
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21.3.2 In classical logic, the universal quantifier acts essentially like a con-
junction over all the members of the domain. So VXA is something like
Ay(kg,) NAx(kg,) A ..., where dq, dy, ... are all the members of the domain.
Of course, if the domain is infinite, the conjunction is infinite, so one cannot
actually express this in the language. (Though there are formal languages
that permit infinite conjunctions and disjunctions.) But the sense is intu-
itively clear enough. Dually, the particular quantifier is something like a
disjunction over all members of the domain: 3xA is Ay(kg,) vV Ax(kg,) Vv ... It
is natural to suppose that the two quantifiers should work the same way in
a many-valued logic.

21.3.3 Taking this idea as our guide: in most many-valued logics, the truth
values, V, are ordered in a certain way; when this is the case, v(A A B) is
naturally taken to be the greatest lower bound (GIb) of v(A) and v(B), that
is, the greatest value that is less than or equal to v(A) and v(B) (see 11.4.9).
If one of v(A) and v(B) is less than the other, then this is just the lesser
of the two. But if neither is less than the other (which may happen if the
order is not a linear one), then the GIb will be distinct from both of them.
Thus, as we saw in 8.4, First Degree Entailment may be formulated as a four-
valued logic, where the values are not linearly ordered. In FDE, if v(A) = n
and v(B) = b, then v(A A B) = 0. Generalising this to the infinite case, it is
natural to define fy(X) as GIb(X), so that v(VxA) is the greatest lower bound
of {v(Ax(kg)):d € D}. Dually, in most logics with an ordering, v(A v B) is
naturally taken to be the least upper bound (Lub) of v(A) and v(B), that is,
the least value greater than or equal to v(A) and v(B). So we may define f3(X)
as Lub(X), and v(3xA) is the least upper bound of {v(Ax(kg)):d € D}.

21.3.4 There is a rub. In some orderings, some sets may have no GIb or Lub.
Thus, consider the integers ordered in the usual way: ...,—-2,-1,0,1,2,...
Any finite set of these has a GIb and a Lub, the least and the greatest member
of the set, respectively. But the set of positive numbers has no upper bound
at all, and a fortiori, no least upper bound. And the set of negative numbers
has no lower bound, and a fortiori, no greatest lower bound. In cases where
sets of semantic values may not have a Glb or a Lub, then, we cannot proceed
in the way suggested. Fortunately, for the logics of concern in the present
book, this is not something we will have to worry about.!

1 Interactions between the ordering and the set of designated values can also produce odd
consequences. For example, if, in the ordering, there are undesignated values higher
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21.4 Some 3-valued Logics

21.4.1 Let us apply these observations to the 3-valued logics we met in 7.3
and 7.4 (K3, L3, LP and RM3). In these logics, the natural ordering of V is the
following: 0 < i < 1. And it is not difficult to check the truth tables of 7.3 to
see that conjunction and disjunction behave in the appropriate way with
respect to this ordering. So v(VxA) = GIb({v(Ax(ky)) : d € D}); and because
this set is finite (it can have at most three members), and the values are
linearly ordered, the greatest lower bound is the minimum (Min) of these
values. Similarly, v(3xA) is the maximum (Max) of the values in the set. Thus,
VxA takes the value 1 if all instantiations with the constants k4 take the value
1; it takes the value 0 if some instantiation takes the value 0; otherwise it
takes the value i. Dually, 3xA takes the value 1 if some instantiation with a
constant k; takes the value 1; it takes the value 0 if all instantiations take
the value 0; otherwise it takes the value i.

21.4.2 In each of the logics at hand, D, V, and the various f's are fixed, so a
semantic structure can simply be taken to be of the form (D, v), where D is
the domain of quantification, and v assigns a denotation to each constant
and predicate.

21.4.3 In this chapter we will not be concerned with tableau systems for
these logics. Tableau systems for some of them will emerge in the next
chapter. For the present, to establish that an inference is valid, one has to
argue directly.

21.4.4 So, for example, here is an argument to show that

Vx(Px D Qx) E IxPx D 3IxQx

holds in K3 and £3. (You will find it useful to have the truth tables of 7.3.2
and 7.3.8 in front of you.) Consider any interpretation, and suppose that
the premise is designated, that is, has the value 1. Then, for every d € D,
Pky D Qkg takes the value 1. Now, suppose, for reductio, that IxPx D IxQx is

than designated values, then it is possible for v(VxA) to be designated whilst v(Ax(a)) is
not. In this case, universal instantiation will fail to be valid. Consequences of this kind
will also not feature in any of the particular many-valued logics with which we will be
concerned in this book
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not designated. There are four possible cases in K3 :

IxPx  IxQx
1 i
1 0
i 0

i i

In L3 only the first three are possible. In the first two, there is a d € D such
that Pky takes the value 1. Since Pky O Qk; takes the value 1, so does Qkg,
and so, contrary to supposition, does 3xQx. In the third (and second), for
every d € D, Qk; takes the value 0. Since Pk; O Qk4 takes the value 1, Pk,
takes the value 0. Hence, contrary to supposition, so does 3xPx. In the last
case (for K3 only), there must be some d € D such that Pk; takes the value
i. But since Pky D Qk,4 takes the value 1, Qk; takes the value 1, as then does
3xQx, contrary to supposition.

21.4.5 Here is an argument to show that the same inference holds in LP
and RM3. (Again, have the tables of 7.3.2 and 7.4.6 in front of you.) We argue
by contraposition. Suppose that the conclusion is not designated. Then it
takes the value 0. There are three cases for RM3:

AxPx  IxQx
1 0
1 i
i 0

and just the first for LP. In the first, there is a d € D such that Pk, takes the
value 1 and Qk, takes the value 0. In this case, Pkgy O Qk4 takes the value 0,
as, then, does Vx(Px D Qx). In the second case, there is a d € D such that Pk,
takes the value 1, and for every d € D, Qk; takes the value of either i or 0.
But then Pky D Qkg4 takes the value 0, as does Vx(Px D Qx). For the final case,
for every d € D, Qky takes the value 0, and for every d € D, Pk; takes the
value 0 or i, with at least one taking that value. For this d, Pk; D Qk,; takes
the value 0, as does Vx(Px D Qx).

21.4.6 To show that an inference is invalid, we have to construct a counter-
model by trial and error. Thus, we show that

AxPx A 3xQx # Ix(Px A Qx)
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in the four logics in question as follows. We need an interpretation in which
JIxPx and 3xQx are both designated. An easy way of obtaining this (in all the
logics) is to suppose that there are dq,d> € D, such that Pky, and Qk;, take
the value 1. We also need 3x(Px A Qx) to be undesignated. An easy way to
obtain that is just to ensure that whenever Pk, takes the value 1, Qk; takes
the value 0, and vice versa. Thus, a simple counter-model is the following:
D = {84, dp}, v(a) = 94, v(b) = 3y, v(P) and v(Q) are the functions depicted as
follows:

v(P) v(Q)
9 1 0
op 0 1

It is easy to see that (in all the logics at hand) in this interpretation the
premise takes the value 1, and the conclusion takes the value 0. Hence, the
inference is invalid.

21.5 Their Free Versions

21.5.1 Itisnotdifficult to check thatin all the 3-valued logics in our compass

Pa E IxPx
VxPx E Pa

Thus, for the first, if Pa is designated in an interpretation then v(P)(v(a)) €
D, in which case v(3xPx) € D. But one might well have reservations about
these inferences, as we have already observed in 12.6. And just as one can
formulate a free version of classical logic, as we did in chapter 13, one can
formulate free versions of many-valued logics.

21.5.2 We take the language to contain an existence predicate, €. An inter-
pretationisatriple (D, E, v). D is the domain of all objects, and E C D contains
those that are thought of as existent. For every constant, c, v(c) € D. For
every n-place predicate, P, v(P) is a function such that if dy,...,d, € D,
v(P)(d1,...,dy) € V. v(€) is such that:

v(&)(d) e Diffd e E
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Truth conditions are as in the non-free case, except that for the quantifiers
v(VxA) = Min({Ax(kq): d € E}) (not D), and v(3xA) = Max({Ax(ky):d € E}).

21.5.3 It is now not difficult to construct counter-models to the inferences
of 21.5.1. Details are left as an exercise.

21.5.4 To establish the validity or invalidity of inferences in the free version
of a many-valued logic, we may proceed as in the non-free case. But note
the special case of a free interpretation where D = E is a non-free inter-
pretation. Hence, anything valid in any many-valued free logic is valid in
the corresponding non-free logic. Conversely, suppose that the inference
with premises ¥ and conclusion A is valid in one of our 3-valued logics.
Let C be the set of constants that occur in A and all members of X, and let
IT = {&c:c € C} U {Ixe&x}. (The quantified sentence is redundant if C # ¢.)
Then MUY F Ain the corresponding free logic (where quantifiers are inner).
(This is true even when the language contains the identity predicate, and is
proved in 21.11.6.)

21.6 Existence and Quantification

21.6.1 Aswith the two-valued case, in the free 3-valued logics we have been
talking about, one can have outer quantifiers, ranging over the whole of D.
The definability of the inner (existentially loaded) quantifiers in terms of
the outer quantifiers and the existence predicate is, however, more prob-
lematic. If, as in 13.5.3, we write the outer quantifiers as Vand 3, and use
a superscript E to indicate the existentially loaded quantifiers, what we
require is:

1. v(FExA) = v(Ex(EX A A))
2. v(vExA) = v(Vx(¢x D A))

We know that v(¢k,) € D iff d € E. If € is a classical predicate, in the sense
that foralld € D, v(€¢ky) = 1 or v(€k;) = 0, these equations hold. The details
are straightforward, and left as an exercise. (Check that if the lefthand side
is 1, sois the righthand side. Then check the opposite direction. Do the same
thing for 0. The case for i then follows.) If, however, existential statements
may take the value i, things may go wrong. Consider an interpretation with
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two members, d and e, as follows:

D
E
e d
If v is as follows:
v(€) v(P)
d i 1
e 1 0

this is a K3 and 23 interpretation. It is not difficult to check that v (FxPx) = 0,
but v(¢kg A Pkg) =i = v(3x(Ex A PX)).

If v is as follows:

v(€) v(P)
d o 0
e i 1

this is an LPand RM; interpretation. It is not difficult to check that
v(FExPx) = 1, but v(¢k. A Pke) = i = v(Ax(Ex A Px)). Hence, if the existence
predicate is allowed to take non-classical values, inner quantifiers will have
to be taken as primitive.

21.6.2 Arranging for this is a simple matter, and left as an exercise. How-
ever, it does raise the question of whether it makes sense for the existence
predicate to have a non-classical value, the answer to which is not so
obvious.

21.6.3 Suppose that we are in a logic where i is interpreted as neither true nor
false. Could a sentence of the form ¢a take this value? The answer depends
on what sorts of thing one takes to be neither true nor false; but on certain
views about this, the answer could be ‘yes’.

21.6.4 Some have argued that a sentence containing a non-denoting name
hasno truth value (see 7.8). If this is the case, and a does not denote anything,

463



464

An Introduction to Non-Classical Logic

¢a has no truth value. But the claim about non-denotation is not very plausi-
ble as far as the existence predicate goes. Supposing that the name ‘Sherlock
Holmes’ does not denote anything, it would seem that ‘Sherlock Holmes
exists’ is false, not truth-valueless.

21.6.5 Aristotle argued that statements about a future state of affairs that is
not, as yet, determined are neither true nor false (see 7.9). If this is correct
then, arguably, ‘The first Pope of the 25th century will exist (but does not
yet)’ or ‘Hilary will exist’ - where ‘Hilary’ rigidly designates the first Pope of
the 25th century - is neither true nor false. But this seems wrong. If there
is such a Pope, this is true.

21.6.6 Better arguments can be found if one subscribes to verificationism
of some kind. This might be a philosophy of mathematics which identifies
mathematical truth with provability; or it might be a philosophy of science
which identifies truth with empirical verifiability. If one subscribes to such a
view, and one can verify neither ‘a exists’ nor its negation, for some suitable
a, then this statement is neither true nor false. Thus, for example, ‘The
author of the Dao De Ching in fact existed’, or ‘Laozi in fact existed” might
be of this kind.

21.6.7 As another example: some have argued that statements about the
borderline range of some vague predicate are neither true nor false (see
11.3.6, 11.3.7). Thus, ‘Dana is an adult’, said of Dana around puberty, might
be thought to be neither true nor false. But can existence be a vague pred-
icate? Certainly: when people die they go out of existence (let us suppose).
But dying can be a gradual process. Bodily functions do not normally all
cease at once; there can therefore be a grey area where it is vague as to
whether or not someone exists.

21.6.8 What of a logic where i is interpreted as both true and false. Could a
sentence of the form €a be both true and false? Some have suggested that
the statements about the borderline range of some vague predicate are
both true and false. What intuition tells us, after all, is that the statement
in question seems to be as true as it is false, as false as it is true; and, as far
as that goes, the symmetric positions, both and neither, would seem to be
as good as each other. Hence, borderline cases of existence might deliver
existence statements that are both true and false.
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21.6.9 One final example. Some have argued that paradoxical sentences
generated by the paradoxes of self-reference are both true and false (see 7.7).
Some of these can be existence statements, as in Berry’s paradox, which is as
follows. Consider all those (whole) numbers that can be specified in English
by a (context-independent) description with less than, say, 100 words. There
is a finite number of these, so there are many numbers that cannot be
so specified. There must therefore be a least. But there cannot be such a
number, since if it did exist it would be specified by the description ‘the
least (whole) number that cannot be specified in English by a description
with less than 100 words’. The least whole number that cannot be specified
in English by a description with less than 100 words both does and does
not, therefore, exist. So paradoxes of self-reference may deliver existence
statements that are both true and false.

21.7 Neutral Free Logics

21.7.1 In13.4we noted that free logics can be classified as positive, negative,
or neutral. In positive free logics, applying a predicate to a non-existent
object can result in any semantic value. In negative logics, it always results
in the value false (0). In a neutral logic it is always neither true nor false (i). We
looked at positive and negative free logics in chapter 13. We are now in a
position to see what a neutral free logic is like.

21.7.2 A neutral free logic is a logic with a value which may be thought
of as neither true nor false, such as i in K3 or L3 (or the value n in FDE -
see the next chapter), which satisfies the condition that for any n-place
predicate:

if, for some 1 <j <mn, dj ¢ E, then v(P)(d1, ..., dp) =i.

Call this the Neutrality Constraint. (Depending on the context, the converse
condition might also be plausible: if v(P)(ds,...,d,) = i then, for some
1 <j <n,d; ¢ E. Only non-existent objects give rise to truth value gaps.)
Note that the Negativity Constraint can be added just as much to a many-
valued logic as it can be to a two-valued logic, giving rise to a many-valued
negative free logic.
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21.7.3 Neutral free logics can be formulated in a different, but equivalent,
way. We may dispense with the ‘outer domain’ altogether. The only domain
we need is E. Instead of taking the denotation function for names, v, to be
a total function, we let it be partial. That is, for some inputs the output may
just not be defined - just as division is not defined if the divisor is zero.
(Division is, in fact, a partial function.) The appropriate truth conditions for
atomic sentences are then:

ifv(aq) =dq,...,v@an) =dpthenv(Paq ...an) = v(P)(d1...dn)
if any of v(aq), ..., v(an) is undefined, v(Paq ...ay) =i.

It is not difficult to see that the truth value of any sentence comes out the
same under this policy. (The truth conditions make this clear for atomic
sentences. For other formulas, this follows by a simple induction.)

21.7.4 Note that we can follow the same strategy with respect to negative
free logics as well. The denotation function for names is taken to be partial,
and the truth conditions of atomic sentences are given as in 21.7.3, replacing
‘=i’ with ‘# 1.2

21.7.5 The Neutrality Constraint gives rise to valid inferences that are not
valid in a positive free logic. For example, as is easy to check, Pa;y...a, F
¢aq1 A ... A Cayand —Paj ...a; E €ag A ... A €ay. Negative free logics make
the first of these valid, but not the second.

21.7.6 Neutral free logics are usually motivated by examples such as ‘The
greatest prime number is even’ and ‘The King of France is bald’. But note
that one would seem to have to make exceptions for the existence predicate
itself. For it would seem that ‘The greatest prime number exists’ and ‘The
King of France exists’ are both false, not neither true nor false. And once
one has made an exception for one predicate, it seems somewhat arbitrary
not to admit other exceptions, such as those we noted in connection with
negative free logics in 13.4.6.

2 An even stronger constraint replaces ‘= i’ with ‘= 0’. But this constraint, equivalent in
a classical context, is less natural in a many-valued context. The intuition behind the
Negativity Constraint is simply that atomic sentences containing names that do not
refer to (existent) objects cannot be true.
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21.7.7 Hence, though some sentences with non-denoting terms may be nei-
ther true nor false, not all would seem to be; the most appropriate free logic,
even in a many-valued context, would appear to be a positive one.

21.8 Identity

21.8.1 If we now suppose that one of the predicates in the language is the
identity predicate, then the natural truth conditions for this are:

v(=)(dq,dp) e Diffdy =dy

21.8.2 It is not difficult to check that F a = a and a = b, Pa F Pb. Thus, for
the second of these, suppose that in an interpretation a = b is designated.
Then v(a) = v(b). So v(P)(v(a)) € D iff v(P)(v(b)) € D.

21.8.3 Similarly, it is not difficult to check thata = b Eb = a and a =
b,b = c F a = c. More generally, a = b, Ax(a) F Ax(b); for the proof of this,
see 21.11.4. Note that this fact in no way depends on identities taking only
classical values. Identities may well take the value i in LP or RM3 (or b in
FDE).

21.8.4 If we are in a logic where i is thought of as neither true nor false, and
we enforce the neutrality constraint, then the truth conditions for identity

become:

if v(a) € E and v(b) € E then v(=)(a, b) € D iff v(a) = v(b)
ifv(a) ¢ Eor v(b) ¢ E then v(=)(a, b) =1

(which makes sense provided that i ¢ D). Or, if we dispense with the outer

domain, and take the denotation function to be a partial function:

if v(a) and v(b) are defined then v(=)(a, b) € D iff v(a) = v(b)
if either v(a) or v(b) is not defined then v(=)(a, b) =i

21.8.5 Itis clear that it will not now be the case that = a = a. (Take v(a) to be
not in E, or undefined.) However it is still the case that a = b, Pa = Pb. If the
first premise is true, then v(a) and v(b) are both in E (or defined), and the
argument then proceeds as in 21.8.2. Indeed, more generally, a = b, Ax(a)
Ax(b). The proof'is to be found in 21.11.4.

21.8.6 Note that, given the neutrality constraint, a = b F ¢a A ¢b and ¢a =

a = a, as is easy to check.
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21.9 Non-classical Identity

21.9.1 This raises the question of whether it is plausible to suppose that
identity statements may take non-classical values, that is, values other than
0 and 1.

21.9.2 The considerations of 21.6 about existence statements and non-
classical truth values seem to apply just as much to identity statements.
I leave the reader to think about plausible candidates for non-classical
identity statements in the sorts of situation discussed there.

21.9.3 1 will just take up one of them in more detail: vagueness. Suppose
that I have two motorbikes, a and b. Suppose that I dismantle a and, over a
period of time, replace each part of b with the corresponding part of a. At the
start, the machine is b; at the end, it is a. Let us call the object somewhere
in the middle of the transition c. Is it true that ¢ = a (or ¢ = b)? It is not clear;
we would seem to be in a borderline situation, so the identity predicate can
be a vague one. And if one takes vague predicates to have a non-classical
value (both true and false or neither true nor false) when applied to borderline

cases, then there are identity statements that take such values.

21.9.4 There is a well-known argument (due to Gareth Evans) against this
possibility, however. Let us say that an identity is indeterminate if the state-
ment expressing it takes the value i. The argument goes as follows. Suppose
that it is indeterminate whether a = b. It is determinately true thata = a, so
a and b have different properties, and thus, a # b. Thus, the identity is not
indeterminate: it is false. There are therefore no indeterminate identities.

21.9.5 To analyse this argument, let us suppose that we are using one of
our 3-valued logics; let us write V for ‘it is indeterminate that’, and suppose

that:
v(VA) e D ifv(Ad) =i

v(VA) =0 otherwise

Then the argument is simply:

Suppose that Va=b (1)
Then since —Va=a (2)
It follows that a #b (3)

The inference is a contraposed form of SI; SI itself we know to be valid.
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21.9.6 Now itis clear that as an argument against the possibility of indeter-
minate identities, the argument must fail. It is quite possible for identity
statements to take the value i in all these logics. What, however, is wrong
with it?

21.9.7 That depends. Suppose, for a start, that we are in a logic with truth
value gaps. Then the inference from (1) and (2) to (3) is invalid. Consider the
K3 or L3 evaluation in which:

v(=)d, e) = 1if v(d) = v(e)
v(=)(d, e) =i if v(d) # v(e)

Let a and b denote distinct objects. Then a = b has the value i, so Va = b
has the value 1. a = a has the value 1, so =Va = a has the value 1. Buta =b
and so its negation, has the value i.

21.9.8 In LP and RM3;, the inference is valid, even without the second
premise. Suppose that the value of Va = b is designated. Then the value
of a = b is i. So the value of the conclusion, a # b, is also designated. But
this does not rule out indeterminate identity statements. Consider an LP or
RM; interpretation in which:

v(=)(d, e) =iif v(d) = v(e)
v(=)(d, e) = 0if v(d) # v(e)

Let a and b denote the same object, then (1), (2) and (3) are all designated.
Yet a = b has the value i.

21.10 Supervaluations and Subvaluations

21.10.1 Let us end by noting how the techniques of supervaluations and
subvaluations extend to first-order logic. For propositional logic, see 7.10.3-
7.10.5d. (I deal only with the non-free cases. Analogous considerations
apply in the free cases.) I will consider supervaluations in detail, and leave
subvaluations largely as an exercise.

21.10.2 Let 3 = (D,v) and 3 = (D,v’) be any K3 interpretations. Define
J < 7 to mean that ¥ is a classical interpretation which is the same as 7,
except that for any n-place predicate, P, and every d4,...,d, € D, such that
v(P)(d1,...,dy) =1, V' (P)(d1,...,dy) is either 1 or 0. Call 3’ a resolution of J.
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21.10.3 Given any interpretation, J, let the supervaluation of a formula, A,
be a map, v* such that:

vT(A) =1 iff foralld,suchthatd <3, v @A) =1
vF(A) =0 iff forall¥,suchthatd <7, v'A) =0
vFI(A) =i otherwise

Now define a notion of supervaluation validity (supervalidity), £ E° A, in the
natural way:

¥ ES A iff for every interpretation J, if vt (B) = 1 forallBe =, vT(A) = 1

21.10.4 Then ¥ 5 A iff the inference is classically valid. For suppose that
the inference is not classically valid. Let J be a classical interpretation that
makes all the premises true and the conclusion false. Then 7 is a K3 inter-
pretation, and it is the only resolution of itself. Hence, the inference is not
supervalid.® Conversely, suppose that the inference is not supervalid. Then
there is a K3 interpretation, J, such that for every premise B € ¥, vt(B) =1,
and v (A) # 1. Hence, there is a resolution of J, 3, which makes the con-
clusion false and the premises true. Hence, the inference is not classically
valid.

21.10.5 Just as in the propositional case (7.10.5), one can formulate a
multiple-conclusion version of classical first-order logic (and most other
first-order logics). An inference is valid if every interpretation that makes
every premise true makes some conclusion true. And as in the propositional
case, the equivalence between classical validity and supervalidity breaks
down here, since the classically valid A v B F A, B is not supervalid. (Details
are left as an exercise.)

21.10.6 But, again as in the propositional case (7.10.5a), define an inference
to be valid iff for every K3 interpretation, every resolution that makes every
premise true makes some (or the, in the single conclusion case) conclusion
true. Since the set of resolutions of K3 interpretations is exactly the set
of classical interpretations, this notion of validity is equivalent to classical
validity.

3 As in the propositional case (7.10.4), it may make sense to define the supervaluation
of an interpretation over some subset of its resolutions. In this case, this half of the
argument may fail.
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21.10.7 As we saw in 7.10.5b and 7.10.5c, the supervaluation technique for
propositional K3 can be dualised to LP to give subvaluations. Exactly the
same is true in the first-order case. The details are routine, and left as an
exercise. (See 21.4, question 13.)

21.11 *Proofs of Theorems

21.11.1 In this appendix, we prove the technical claims made in the
chapter.

21.11.2 LeMMA (Locarity): Let (D, (E,)V,D.{fc:ic € ChL{f3:q € Q},v1) and
(D, E)V,Dffc:c € C},{fg:q € Q},v2) be two many-valued interpretations.
Since they have the same domain, the language of the two is the same.
Call this L. If A is any closed formula of L such that v; and v, agree on the
denotations of all the predicates and constants in it then:

v1(A) = v2(A)

Proof:

The result is proved by recursion on formulas. For atomic formulas:

viPay...an) = viP)(vi(a1),...,v1(an))
= P)(v2(a1),...,v2(an))
= VZ(Pa‘l...an)

For any n-place connective, c:

V1(cA1, ..., An) = fe(1(A1),...,v1(An))
= fc(vz(Al),...,VZ(An)) IH
= w(cA1,...,An)

For every quantifier, g:

v1(gxB) = fa({v1(Ax(kg)):d € D})
= fq({VZ(Ax(kd))3 deD}) (9
= 2(gxB)

The line marked (*) follows from IH, and the fact that vy (kg) = va(kq) = d.
In the case of a free logic, D is replaced by E. ]
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21.11.3 LEMMA (DENOTATION): Let J = (D, (E,)V,D,{fc:¢c € C},{f3:q € Q},v)
be any interpretation. Let A be any formula of L(J) with at most one free
variable, x, and a and b be any two constants such that v(a) = v(b). Then:

v(Ax(a)) = v(Ax (D))

Proof:
The proof is by recursion on formulas. For atomic formulas I assume that
the formula has one occurrence of ‘a’ for the sake of illustration:

v(Paq...a...ay) vP)(v(aq),...,v(@a),...,v(ay))
v(P)(v(a),...,v(),...,v(an))

= V(Pal...b...an)

If c is any n-place connective:

V(c(A1x(@), . .., Anx(@)))

JewAx(@), ..., v(Anx(a)))
Jew@Ax®)), . ... v(Ax (D)) IH
= v(cAx(D), ..., Anx(b)))

And if q is any quantifier, let A be of the form gyB. If x is the same variable
as y then Ax(a) and Ax(b) are just A, so the result is trivial. So suppose that
x and y are distinct variables.

v((qyB)x(a)) v(qy(Bx(a)))
Ja(v(Bx(@)y(kq)):d € D})
Ja(v(By(ka))x(a)):d € D})
Ja(v(By(ka))x(b)):d € D}) IH
Ja(v(Bx(b))y(kg)):d € D})
v(qy(Bx (b))

= v((@yB)xD)

In the case of a free logic, D is replaced by E. [ ]

21.11.4 LEMMA (SI): In any many-valued logic, a = b, Ax(a) £ Ax(b) (even if
the Neutrality or Negativity Constraints are in operation).

Proof:
Consider any interpretation in which v(a = b), v(Ax(a)) € D. Then v(a) =
v(b), and so v(Ax(b)) € D by the Denotation Lemma.

21.11.5 Finally, the proof of the fact mentioned in 21.5.4. [ ]
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21.11.6 THEOREM: Suppose that the inference with premises ¥ and conclu-
sion A is valid in one of our 3-valued logics. Let C be the set of constants
that occur in A or in any member of ¥, and let IT = {&c:c € C} U {IxEx}.
(The quantified sentence is redundant if C # ¢.) Then I[T1U £ F A in the
corresponding free logic (where quantifiers are inner).

Proof:

Suppose that [TUX ¥ A.Let 3 = (D, E, v) be any free many-valued interpreta-
tion that designates all the premises but not the conclusion. In particular,
E # ¢. Let d be some member of E, and let 7’ be the interpretation (D, E, v’),
which is the same as 7, except that if ¢ ¢ C, v'(c) = d. By the Locality Lemma,
the truth values of A and the members of ¥ are the sameinJ.LetJ = (E, u),
where p is the same as v/, except that for any n-place predicate, P, u = V' [ E
(the restriction of v’ to the members of E). This is a classical interpretation
(even if the logic is neutral or negative, and identity is present). We show
that if B is any sentence of L(J), then B has the same truth value in 3’ and
3. The result follows. The proof is by induction on B. The basis case and the
cases for the connectives are entirely trivial. The cases for the quantifiers

are nearly so. For 3:

w(@xA) = Max({n(Ax(kg)):d € E})
Max({v'(Ax(kq)):d € E}) IH
= V/(3xA)
The case for V is similar. [ ]

21.12 History

The earliest papers on quantified many-valued logics seem to have been
Rosser (1939), Rosser and Turquette (1948) and (1951), and Turquette (1958).
Another early paper is Mostowski (1961). There has been a sporadic lit-
erature on quantified many-valued logic since then. For the history of
quantified continuum-valued logic, see 25.9. Very little of a systematic
nature seems to have been written on identity in many-valued logics.

For the history of the views described in 21.6, See 7.12 and 11.8. The
first of these also describes the history of the notion of supervaluation (and
subvaluation). For the history of free logic, see 13.8. The argument of 21.9.4
appeared in Evans (1978).
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21.13 Further Reading

There are sections or chapters on quantified many-valued logics in Rescher
(1969), Urquhart (1986), Blamey (1986) and Malinowski (1993).

For further reading on the issues in 21.6, see 7.13 and 11.9. On vague-
ness, gaps and gluts, see Hyde (1997); on identity sorites arguments, see
Priest (1998). For an overview of free logic, see Lambert (1981), and also
the essays in Lambert (1991) (chapter 4 by van Fraassen, ‘Singular Terms,
Truthvalue Gaps, and Free Logic’, is a classical statement of a neutral free
logic employing supervaluations). Evans’ argument generated a number of
discussions. These are surveyed in section 5 of the introduction to Keefe
and Smith (1997).

21.14 Problems

1. Check the details omitted in 21.5.3, 21.6.1, 21.6.2, 21.8.6, 21.9.2 and
21.10.5.

2. Determine whether the following hold in (the non-free versions of) K3,
L3, LP and RM3. If the inference is valid give an argument to this effect;
if it is invalid, specify a counter-model.

(a) VxPx = 3xPx

(b) = VxPx D 3IxPx

(c) —3xPx = Vx—Px

(d) —VxPx = Ix—Px

(e) Vx(Pa v Qx) E Pa v VxQx

(f) Vx(Px D Qx) = Ix—Px v 3xQx
(g) Vx(—=Px Vv Qx) E 3xPx D IxQx

3. Does moving to the free version of each logic make any difference to
the inferences in question 2?

4. Check the facts of 12.4.14, question 5, in the logics K3, L3, LP and RM3.
(Hint: test the statement with corresponding conjunctions and disjunc-
tions first. Thus, for example, if you are examining the inference from
Ix(A D C) to VxA D C, have a look at the inference from (A > C)v (B D C)
to (A AB) D C first.)

5. Are there any logical truths in each of quantified (non-free) K3, L3, LP,
and RM3? Give an example or explain why not.

6. Assuming that some sentences have non-classical truth values, is there
any reason for supposing that statements of existence cannot be
amongst them?



7.

10.

11.

12.

13.

Many-valued Logics

Consider a statement about the borderline area of a vague predicate.
What considerations, intrinsic to the situation, might lead one to sup-
pose that its value was a truth value gap, rather than a glut, or vice
versa?

. Let L be the positive free logic based on K3 or £3. Let Neg and Neu be

the corresponding negative and neutral free logics. (That is, the logics
obtained by adding the Negativity or Neutrality Constraints, respec-
tively.) L is a sub-logic of each of these. (Why?) Give inferences to show
that each is a proper extension of L. Give inferences to show that neither
is an extension of the other.

. Check to see which of the following hold in K3, L3, LP, and RM3 (without

the Neutrality or Negativity Constraints). If the inference is valid show
it to be so by giving an appropriate argument. If it is invalid, give a
counter-model.

(a) a=bEPa>Ph

() E(a=bAPa)DPb

() Ea=Db> (Pa>Pb)

Does the addition of the Neutrality Constraint in the case of K3 and 13
make any difference?

Let 31 = (D,v1) and J; = (D, vy) be any K3 or LP interpretations. Write
J1 < J to mean that for every n-place predicate, and dq,...,d, € D:

if vi(P)(d1,...dy) = 0 then va(P)(d1,...dy) =0
if v (P)(d1,...dp) =1 then vy(P)(dq,...dn) =1

Show by induction that if J; < J then the displayed conditions hold
for all formulas in the language of the interpretations. Does the same
hold for £3 and RM3?

Show that something is a logical truth in classical logic with identity iff
it is a logical truth in LP. (Hint: see 7.14, question 5.)

Work out the details of subvaluations for first-order LP. (Go through the
details of supervaluations in 21.10, and modify appropriately.)
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22 First Degree Entailment

22.1 Introduction

22.1.1 The present chapter is devoted to another many-valued logic, one
that will lead us into a discussion of relevant logic: First Degree Entailment
(FDE).

22.1.2 We start with the relational semantics for FDE, and see that this is
equivalent to a many-valued semantics.

22.1.3 We will then look at tableaux for quantified FDE, in the process
obtaining tableau systems for the 3-valued logics of the last chapter.

22.1.4 A quick look at free logics in the context of relational semantics is
next on the agenda.

22.1.5 After that, we move on to the * semantics and tableaux for FDE, and
note their equivalence with the relational semantics.

22.1.6 Finally, we will look at the behaviour of identity in both semantics
for FDE.

22.1.7 The philosophical issues that tend to be raised by quantification and
identity in FDE are much the same as those which we met in connection
with the three-valued logics of the last chapter. There is therefore no new
philosophical discussion in this chapter.

22.2 Relational and Many-valued Semantics

22.2.1 An interpretation for quantified FDE is a structure (D, v), where D is
the non-empty domain of quantification. For every constant in the language,
¢, v(c) € D, and for every n-place predicate, P, v(P) is a pair (£, A), where £
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and A are subsets of D". £ is the extension of P (the set of things of which Pis
true); A is the anti-extension (the set of things of which it is false). We will
write these as v¢(P) and vA(P), respectively.

22.2.2 Given an interpretation, we define a relationship, p, between formu-
las and truth values (1 and 0) recursively as follows:

Paq ...anpliff (v(ay),..., v(an)) € v€(P)
Paq ...anp0 iff (v(ay), ..., v(an)) € vA(P)

The truth and falsity conditions for the connectives are as in the proposi-
tional case (8.2.6). For the quantifiers:

VxAp1liff for all d € D, Ax(kg)p1
VxApO iff for some d € D, Ax(k;)p0
IxAp1 iff for some d € D, Ax(kg)p1
IxAp0 iff for all d € D, Ax(kg)p0

22.2.3 Asin the propositional case, validity is defined in terms of preserva-
tion of truth: ¥ | A iff for every interpretation where Bp1, for all B € %,
Ap1.

22.2.4 Given any interpretation, negation and the quantifiers behave in the
familiar fashion:

—3xAp1 [0] iff Yx—Ap1 [O]
—VxAp1[0] iff Ix—Ap1 [0]

For the 1-case of the first:

—3xApl iff 3IxAp0
iff foreveryd e D, Ax(kgq) 00
iff foreveryd e D, —Ax(kg)p1
iff vx—Ap1l

The other cases are left as exercises.

22.2.5 Asin the propositional case of 8.4, a relational interpretation for FDE
can be reformulated as a many-valued interpretation with the values true
(only), false (only), both and neither - 1, 0, b, n - and designated values {1, b}. In

particular, what corresponds to a relational evaluation, v, is a many-valued
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evaluation, u, such that for any m-place predicate, P, u(P)(d1,...,dn) is:

iff (dq,....dm) € v¥(P)and (dq,...,dm) & vADP)
iff (dq,....dm) e v®(P)and (dq,...,dm) € vADP)
iff (di,....dm) ¢ v¥(P)and (d1,...,dm) ¢ vADP)
iff  (d1,....dm) ¢ vE(P) and (d,...,dm) € vA(P)

o I T =

The truth conditions of the connectives deliver the truth tables of 8.4.2,
and the truth conditions of the quantifiers deliver the fact that the value of
VXA is the GIb of the values of the formulas Ay(k,), for d € D, in the lattice
of 8.4.3; and that the value of 3xA is the Lub of the values of the formulas
Ax(kg), ford e D.

Consider the GIb of the values of formulas in the set {Ax(ks): d € D}. There
are four possible values for this:

1: In this case, for all d € D the value of Ax(ky) is 1. So for all d € D, Ax(ky)
is true and not false, so VxA is true and not false; that is, the value of VxA
is 1.

b: In this case, for all d € D the value of Ax(k;) is 1 or b, and at least one is b.
That is, for all d € D, Ax(ky) is true, and at least one is false. Hence, VXA is
true and false; that is, the value of VXA is b.

n: In this case, for all d € D the value of Ax(ky) is 1 or n, and at least one is n.
Thatis, for all d € D, Ax(ky) is not false, and at least one is not true. Hence,
VxA is neither true nor false; that is, the value of VxA is n.

0: In this case, either there is some d € D such that the value of Ax(k;) is 0,
or this is not the case, but there are d, e € D, such that the value of Ax(k;)
is b and that of Ax(ke) is n. In the first case, Ax(k;) is false and not true, so
VxA is false and not true; that is, its value is 0. In the second case, Ax(k;) is
both true and false, and Ay (ke) is neither. So VXA is false but not true; that
is, its value is 0.

The case for 3 is similar, and is left as an exercise.

22.2.6 Finally, consider the following constraints:

Exclusion: for every m-place predicate, P, and dq, ..., dm € D, (d1,..., dm) ¢
v P)n vA(P) (or, in the many-valued formulation, v(P)(d4, ..., dm) #Db).
Exhaustion: for every m-place predicate, P, and dq, ..., dm €D, (d1,..., dm) €
v Pyu v‘A(P) (or, in the many-valued formulation, v(P)(dq,..., dm) # n).
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If we impose the first of these, then clearly no atomic formula is both true
and false (or, in the many-valued case, takes the value b). The same follows
for all formulas, as a simple induction shows. (The cases for the connectives
are as in 8.4.6, and the cases for the quantifiers are left as an exercise.) In this
case we obtain quantified K3. Dually, if we impose the second constraint,
then no formula is neither true nor false (or, in the many-valued case, takes
the value n). (The induction cases for the connectives are as in 8.4.9, and
the cases for the quantifiers are left as an exercise.) In this case we obtain
quantified LP. If we impose both constraints, we have classical logic.

22.3 Tableaux

22.3.1 Tableaux for quantified FDE are obtained by adding the appropriate
quantifier rules to the propositional rules of 8.3.4. These are:

VXA, + VXA, — —VXA, +
{ s 1
Av@),+  Ax©,—  Ix-A+
XA, + XA, — —3xXA, +
\ \ \
Ax(c), + Ax(a), — Vx—A, +

where a is any constant on the branch, or a new one if there is none; c
is a constant new to the branch; and + can be disambiguated consistently
either way.

22.3.2 Here is a tableau to show that Vx(A A B) - VXA A VxB. c is a constant
new to the branch.

Vx(A A B), +
VXA A VXB, —
v N
VXA, — VxB, —
Ax(0), — By (c), —
Ax(©) ABx(0), + Ax(c) ABx(0), +
Ax(0), + Ax(0), +
By (0), + By (0), +

X X
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22.3.3 Here is another to show that VxPx, Vx(Px D Qx) ¥ VxQx. (Recall that
A D Bis just ~A Vv B.)
VxPx, +
Vx(—Px v Qx), +
VxQx, —
Q. -
Pc, +
—Pc v Qc, +
v N
—Pc,+ Qc,+

X

22.3.4 To read off a counter-model from an open branch, we set D = {9;:a
is a constant on the branch}, and v(a) = 9,;. The extension of a predicate,
P, comprises just those things that will make Pa; ...a, true if Pa; ...a,, +
occurs on the branch, and the anti-extension comprises just those things
that will make Pa, ...a, false if —Pay ...a,, + occurs. (Note that we look at
the pluses, not the minuses.)

22.3.5 Thus, in the counter-model determined by the open branch of the
tableau of 22.3.3, D = {3}, v(c) = 3, v(P) = vAP) = {8}, v Q)
=v4(Q) = ¢. The interpretation may be depicted thus:

vE@) vAP) Q) vAQ)
& 4 X X

It is not difficult to see that Pc and —Pc v Qc are true, as, therefore, are VxPx
and Vx(—Px v Qx); but Qc is not true, so VxQx is not true.

22.3.6 A many-valued interpretation can be read off from an open branch
in the obvious way. Thus, for the interpretation of 22.3.5, the correspond-
ing many-valued interpretation is the same, except that v(P)(d;) = b and

v(Q)(0c) = n.

22.3.7 As in 8.4, to obtain tableaux for Kz and LP we add the appropriate
closure rules, which are, respectively:

A+
—A, +

X
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and
A, —
—-A, —
X
Counter-models are read off from open branches of tableaux as in the propo-
sitional case (8.4.8, 8.4.11), with atomic formulas replacing propositional
parameters.

22.3.8 Quantified L3 and RM3 can also be reformulated as relational logics,
with appropriate tableaux. The propositional details of 8.4a are extended
in the natural way. Details are left as an exercise. (See 22.12, question 13.)

22.4 Free Logics with Relational Semantics

22.4.1 Arelational interpretation for free FDE is a structure (D, E, v), where
everything is the same as for FDE, except that E € D and, in the truth
conditions for the quantifiers, D is replaced by E. For the existence predicate,
we require that:

vE(@) =E
The anti-extension of the existence predicate can be any subset of D.

22.4.2 The observations of 22.2.4 and 22.2.5 carry over to the free case,
with ‘D’ replaced by ‘E’. In particular, free FDE can be formulated as a free
many-valued logic.

22.4.3 Tableaux for free FDE are obtained by adding the free versions of the
quantifier rules to those for propositional FDE. These are as follows:

VXA, + VXA, — —VXA, +
v N\ \ s
€a,— Ax(a),+ €c, + Ix-A, +
Ax(0), —

XA, + XA, — —3XA, +
A v N\ \:
&c, + Ca,— Ax(a), — Vx—A, +

Ax(0), +

with the same restrictions as in 22.3.1.

481



482 An Introduction to Non-Classical Logic

22.4.4 Here is a tableau showing that Vx(A A B) - VXA A VxB in free FDE. c is

a constant new to the branch.

VXx(A AB), +
VXA A VXB, —
e N\
VXA, — VxB, —
&c, + &c, +
Ax(0), — Bx(0), —
e N b N\
&c,— Ax(c) ABx(c),+ &c,— Ax(c) ABx(c), +
X Ax(0), + X Ax(0), +
Bx(0), + Bx(c), +
X X

22.4.5 Here is another to show that VxPx, Vx(Px D Qx) ¥ VxQ..

VxPx, +
Vx(—Px v Qx), +
vxQx, —
&c, +
Q. -
v N
&c, — Pc, +
X ' N\
&c, — —Pc v Qc, +
X v N
—Pc,+ Q¢+
X

Counter-models are read off from open branches as for FDE (22.3.4), with
the addition that E = v®(¢). Thus, the counter-model given by the open
branch of this tableau can be depicted as follows:

vEP) vAP) vEQ) vAHQ) vE(©) vA@©)
& v X X J X

I leave it as an exercise to check that this works.
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22.4.6 Three final observations. First, the constraints of 22.2.6 can be added
to give the free versions of K3 and LP. Tableaux are obtained as in 22.3.7.

22.4.7 Next, the appropriate form of the Neutrality and Negativity Con-
straints for the free logics of this section are as follows:

Neu If (dy,....dn) € vE(P) or {d1,....dn) € vA(P) then v(d)) € E (for all
1<i<n).
Neg If (dq,...,dn) € v (P) then v(d) € E (forall 1 <i < n).

The relevant tableau rules are:

Paq,....an, + —Paq,...,an, +

\ \
Ca;, + ¢a;, +

We need both in the case of Neu, and just the first in the case of Neg.

22.4.8 Finally, we can add inner quantifiers in all the free logics we have
considered, but these have to be added separately, since they cannot be
defined in terms of ¢ and truth functions, as they can in two-valued logic.
The reasons are as for 21.6.1.

22.5 Semantics with the Routley

22.5.1 As for the propositional case, quantified FDE can also be given a
constant domain world-semantics employing the Routley * to handle nega-
tion. A Routley interpretation is a structure (D, W, x, v). D is the non-empty
domain of quantification, W and x* are as in the propositional case (8.5.3),
for every constant, ¢, v(c) € D, and for every n-place predicate, P, andw € W,
vw(P) € D!

22.5.2 Given an interpretation, all formulas are assigned a truth value (1 or
0) by the conditions:

vw(®Paq, ..., an) = 1iff (v(aq),...,v(an)) € vw (@)

1 A variable domain semantics can also be given, as usual; but this is not particularly
significant in the present case, so I will leave it as an exercise for the reader. (See 22.12,
question 6.)
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The conditions for the connectives are as in the propositional case (8.5.3).
In particular, for negation:

v (—=A) = 1 iff v+ (A) = 0

For the quantifiers:

v (VxA) = 1iff foralld € D, vy (Ax(kg)) =1
v (3xA) = 1 iff for some d € D, vy (Ax(ky)) =1

22.5.3 As in the propositional case, validity is defined in terms of truth
preservation at all worlds of all interpretations.

22.5.4 Tableaux for the % semantics are the same as those in the propo-
sitional case (8.5.4) with the addition of the appropriate rules for the
quantifiers:

VXA, +a VXA, —«a XA, +a XA, —a

' ' ' '
Ax(a), +a Ax(0), —« Ax(0), +a Ax(a), —«a

a is any constant on the branch (choosing a new one if there is none), c is a
constant new to the branch, and « is either a natural number or a natural
number with the superscript #.2

22.5.5 Here is a tableau to show that Vx—A + —3xA. c is a constant new to
the branch.

Vx—A, +0
—3xA, —0
IxA, +0%
Ax(c), +0*
—Ax(c),+0
Ax(c), —0#

X

2 In Part I, I use ‘¥’ instead of ‘o’. In the case of first-order logic, a different kind of letter
is obviously desirable.
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22.5.6 Here is another to show that Ix(Px A —Qx) ¥ Vx(Px A —Qx):

Ix(Px A —Qx),+0
Vx(Px A —Qx), —0
Pa A —Qa, +0
Pa,+0
—Qa, +0
Qa, —0*

Pb A —Qb, —0
v N
Pb,—0 —Qb,—0

Qb, +0*

22.5.7 To read off a counter-model from an open branch, W = {wg, wy#}
(there are only ever two worlds), wg = wo# and wg, = wo. D = {oc 1 cisa
constant on the branch}. v(c) = d.. Where « is either 0 or 0%, (3;,,...,0q,) €
vy (P) iff Pay ... ay, +a occurs on the branch. Thus, the counter-model given
by the righthand branch of the tableau in 22.5.6 may be depicted as
follows:

Wo wg

9a
dp

X X Qo

X X =

P
aa \/
X

Q
X
¥ v

Pa A —Qa is true at wy, as, then, is 3x(Px A —Qx). —Qb fails at wy, as, therefore,
do Pb A =Qb and Vx(Px A —Qx).

22.5.8 Asin the propositional case (8.5.8), the x semantics for FDE are equiv-
alent to the relational (non-free) semantics. A relational evaluation, u, is
equivalent to a pair of worlds, w and w*, related by the conditions:

(d1,....dn) € vy (P) iff (dq,...dn) € u€(P)
(d1s....dn) ¢ v P) iff (1, ...dn) € wAP)

The proofis given in 22.8.10 and 22.8.11.
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22.6 Identity

22.6.1 We now add identity to the language, starting with the relational
semantics.” In an interpretation, (D,v), v¥(=) = {(d.d):d € D}. The anti-
extension of = can be any subset of D2. Note that it is the extension of =
that does all the work with respect to its usual properties.

22.6.2 The appropriate tableau rules are:

a=>b,+

\ Ax(a), +
a=a,+ N

Ax(), +

In SI, A is any atomic sentence or its negation, other than a = b.*

22.6.3 Here are tableaux to show thata =b,b = c,Pa - Pc and - Vxx = x.

a=b,+ VXX =X, —
b=c+ a=a,—
Pa, + X
Pc, —
Pb, +

Pc, +

X

22.6.4 Here is another to show thata =b,b =, Pa,—Pc ¥ a # c:

a=>b,+
b=c,+
Pa, +
—Pc, +
—a=c,—
a=c,+
Pb, +
Pc, +
—Pb, +
—Pa, +

3 We consider only the non-free case. The free case - possibly with the Negativity and
Neutrality Constraints - is left as an exercise. See 22.12, question 9.

4 It would also be okay to change the plus signs in Ax(a), + and Ay (b), + to minuses. But
this form of the rule is redundant.
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Note that the last two lines use SI for a negated atomic formula.

22.6.5 To read off a counter-model from an open branch of a tableau, we
take any bunch of lines of the forma = b,b = c, ..., and select one object, say
dq, for the constants all to denote. (3;,,...,dq,) € vE(P) iff Paq ... an, + is on
the branch; and (3, ..., dg,) € vA(P) iff ~Pay ... ay, + is on the branch. This
recipe applies to the anti-extension of identity formulas too. (The extension
is always the same, {(d,d):d € D}.) So, in the counter-model given by the
tableau of 22.6.4, D = {35}, v(a) = v(b) = v(c) = da, V¢ (P) = vAP) = {da},
and v (=) = ¢. It is easy to check that a = b,b = c, Pa, —Pc are all true, and
since (v(a),v(c)) ¢ v (=), —~a = c is not true.

22.6.6 In the * semantics, I will deal only with the necessary identity case.
vy (=) is the world-invariant set {(d,d):d € D}. (One can formulate contin-
gent identity semantics in a natural way; I leave this as an exercise (see
22.12, question10).)

22.6.7 The corresponding tableau rules are:

. a=D>b,+ua a=D>b,+ua
‘L Ax(a), +a ‘l/

a=a,+«a ) a=>b,+8
Ax(D), +a

where « and g are natural numbers with or without a superscript #. A is any
atomic sentence other than a = b. The last rule is the appropriate version
of the Identity Invariance Rule.

22.6.8 Here is a tableau to show thata = b A —=Pa + —Pb:

a=DbA—Pa,+0
—Pb, —0
a=>b,+0
—Pa, +0
Pa, —0*
a=bh,+0*
Pb, +0#
Pa, +0*

X

Line 6 is the Identity Invariance Rule. At the last line, SI is applied at
world 0%,
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22.6.9 Here is a tableau to show thata =bvb=cFa=c:

a=bvb=c+0
a=c,—0
v N
a=b,+0 b=c,+0

Counter-models are read off from an open branch as in the case without
identity (22.5.7), except that whenever we have a bunch of lines of the form
a=>b,40,b =c,+0,...,wechoose a single object, say d,, for all the constants
in the bunch to denote. (The extension of the identity predicate is always
predefined.) So in the interpretation given by the lefthand branch of this
tableau, W = {wo, Wg#}, W = Wo# andw(’;# =wo,D = {9,,0:}. v(a) = v(b) = dq
and v(c) = .. Clearly, v(a) = v(b), so a = b is true at wo, but v(a) # v(c), so

a = ¢ is not true at wy.

22.6.10 Note that in both the relational semantics and the % semantics,
a =b,Ax(a) F Ax(b). (The proof of this is in 22.9.3.)

22.6.11 Note also that once identity is in the language the equivalence
between the relational and the * semantics breaks down.” For example,

in the % semantics, -a =b v —a = b:

a=bv-a=Db,-0

a=>b,—0

-a=>b,—0

a =b, +0*

a=>b,+40
X

But this is not valid in the relational semantics. Counter-model: D = {9, 9},
V(@) = 0g, v(b) = By, vA(=) = ¢.

22.6.12 All the tableau systems of this chapter are sound and complete
with respect to their semantics. This is proved in the following technical
appendices.

5 But see 22.12, question 11.
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22.7 *Proofs of Theorems 1

22.7.1 Inthis section we establish the appropriate soundness and complete-
ness theorems for relation semantics (without identity). I bundle the free
and non-free cases together. We start, in the usual way, with the appropriate
Locality and Denotation Lemmas.

22.7.2 LEMMA (LocALlty): Let 31 = (D, (E,) v1), 32 = (D, (E,) v2) be two inter-
pretations (with corresponding relations p; and pz). Since they have the
same domain, the language of the two is the same. Call this L. If A is any
closed formula of L such that v; and v, agree on the denotations of all the

predicates and constants in it then:

Apl 1 ifprz 1
Ap10iff Apy0

Proof:
The result is proved by recursion on formulas. Here are the cases for 1. The
cases for 0 are similar. For atomic formulas:

Pay...anp11l iff  (vi(aq),...,vi(an)) € vE(P)
iff  (v2(a1), ..., v2(an)) € V5 (P)

iff Paq...anpp1

For negation:
-Ap11 iff App0
iff Ap20  (IH)
iff —App1

The cases for the other connectives are left as exercises. The case for the
universal quantifier is as follows. That for the particular quantifieris similar.

VxBp11 iff foralld € D [E], Bx(kg)p11
iff foralld e D[E], Bx(kg)p21 (IH)
iff VxBpa1

22.7.3 LEMMA (DENOTATION): Let 7 = (D, (E,) v) be any interpretation. Let A
be any formula of L(J) with at most one free variable, x, and a and b be any
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two constants such that v(a) = v(b) then:

Ax(a)p1 iff Ax(b)p1
Ax(a)p0 iff Ax(b) pO

Proof:

The proof is by recursion on formulas. Here are the cases for 1. The cases
for 0 are similar. (For atomic formulas I assume that the formula has one
occurrence of a for the sake of illustration.)

Pai...a...anpl iff (v(@1),...,v(a),...,v(an)) € vVS(P)
iff (v@p),....vd),...,v@an) € vEP)
iff Paq...b...aup1

For negation:
—Ax(@)pl iff Ax(a)p0

iff Ax(b)p0  (IH)

iff =Ax(b)p1l
The cases for the other connectives are similar. The case for the universal
quantifier is as follows. That for the particular quantifier is similar. Let A be
of the form VyB. If x is the same variable as y then Ay(a) and Ax(b) are just
A, so the result is trivial. So suppose that x and y are distinct variables.

(VyB)x(@)p1 iff  Vy(Bx(a))pl
iff foralld e D[E], (Bx(a))y(kq)pl
iff foralld € DIE], By(kg))x(a)pl
iff foralld e DIE], By(kg))x()p1l (IH)
iff foralld e D[E], (Bx(b))y(ka)p1
iff  VyBy(b)pl
iff  (VyB)x(b)pl

22.7.4 DEFINITION: Let 3 = (D, (E,) v) be any relational interpretation. Let
B be any branch of a tableau. 7 is faithful to B iff:

for every node A, + on B, Ap1
for every node A, — on B, it is not the case that Ap1

22.7.5 SOUNDNESS LEMMA: If 7 is faithful to a branch of a tableau, B, and
a tableau rule is applied to B, then there is an interpretation, 7', that is
faithful to at least one of the branches generated.
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Proof:

The cases of the Lemma for connective rules are as in the propositional
case (8.7.3). The quantifier rules concerning negation are taken care of by
22.2.4 and 22.4.2. (We can just take J’ to be J.) Here are the cases for the
free quantifier rules. The non-free cases are left as an exercise.

(i) VXA, +
v N\
Ea,— Ax(a),+
Suppose that VxAp1l. Then for all d € E, Ax(kg)pl. Let v(a) = d. If d ¢ E
then it is not the case that ¢k;p1, and so not the case that ¢ap1, by the
Denotation Lemma; J is faithful to the left branch. If d € E then Ax(a)p1 by
the Denotation Lemma; 7 is faithful to the right branch.

(ii) VXA, —
\
&c, +
Ax(0), —

Suppose that it is not the case that VxAp1. Then for some d € E, it is not
the case that A, (kg) 1. For this d, ¢kgp1. Let 3’ be the same as J, except that
v(c) = d. By the Denotation Lemma, &cp1 and it is not the case that Ax(c)p1,
in 7. Since ¢ is a new constant, the Locality Lemma does the rest of the job.

(iii) and (iv) XA, + XA, —
| v\ N\
&, + €a,— Ax(a),—
Ax(0), +
These cases are similar, and are left as exercises. [ ]

22.7.6 COROLLARY SOUNDNESS THEOREM: The tableaux for FDE and free FDE

are sound.

Proof:
This follows from the Soundness Lemma in the usual way. |

22.7.7 DEFINITION: Suppose that we have a tableau with an open branch,
B. Let C be the set of all constants on 5. The interpretation induced by B,
(D, (E,) v), is defined as follows: D = {d,: a € C}. For all constants, a, on B,
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v(a) = d,. For every n-place predicate:

(3a. .-, da,) € vE(P) iff Pay ...an, + is on B
(0ays....0a,) € vAP) iff =Pay .. .an, + is on B

(And if the interpretation is free, E is v (¢).)

22.7.8 COMPLETENESS LEMMA: Given the interpretation specified in 22.7.7,
for every formula A:

if A, + is on B then Ap1

if A, — is on B then it is not the case that Ap1
if =A, + is on B then Ap0Q

if —A, — is on B then it is not the case that Ap0

Proof:

The proof is by recursion on formulas. For atomic formulas:

Pay...an,+isonB = (d4,...,0,) € v°(P)
= (1(@1),...,v(an)) € v¥(P)
= Paq...anpl

Paq...an,—isonB = Paq...ay,+isnotonB (B open)
= (da;»--.»00,) ¢ vEP)
= (1(a1),...,v(@n) ¢ v¢(P)
= it is not the case that Pa; ...amp1
The cases for 0 are similar.

The cases for the connectives are as in 8.7.6. Here are the cases for the
quantifiers for the free logic. The non-free cases are left as an exercise. The
cases for 3 are as follows. Those for V are similar.

(i) Suppose that 3xB, + is on B. Then, for some c, Bx(c), + and €c, + are on
B.ByIH, Bx(c)p1 and €cpl. Let v(c) = d. By the Denotation Lemma, By (kz)p1
and ¢k4p1, and so d € E. Hence, 3xBp1.

(ii) Suppose that IxB, — is on B. Then, for every constant c, either &c, —
or Bx(c), — is on B. By IH, for every constant, c, either it is not the case that
&cp1 or it is not the case that Bx(c)p1. By the Denotation Lemma, for every
d € D, either it is not the case that ¢k;p1 or it is not the case that By (k) 1.
So for all d € D such that ¢k;p1, it is not the case that By(ks)p1; i.e., for all
d € E, it is not the case that By(k;)p1. That is, it is not the case that 3xBp1.
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(iii) If —3xB, + is on B then Vx—B, + is on B. Hence, for every constant, c,
either ¢c, — or —Bx(c), + is on B. By IH, either it is not the case that &cp1or
Bx(c)p0. Now let d € D. Then by the Denotation Lemma, either it is not the
case that ¢kgp1 or By(ky)00; that is, either it is not the case that d € E or
By (k) 00. So for all d € E, By(kg)00. That is, 3xBo0.

(iv) If —=3xB, — is on B then Vx—B, — is on B. So for some constant, c, &c, +
and —Bx(c), — are on B. By IH, &cp1 and it is not the case that Bx(c)p0. By
the Denotation Lemma, for some d € D, ¢k;01 and it is not the case that
By (k) 00. That is, for some d € E, it is not the case that By (ks)00. So it is not
the case that 3xBp0. [ |

22.7.9 CorROLLARY COMPLETENESS THEOREM: The tableaux for FDE and free
FDE are complete.

Proof:
This follows from the Completeness Lemma in the usual way. |

22.7.10 THEOREM: The addition of the closure rules of 22.3.7 to those for
FDE or free FDE produce tableaux that are sound and complete with respect
to K3 and LP.

Proof:
The argument is as in the propositional case (8.7.8, 8.7.9), with atomic
formulas replacing propositional parameters. |

22.7.11 THEOREM: The addition of the tableau rules of 22.4.7 to those of free
FDE (K3 or LP) produce tableaux that are sound and complete with respect
to the Negativity Constraint and the Neutrality Constraint.

Proof:

We need (i) to check the relevant rules in the Soundness Lemmas, and (ii)
to check that the relevant induced interpretations have the appropriate
properties. Details are straightforward, and are left as exercises. |

22.8 *Proofs of Theorems 2

22.8.1 In this section we establish soundness and completeness for the *
semantics (without identity), and the equivalence between the x semantics
and the relational semantics.
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22.8.2 LEMMA (LocALiTy): Let 37 = (D,W,*,v1), J2 = (D, W, %, 1) be two
interpretations. Since they have the same domain, the language of the two
is the same. Call this L. If A is any closed formula of L such that v; and v,
agree on the denotations of all the predicates and constants in it, then, for
allw e W:

Viw(A) = vaw(A)

Proof:

The result is proved by recursion on formulas. The arguments for all cases
are as in the corresponding cases in constant domain modal logic (14.7.2),
except the one for negation, which is as follows:

viw(=B) =1 iff vy«(B) =0
iff vu<B)=0 (IH)
iff vw(—=B) =1
|

22.8.3 LEMMA (DENOTATION): Let 7 = (D, W, , v) be any interpretation. Let
A be any formula of L(J) with at most one free variable, x, and a and b be
any two constants such that v(a) = v(b). Then for any w € W:

vy (Ax (@) = v (Ax (D))

Proof:

The proof is by recursion on formulas. The cases are all the same as the
corresponding cases in constant domain modal logic (14.7.3), except the
one for negation, which is as follows.

vw(=Bx(a)) =1 iff vy«(Bx(a)) =0
iff vy«Bx(b)) =0 (IH)
iff vy(=Bx(b) =1
|

22.8.4 DEFINITION: Let 3 = (D, W, %, v) be an interpretation, and 5 be any
branch of the tableau. Then 7 is faithful to B iff there is a map, f, from the
natural numbers to W, such that:

for every node A, +« on B, Ais true at f(«) in J
for every node A, —x on B, A is false at f () in J

where, by definition, f (i) is f (i)*.
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22.8.5 SOUNDNESS LEMMA: Let B be any branch of a tableau, and let 7 =
(D,W, %, v) be any interpretation. If J is faithful to B, and a tableau rule is
applied to it, then there is an 3’ = (D, W, %,v’) and an extension of B, 5,
such that ¥’ is faithful to B'.

Proof:

The proof is by a case-by-case consideration of the rules. The cases for the
propositional rules are as in the propositional case (8.7.12). The cases for the
rules for V are as follows. Those for 3 are similar, and are left as exercises.

Y VXA, +a

l
Ax(a), +a

Suppose that VxA is true at f(«) in 3. Then, for every d € D, Ax(ky) is true at
f(«). Let v(a) = d. Then, by the Denotation Lemma, Ay (a) is true at f (@), and
we may take 7' to be J.

(1) VXA, —«a
\
Ax(0), —«

Suppose that VxA is false at f(«) in J. Then, for some d € D, Ax(ky) is false
at f(«) in J. Let 3’ be the interpretation that is the same as J, except that
v(c) = d. Since ¢ is a new constant, the same is true of 3’ by the Locality
Lemma. By the Denotation Lemma, A,(c) is false at f(«) in 7. And since ¢
does not occur anywhere else on the branch, f shows the rest of the branch
to be faithful to 3’ too, by the Locality Lemma. |

22.8.6 SOUNDNESS THEOREM: The tableaux for the * semantics are sound
with respect to them.

Proof:
This follows from the Soundness Lemma in the usual way. |

22.8.7 DEFINITION: Given an open branch of a tableau, 3, the induced inter-
pretation is defined as follows. W = {wg,wy#} (there are only ever two
worlds), wg = wg# and wy, = wo. D = {o:: ¢ € C}, where C is the set of
constants on the branch. v(c) = 8. (34, ..., 0a,) € vo(P) iff Pay...an, +o is
on B, where « is either i or i¥. (In the present case, i is always 0.)
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22.8.8 COMPLETENESS LEMMA: In the interpretation induced by an open
branch, B, for every formula A:

if A, +« is on B then vy, (A) =1
if A, —« is on B then vy, (A) =0

where « is either i or i¥. (In the present case, i is always 0.)

Proof:

This is proved by recursion on formulas. For atomic formulas:

Pay...an,+aisonB = (04;,...,0,) € v, (P)
= (v(a1),...,v(an)) € vy, (P)
= vy, Par...an) =1

Pay...ap,—aisonB = Pai...an, +aisnotonB (B open)
= (da;»...»0a,) & vw,(P)
= (v(@1),...,v(@n)) ¢ v, (P)
= vy,Par...an) =0

The cases for the truth functions are as in the propositional case (8.7.15).
Here are the cases for 3. The cases for V are similar.

Suppose that IxA, +« is on the branch. Then, for some ¢ € C, Ax(c), +«
is on the branch. By IH, vy, (Ax(c)) = 1. For some d € D, v(c) = d. Hence,
vy, (A(kg)) = 1, by the Denotation Lemma. That is, vy, (3XA) = 1.

Suppose that IxA, —« is on the branch. Then, for all ¢ € C, Ax(c), —«
is on the branch and so vy, (Ax(c)) = 0 (by IH). If d € D, then for some
¢ € C, v(c) = d. Hence, vy, (Ax(kg)) = 0, by the Denotation Lemma. Thus,
Vi, (3XA) = 0. [

22.8.9 COMPLETENESS THEOREM: The tableaux for the % semantics are
complete with respect to them.

Proof:
This follows from the Completeness Lemma in the usual way. [ ]

22.8.10 THEOREM: If T E A in the relational semantics for FDE, ¥ E A in the
* semantics.
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Proof:

We prove the contrapositive. Suppose that there is a * interpretation, J =
(D,W, %,v), and a w € W which makes all the members of X true, and A
false. Define a relational interpretation, (D, u) where, for every constant, c,

u(c) = v(c), and for any n-place predicate, P:

(d1,..., dn) € u€(P) iff (dq,...,dn) € vw(P)

(dq,....dn) € wAP@) iff (dq,....dn) & vy (P)
We show that for any A in the language of J:

Apliffvy(A) =1

Ap0 iff vy« (A) =0

The theorem follows.
The result is proved by recursion. For atomic formulas:

Pai...anpl iff (u(a1)....,u(an)) € u€ @)
iff (v(@ay),...,v(an)) € vw(P)
iff vy(@ay...an) =1

Paj...anp0 iff (u(a),...,u(an)) € wA(P)
iff (v(ay),...,v(an)) ¢ vw=(P)
iff vyPai...ay) =0
The cases for the connectives are as in propositional case (8.7.17). The cases
for V are as follows. Those for 3 are similar.

VxApl iff foralld e D, Axy(ky)pl
iff foralld e D, vy(Ax(kg)) =1 (IH)
iff v (VxA) = 1

VxAp0O iff for some d € D, Ax(kg) 0
iff for some d € D, vy« (Ax(kg)) =0 (IH)
iff vy« (VXA) =0
||

22.8.11 THEOREM: If ¥ E A in the x semantics for FDE, ¥ = A in the relational

semantics.
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Proof:

We prove the contrapositive. Suppose that there is a relational interpre-
tation J = (D,v), which makes all the members of ¥ true and A not
true. Define a * interpretation, (D, W, , u), where W = {wop, w1}, w] = wo,
w§ = wy, for every constant, ¢, u(c) = v(c), and for every n-place predicate, P:

(d1,...,dn) € pwo (P) iff (dq, ..., dn) € vE(P)

(d1,...,dn) € pw, (P) iff (dq,...,dn) ¢ vAP)
We show that for every A in the language of J:

o (A) = 11ff Apl

pw, (A) = 1 iff it is not the case that Ap0

The theorem follows.
The result is proved by recursion. For the atomic case:

/'LW()(Pal ceag) =1 iff (u@), ..., plan)) € /’LWQ(P)
iff (v(@@1),...,v(an)) € vE(P)
iff Paq...aupl

uwy(Par...ag) =1 iff (u(aq),...,uan)) € pw, (P)
iff (v(a1),...,v(an)) ¢ vAP)
iff it is not the case that Pa;...a,p0

The cases for the connectives are as in the propositional case (8.7.18). The
cases for Vare as follows. Those for 3 are similar.

e (VXA) =1 iff foralld € D, juy, (Ax(kg)) = 1
iff foralld e D, Ax(ky)p1 (IH)
iff VxAp1l

uw, (VXA) =1 iff foralld € D, pw, (Ax(kg)) =1
iff foralld € D, it is not the case that Ax(kz)p0 (IH)
iff it is not the case that, for some d € D, Ax(kq) 00
iff it is not the case that YxAp0
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22.9 *Proofs of Theorems 3

22.9.1 Finally, we establish soundness and completeness with identity for
both forms of semantics (with necessary identity in the « case).

22.9.2 The addition of identity to the language does not affect the state-
ments and proofs of the Locality and Denotation Lemmas (22.7.2, 22.7.3,
22.8.2, 22.8.3).

22.9.3 COROLLARY: In both the relational and the x semantics, a = b, Ax(a)
= Ax(b).

Proof:
This follows from the Denotation Lemma in the usual way. ]

22.9.4 SOUNDNESS THEOREM: The tableaux for identity, for both the rela-
tional and the * semantics, are sound with respect to their semantics.

Proof:

The Soundness Theorems follow from the appropriate Soundness Lemmas.
The proofs of these simply extend the proofs for the cases without identity
(22.7.5,22.8.5), by adding the appropriate cases for the identity rules (22.6.2,
22.6.7). These are straightforward, and left as exercises. |

22.9.5 COMPLETENESS THEOREM (RELATIONAL SEMANTICS): The tableaux for
identity are complete.

Proof:

Given any completed open branch, 5, of a tableau, the interpretation
induced by it, (D, (E,) v), is defined as follows. Let C be the set of constants
on the branch. Let a ~ b iff a = b, + is on B. As usual, ~ is an equivalence
relation. D = {[a] : a € C}. v(a) = [a]. For any predicate, P, except identity
(including ¢, ifitis present, defining E), {[a1]. ..., [ax]) € vE(P)iffPay ...an, +
occurs on B; {[a1], ..., [an]) € vA(P) iff =Pay . ..ay, + occurs on B. This is well
defined because of SI. v€ (=) needs no specification; v (=) is defined in the
same way as the anti-extension of all other predicates.
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The Completeness Lemma is stated as in 22.7.8, and proved by recursion.
For predicates other than identity:

Pai...an,+isonB = {([ail,...,[an]) € vE(P)
= ((@),...,v@ay)) € v¢(P)
= Paq...anpl

Paq...ap,—isonB = Pay...ay,+isnotonB (B open)
= (la1l,....lan]) ¢ vE(P)
= ((@1),...,v(@n) ¢ v:(P)
= it is not the case that Pa; ...a,p1

=Pay...an,+isonB = ([ail,...,[an]) € vAP)
= (w@),...,van)) € vAP)
= Paq...aup0

=Pay...ay,—isonB = —Pay...a;,+isnoton B (B open)
= ([a1],...,[an]) ¢ vA(P)
= (@), ...,v(@an) ¢ vAP)
= itis not the case that Pay ...a,p0

For the identity predicate:

a1 =ay,+isonB = aj;~ay
= [a1] = [az]
= v(am) =v(a)
= a1 =axpl

a1 =4ay,—isonB = ay=ay,+isnotonB (B open)
= itis not the case thata; ~ a;
= [a1] # laz2]
= v(a1) # v(az)
= it is not the case that a; = azp1

—ay =az,+isonB = ([a1],[az]) € vA(=)
= (@), (@) € vi(=)
= a1 =dazp0
—a1 =dy,—isonB = =—-a; =aday,+ isnoton B (B open)
= (], [az]) ¢ vA(=)
= (v(a),v(@) ¢ v(=)
= itis not the case that a1 = a;p0

The cases for the connectives and quantifiers are as without identity (22.7.8).
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The Completeness Theorem follows from the Completeness Lemma in
the usual way. |

22.9.6 COMPLETENESS THEOREM (x SEMANTICS): The tableaux for identity are
complete.

Proof:
Given an open branch, B, of a tableau, the induced interpretation,
(D, W, %, v), is defined as follows. W and * are as in the case without iden-
tity (22.8.7). Define a ~ b to mean that a = b, 0 is on B. As usual, this is an
equivalence relation. D = {[a] : a € C} (where C is the set of constants on the
branch); v(a) = [a]. If « is 0 or 0¥, and P is any predicate other than identity
then ([a1],...,[an]) € vy, (P) iff Pa; ...ay, +a occurs on B. (The interpreta-
tion of the identity predicate needs no specification.)

The Completeness Lemma is stated as in 22.8.8, and proved by recursion.
The cases for the atomic sentences are as follows.

If P is not the identity predicate:

Paq...ap,+aison B = ([a1],...,[an]) € v, (P)
= (v(a1),...,v(a)) € vy, (P)
= w,Par...ap) =1

Pay...ap,—aisonB = Paj...a;,+oisnotonB (B open)
= (la1],...,[an]) & vu, (P)
= (v(@1),...,v(an) ¢ v, (P)
= vy, Pay...ay) =0

For the identity predicate:

a1 =day,+aison B a1 =a,+0ison B (IIR)
ay ~ ap

[a1] = [az2]

v(a1) = v(az)

(@1 =az) =1

L A

a1 =day,—aisonB = ai=ay,+0isnoton B (IIR, B open)
= itis not the case that a; ~ ay
= [a1] # [a2]
= v(a1) # v(az)
= wy,(@1=0a2)=0
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The cases for the connectives and quantifiers are as in 22.8.8.
The Completeness Theorem follows in the usual fashion. [ |

22.10 History

The earliest paper on quantified FDE is Belnap (1967). The semantics used
there are algebraic semantics, not any of the kinds used in this chapter.
Quantified * semantics were first given by Routley (1979). Quantified
relational/many-valued semantics are given by Priest (1987), ch. 5. That
chapter also describes the behaviour of identity in LP (and FDE). However,
most of the discussion of identity in relevant logic has gone on in the context
of full relevant logics. For references, see 24.10.

22.11 Further Reading

For further reading on quantification and identity in relevant logics, see
24.11.

22.12 Problems

1. Check the details omitted in 22.2.4, 22.2.5, 22.2.6 and 22.4.5.

2. Determine whether the following are true in FDE. If the inference is not
valid, read off a counter-model from an open branch, and check that it
works. Convert this into a many-valued counter-model.

(a) VxPx + Pa

(b) Vx(Px Vv Qx) F VxPx v VxQx

(c) Ix(Px A Qx) F IxPx A IxQx

(d) 3IxPx A IxQx - Ix(Px A Qx)

(e) Vx(Px D Qx) | VxPx D VxQx

(f) vx(Px D Qx) - IxPx D IxQx

(8) Vx—(Px A Qx) F Vx(—Px v —Qx)
(h) Ix—(Px v Qx) - Ix(—Px A —Qx)
(i) Ix(Px A —Px) - VxQx

(i) vxQx F Ix(Px v —Px)

3. Repeat question 2 with K3 and LP.

4. Repeat question 2 in free FDE.

5. Repeat question 2 with the * semantics and tableaux for FDE.



6.

10.

11.

12.

13.

14.

15.
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Formulate the variable domain version of the x semantics for FDE, and
write down the appropriate tableau rules.

Determine whether the following are true in the relational semantics
for FDE with identity. If the inference is not valid, read off a counter-
model from an open branch, and check that it works.

(@) Fa=a

() a=br-b=a

(a=bb=cka=c

(d a=bAPatPb

(e) H(@a=bAPa)>Pb

(f) Fa=Db > (Pa > Pb)

(g a=b,~b=ck—-a=c

(h) a=bA—-Pat —Pb

Repeat the previous question with the x semantics.

Formulate the semantics for identity in free FDE. Write down the appro-
priate tableau rules. Modify these to accommodate the Negativity and
Neutrality Constraints. (See 22.4.7.)

Formulate the contingent identity version of the x semantics, and write
down the appropriate tableau rules. Give an inference that is invalid in
these semantics, but valid in the necessary identity semantics. (Hint:
this must involve negation. Why?)

Show that, for FDE, the relational semantics with identity and the
semantics with contingent identity are equivalent. (Hint: modify the
argument of 22.5.8.)

*Check the details omitted in 22.7, 22.8, 22.9.

*Formulate the tableaux for quantified £3and RM. (See 22.3.8.) Prove
that they are sound and complete.

*Prove soundness and completeness for the tableau systems of questions
6, 9 and 10.

*For the various systems of logic in this chapter, formulate tableaux
for inferences with arbitrary sets of premises. Prove the Soundness
and Completeness Theorems. Infer the Compactness and Lowenheim-
Skolem Theorems.
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23 Logics with Gaps,
Gluts and Worlds

23.1 Introduction

23.1.1 This chapter brings together the techniques of previous chapters, to
look at a variety of logics that they may generate. The chapter also acts as a
bridge between the basic system of relevant logic of the last chapter, First
Degree Entailment, and the full relevant logics of the next.

23.1.2 By this stage of the book we have many independent techniques
that may be employed in constructing the semantics of a logic: normal and
non-normal worlds, constant and variable domains, different numbers of
truth values, negation using many values and the * semantics, necessary
and contingent identity. These techniques can be combined to produce a
vast variety of logics, far too many to consider here. We will consider only
some of the more notable ones.

23.1.3 We begin with the basic relevant logics N4 and N,, starting with the
former. This will require an application of the matrix semantics employed
for non-normal modal logics in chapter 18. The logics K4 and K, are then
obtained as special cases. We will look only at the constant domain versions
of the logics.

23.1.4 Identity for the logics in question is next on the agenda. We will
concern ourselves only with necessary identity, though the behaviour
of identity at non-normal worlds gives it something of the flavour of
contingent identity.

23.1.5 There is then a philosophical interlude concerning one application
of identity in relevant logic: relevant predication.

23.1.6 Finally, we turn to logics of constructible negation. To make the
comparison with intuitionist logic as clear as possible, we consider only
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the case where the world structure is the same as that of intuitionist logic.
For the same reason, we (then) consider only contingent identity for the
logics.

23.2 Matrix Semantics Again

23.2.1 The language of the systems we will deal with first adds a conditional
operator, —, to be thought of as a conditional of entailment strength, to
the language of FDE.

23.2.2 In the propositional logics N4 and N,, conditionals of this kind are
assigned arbitrary truth values at non-normal worlds. If we do exactly this
in the quantificational extensions, we encounter the same problems as
we encountered with non-normal modal logics in 18.2. Thus, for example,
Pa — Qa may be assigned the value true at a world, though Pb — Qb isn’t
- even though a and b have the same denotation. (And more generally, the
Denotation Lemma, fundamental to the well-functioning of quantification,
will fail.)

23.2.3 The solution to the problem is also as in 18.2. Given any closed con-
ditional formula, A — B, we define its matrix exactly as we defined the
matrices of modal formulas in 18.2.3. As there, any conditional formula
can be obtained from its matrix by making the appropriate substitutions
of constants for variables. In the semantics for N4 and N,., matrices behave
just like atomic sentences at non-normal - that is, impossible - worlds.! We
take over the notational conventions of 18.2 and 18.3.

23.3 Ny

23.3.1 Thus, an interpretation for N4 extends the relational semantics of
FDE, employing matrices at non-normal worlds. Specifically, an interpre-
tation is a structure of the form (D, W,N,v). D is the non-empty domain
of quantification. W is a set (of worlds), and N € W is the set of normal
worlds. For every constant, ¢, v(c) € D; for every n-place predicate, and
world, w, v assigns P an extension and anti-extension, (vﬁ,(P), v;j‘(P)); for

1 As observed in 9.4.9, it would therefore be more appropriate to call these logics Ly and
Ly, respectively.
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every conditional matrix, M, and every non-normal world, w, v also assigns
M an extension and anti-extension, (v5 M), vyt (M)).

23.3.2 Given an interpretation, a relation, p, determining the truth/falsity
values of each formula at a world, is defined as follows. For any n-place
predicate, P:

Paj...anpwl iff (v(@1),...,v(an)) € vE(P)
Pay...anpw0 iff (v(aq),...,v(an)) € vyt (P)

The conditions for the extensional connectives are as in 9.2.3. For the
conditional, if w is a normal world:

A — Bpyl iff forallw’ € W such that Ap,,1, Bp,,1
A — Bpy0 iff for somew € W, Ap,,1 and Bp,,, 0

But if w is non-normal and A — B is any closed formula of the form
M= (a1,...,an), where M is a matrix:

M (@1.....an)pwl iff (v(a1),....v(an)) € v§ (M)
M- (@,..., an)pw0 iff  (v(ay),..., v(an)) € vt (M)

The conditions for the quantifiers are:

VxApwl iff foralld e D, Ax(kg)pwl
VxApw0 iff for some d € D, Ax(ky)powO
IxApwl iff for some d € D, Ax(kg)pwl
IxApw0 iff foralld e D, Ax(kg) pwO

23.3.3 Validity is defined in terms of truth preservation at normal worlds
of all interpretations. That is, ¥ = A iff for every interpretation J =
(D,W,N,v), and every w € N, if Bp,,1 for all B € X, Apy1.

23.3.4 Tableaux are the same as in the propositional case (that is, as in
9.3, as modified for N4 in 9.5.1 - specifically, the rules for conditionals are
applied only when i = 0) with the addition of the quantifier rules:

VXA, +i VXA, —i VXA, +i

{ { A
Ax(a), +i Ax(c), —i Ix—A, +i
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IXA, +i A~ —3xA,+Hi

\ \: \:
Ax(c), +i Ax(a), —i Vx—A, +i

a is any constant on the branch, or a new one if there is none; c is a constant

new to the branch; and + can be disambiguated uniformly either way.

23.3.5 Here is a tableau to show that Vx(A — B) - 3xA — 3xB. c is a constant

new to the branch.
Vx(A — B),+0

IxA — 3xB, -0
XA, +1
IxB, —1
Ax(0), +1
Bx(c),—1
Ax(c) — Bx(c), +0
v N
Ax(0), =1 Bx(0),+1

X X
23.3.6 Here is another to show that ¥ Vx(Px — Qx) — (VxPx — VxQx):

Vx(Px — Qx) — (VxPx — VxQx), —0
Vx(Px — Qx), +1
VxPx — VxQx, —1
Pa — Qa, +1

No further rules are applicable, since the only remaining information about
conditionals is at worlds other than 0.

23.3.7 Toread off a counter-model from an open branch of a tableau, W and
D are defined as usual. N = {wy}. For every constant, a, v(a) = 94, and for
every n-place predicate, P:

(days.-.» da,) € v{,gvl, (P) iff Paq...an,+iison the branch
<8a1, ...s0gy) € vﬁj}(P) iff —Paq...ay,+iis on the branch

Extensions and anti-extensions for every conditional matrix, M, at non-
normal worlds are determined in the same way. (If there are no constants
on the branch, D is simply {9}, and 9 is not the extension or anti-extension
of any predicate.)
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23.3.8 Thus, in the counter-model determined by the tableau of 23.3.6,
W = {wo, w1}, N = {wo}, D = {8a}, v(@) = g, vy, (Pvo — Q1) = {(0a,da)},
v L (VxPx — VxQx) = ¢. All anti-extensions are empty. The interpretation
may be depicted as follows. I display only the extensions; anti-extensions
play no role. Recall that if A is a closed sentence, its extension - or
anti-extension - is either ¢ or {{.)}.

wy

da v, (Pvo — Qv1) 9y
da VG, @) x da

v\‘f,o P) x vfh Q) x
e, Q) x ()
v, (VXPx — VXQx)  x

It is not difficult to see that Vx(Px — Qx) is true at wy, whilst VxPx — VxQx
is not. Hence the whole conditional is not true at wy.

23.4 N,

23.4.1 Turning to N,, an interpretation is a structure of the form
(D,W,N,%,v). D, W, and * are as in the * semantics for FDE (22.5.1). N € W
is the set of normal worlds. For every constant, ¢, v(c) € D; for every n-place
predicate, P, and world, w, v, (P) € D", and for every conditional matrix, M,
and every non-normal world, w, v, (M) C D". (Interpretations are 2-valued,
and hence we do not need to worry about anti-extensions, as we do in Nj.)

23.4.2 Given an interpretation, truth values are assigned to formulas at
worlds as for FDE (22.5.2), with the addition that, for the conditional, if w is
a normal world:

vww(@A — B) =1 iff forallw e W such that v,/(A) =1, v,y (B) =1

and if w is a non-normal world, and A — B is any closed formula of the form
M (a1, ..., as), where M is a matrix:

vw M- (@1,...,an)) =1 iff (v(ay),...,v(an)) € vw(M)

23.4.3 Validity is defined in terms of truth preservation at all normal worlds
of all interpretations.
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23.4.4 Tableaux are the same as in the propositional case (that is, as in
9.6.3, as modified for N, in 9.6.7 - specifically, the rules for conditionals are
applied only when i = 0) with the addition of the quantifier rules:

VXA, +i VXA, —i

| |
Ax(a), +i Ax(c), —i

XA, +i IxA, —i
\ \
Ax(c), +i Ax(a), —i
a is any constant on the branch, or a new one if there is none; c is a constant

new to the branch.

23.4.5 Here is a tableau to show that VX(A — B) - 3x—=B — 3Ix—A. cis a

constant new to the branch.

Vx(A — B),+0
Ix—B — Ix—A, —0
Ix—B, +1
Ix—A, -1
—Bx(c), +1
By (c), —1%#
—Ax(c), —1
Ax(c), +1%
Ayx(c) = Bx(c),+0
v N\
Ax(c), —1%  By(c), +1#

X X

23.4.6 Here is another to show that ¥ Vx(Px — Qx) — (Ix—Qx — Ix—Px):

Vx(Px — Qx) — (Ix—Qx — Ix—Px), -0
Vx(Px — Qx), +1
Ix—Qx — Ix—Px, —1
Pa — Qa,+1

No further rules are applicable, since the only remaining information about
conditionals is at worlds other than 0.
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23.4.7 Counter-models are read off from an open branch as for FDE (22.5.7),
with the addition that all worlds other than wy are non-normal, and condi-
tional matrices are treated as atomic formulas at non-normal worlds. Thus,
the counter-model determined by the tableau of 23.4.6 may be depicted as
follows. All extensions other than those explicitly depicted are empty.

k *
Wo wq
"

le (PV() — le) aa

o

()
vw, (VXPx — VXQX) X

I leave it as an exercise to check that this interpretation works.

23.4.8 Note that as long as we stay away from negation, the tableaux for N4
and N, are the same, showing that the positive (i.e., negation free) parts of
the two logics are the same.

23.4.9 We can, of course, have variable domain semantics for these logics.
In such logics, the inner-domain quantifiers cannot be defined in terms of
the outer-domain quantifiers plus a connective, for the same reasons as we
noted in connection with FDE in 22.4.8. Hence, if we have both inner and
outer quantifiers, both have to be taken as primitive. (Note also that even
if ¢ is a classical predicate, we cannot define VEPx as ¥x(¢x — Px).) For the
first of these to be true at a world, w, Pk; must be true at w, for every d € D,.
But for the second to be true at a normal world, w, Pkg must be true at every
world, w’, and every d € D,,. This is obviously a lot stronger. If ¢ is a classical
predicate we can, however, define VFPx as ¥x(¢x D Px).)

23.5 K4 and K,

23.5.1 Interpretations for the logics K4 and K, are the same as those for N4
and N,, respectively, except that the class of non-normal worlds is empty.
That is, N = W. The use of matrices therefore drops out of the picture
altogether.
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23.5.2 Tableaux are also the same, except that the conditional rules for

normal worlds are applied at all worlds (not just 0).

23.5.3 Here, for example, is a tableau to show that - Vx(A — B) — (VXA —

VxB) in Ky. ¢ is a constant new to the branch.

Vx(A — B) — (VXA — VxB), —0

V(A — B),+1

VXA — VxB, —1
VXA, +2
VxB, —2
Bx(c), —2
Ax(0), +2

Ax(c) = By(c),+1
v N
Ax(0), =2 By(c), +2

X X

23.5.4 Here is another to show that Ix(Px — Qx) ¥ IxPx — —3IxQx in K,:

Ix(Px — Qx),+0
IxPx — —3xQx, —0

IxPx, +1
—3xQx, —1
Pa, +1
xQx, +1*
Qb, +1#
Pc — Qc,+0
v N
Pc, -0 Qc,+0
v N
Pc, —0* Qc, +0*
v N
Pc, -1 Qc, +1
v N

Pc,—1#% Qc,+1*#
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23.5.5 Counter-models are read off as for Ny and N,, except that we no
longer have to worry about non-normal worlds or matrices. Thus, the
counter-model given by the rightmost branch of the tableau of 23.5.4 may
be depicted as follows.

Wo wg W1 wi

P Q P Q P Q P Q
0qg X X 0qg X X 9 + X 0 X X
o X X o x X o x X W x
b x b x o x 4/ b x

Pc — Qc holds at wy, as therefore does Ix(Px — Qx). At wy, 3xPx holds, but
at wj, 3xQx holds, so —3xQx fails at wq. Hence, 3xPx — —3xQx fails at wo.

23.5.6 Note that the comments of 23.4.8 and 23.4.9 concerning N4 and N,
apply equally to K4 and K.

23.6 Relevant Identity

23.6.1 We now turn to identity. The straightforward way of adding identity
to the logics we have been dealing with is simply to set the extension of
= at every world, w, (v(f,(:) in the relational semantics, and vy, (=) in the *
semantics) to be the set of all pairs of the form (d, d) for d € D.

23.6.2 This would appear to give the wrong results, however - at least in
the case of N4 and N,, which are relevant logics. (See 9.7.9, 9.7.10.) It is not
difficult to check that this would deliver the result that:

a=b|=A—>a:b

(In particular, = A — a = a; and there is no intuitive connection between an
arbitrary formula and an instance of the law of identity.) If v(a) = v(b), then
a = bis true at every world, so A — a = b is true at every normal world. This
is a special case of the inference from B to A — B, which fails in relevant
logics. True, it is just as a special case, but from a relevant perspective it
would seem to be just as dubious as the general case. There is no connection
of relevance between an arbitrary A and a true identity.
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23.6.3 What has gone wrong is clear, though. Non-normal, that is, impos-
sible, worlds, are worlds where logical truths may fail. a = a is a logical
truth, so one should expect there to be worlds where it fails. In par-
ticular, the extension of identity at an impossible world should not be
{{d,d):d e D}. What should it be? In N4 and N, logical truths of the form
A — B are effectively assigned arbitrary truth values at non-normal worlds.
(For a discussion of the rationale of this, see 9.4.) This suggests that the
extension of = should also be arbitrary at such worlds. (In the relational
semantics for FDE, the anti-extension is already arbitrary.)

23.6.4 Thus, we adopt the following policy. In any interpretation, the exten-
sion of = (that is, vﬁ(:) in the relational semantics, and vy (=) in the *
semantics) is a subset of D?, subject only to the constraint that if w € N,
it is {(d,d):d € D}. (Of course, normal worlds are the only worlds in Ky
and K,.)

23.6.5 The corresponding tableau rules are, for the relational semantics:

a=>b,40

J Ax(a), +i
a=a,+0 3

Ayx(b), +i

where A is any atomic sentence or its negation (and we do not count the line
a = b, 4+0). In the case of Ny, ifi > 0, A may also be any conditional sentence
or its negation.

In the * semantics, the rules are:

a=Db,+0

\ Ax(a), +a
a=a,+0 J

Ax(b), +a

where A is any atomic sentence (and we do not count the line a = b, 4-0),
and « is anything of the form i or i¥. Again, in the case of N,, ifi > 0, A
may also be any conditional sentence. Note that in both cases, SI legitimises
substitution in worlds other than that in which the identity holds.
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In the case of K4 and K, we also need a version of the identity invariance

rule:
a=Dhb,+i[x]
J
a=>b,+jlB]

As in the cases without identity (23.4.8, 23.5.6), as long as we stick to
negation-free inferences, tableaux with identity for the relational semantics
and the * semantics are the same.

23.6.6 Here is a tableau to show thata =b F Pa — Pb in N4 and N..:

a=>b,+0
Pa — Pb,—0
Pa, +1
Pb, —1
Pa, -1

X
Here is another to show that a = b ¥ Pc — a = b in the same logics:

a=>b,+0
Pc—a=b,-0

Pc, +1

a=>b,—1

Without any analogue of the identity invariance rule, the tableau goes no
further, and remains open.

23.6.7 We read off a counter-model from an open branch as is usual in the
case of necessary identity. Whenever we have a bunch of lines of the form
a =Db,40,b =, +0, ... weselect one object for all of the constants to denote,
say d,. At normal worlds (that is, all worlds in the K-logics, and just 0 in the
N-logics) the extension of = is predetermined. At non-normal worlds = is
treated as any other predicate, and its extension is read off accordingly (as
is its anti-extension at all worlds in the relational semantics).

23.6.8 Thus, for the open tableau of 23.6.6, the N4 counter-model is as fol-
lows: W = {wg,w1}, N = {Wo}, D = {84,0}, v(a) = v(b) = 94, v(c) = 0,
VG, (P) = {3} and v (=) = ¢. All anti-extensions are empty. In a picture
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(omitting anti-extensions):

"

vE(P) vi(=) 9 o v EP)
dg X Jg X X Jg X
o X ac X X 0c Vv

For N, it is the same, except that W = {wp, W, w1, wj} and v€ is replaced by

v. I leave it as an exercise to check that this model works.

23.6.9 It is quite possible to formulate a contingent-identity semantics for
the relevant logics we are dealing with here, as in chapter 17. Such seman-
tics will also invalidate the inference froma = btoA — a = b, even without
non-normal worlds: the fact that the avatars of a and b are the same at wg
does not mean that they are the same at all other worlds. However, the
semantics also invalidate the inference from a = b to Pa — Pb. a and b can
have the same avatar at wg, but at some other world the avatar of a there
may satisfy P whilst the avatar of b does not.

23.6.10 As we saw in 17.3, it is possible to find plausible examples of the
failure of SI in modal contexts. It is much harder to find plausible examples
of the failure of SI in the context of a relevant conditional.

23.6.11 In the necessary-identity semantics given, a = b, Ax(a) = Ax(b). This
is proved in 23.11.3.

23.7 Relevant Predication

23.7.1 As is not difficult to check, Pa is logically equivalent to Vx(x = a —
Px) in classical logic. In relevant logics this is not the case. The latter implies
the former but not vice versa. So in N4 and N,,, we have:

Vx(x = a — Px),+0 Pa,+0
Pa, -0 Vx(x =a — Px),—0
a=a— Pa,+0 b=a— Pb,-0
v N b=a,+1
a=a,—0 Pa,+0 Pb, —1

X X
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The N4 counter-model given by the second tableau is as follows. (All anti-
extensions are empty, and not depicted.)

"

vE(P) vi(=) 3 B vE(P)
P 9 X X 9 x
A X A J X A X

Generally, Pa says simply that P is true of a; whereas Vx(x = a — Px) says,
loosely, that x’s being a is relevant to its being P: a’s being P is no accident.

23.7.2 Let us write Vx(x = a — Px) as [Px](a), and, if this is true, say that
P is relevantly predicable of a. The square brackets thus indicate a notion of
relevant (monadic) predication. In a similar way, we may write VxVy((x = an
y =b) — Sxy) as [Sxy](a, b). The square brackets indicate relevant (relational)
predication.

23.7.3 There are many places in philosophy where it is natural to appeal to
the idea that a property of an object is, in some sense, inherent to it. Thus,
suppose that Albert is thinking about the Moon. This seems to be a property
inherent to Albert in a way that it is not inherent to the Moon. If Albert
ceased thinking about the Moon, he would change, but the Moon certainly
would not. This asymmetry is not captured by the simple predication Tam,
which treats both constants even-handedly. How should one express it?

23.7.4 One cannot use the machinery of modal logic to do this. Though
the property of thinking about the Moon is inherent to Albert, it is not
a necessary truth about Albert that he is thinking of the Moon. In other

worlds, he is not.

23.7.5 Anatural thought is that one can deploy the notion of relevant predi-
cation to express the idea. For we may have [Txm](a) but not [Tax](m). These

are, respectively:

Vx(x = a — Txm)
Vx(x =m — Tax)

Though these are logically equivalent in classical logic, they are not
equivalent in relevant logic. (Details are left as an exercise.)
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23.7.6 In a similar way, at many places in philosophy it is plausible to sup-
pose that some relationships are inherent to a pair of objects, and some
are not. That a is in London and b is in St Andrews, Sab, determines no real
relationship between a and b. If a moved, b could still be in St Andrews. By
contrast, if a and b are married (to each other), Mab, a could not cease to
be married without b ceasing to be married too. The mere relational form
does not distinguish between the two situations.

23.7.7 Again, a natural thought is that the difference between the two can
be captured by the fact that being married is a relevant relation, whilst the
other is not. That is, [Rxy](a, b) is not true, but [Mxy](a,b) is:

=VxVy((x =a Ay =b) — Sxy)
VxVy((x = a Ay = b) — Mxy)

23.7.8 The notion of relevant predication may well, therefore, be a useful
philosophical tool.

23.8 Logics with Constructible Negation

23.8.1 In the remainder of this chapter, we will look at logics with con-
structible negation (9.7a). These are logics whose positive (negation-free)
parts are the same as intuitionist logic, but which employ a different treat-
ment of negation. The language for these logics is the same as that for the
logics we have considered in previous sections of this chapter, except that
we write the conditional as 7. We ignore identity in this section, reserving
it for the next.

23.8.2 We start with I4. An interpretation is a structure (D, W, R, v). D, W and
R are as for intuitionist logic. So, in particular, R is reflexive and transitive,
and if wRw’ then D,, C Dy, . v is as for K4. Specifically, for every world, w,
and n-place predicate, P, vvgv (P) and v;;‘ (P) are subsets of D"; and we have the
appropriate version of the heredity condition:

if wRw' then v§ (P) € v, (P) and vit(P) € viA(P)

As in the case of intuitionist logic, for every constant, ¢ (in the original
language, not the language of the interpretation), and world, w, v(c) € Dy.
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23.8.3 The truth/falsity conditions for atomic sentences are as for K4 (23.3.2).
The conditions for the propositional connectives are as in the propositional
case (9.7a.3). For the quantifiers:

IxApwl iff for some d € Dy, Ax(kg)pwl
VxApwl iff for all w’ such that wRw’, and all d € D,,/, Ax(kg) oy 1
IxApw0 iff for all w’ such that wRw’, and all d € D,,/, Ax(kg) py O
VxApw0 iff for some d € Dy, Ax(kz) owO

Note that the falsity conditions are the reverse of what one might initially
expect. If this were not the case, the heredity conditions would not hold for
all formulas, as they do. (See 23.15, problem 11.)

23.8.4 Validity is defined, as in Ky, in terms of truth preservation at all
worlds of all interpretations.

23.8.5 In the tableaux for I4 the propositional rules are the same as in the
propositional case (9.7a.4), except that the heredity rules are applied to
atomic formulas and their negations:

Paq...ay,+i =Paq ...ay, +i
itj irj
\ \
Pay...an, +j =Paj...an, +j
The positive rules for the quantifiers are as for intuitionist logic, tableaux
of kind 2 (20.5.2-20.5.4):%

XA, +i IxA, —i VXA, +i VXA, —i
2 | itj A
Ax(c), +i Ax(a), —i 2 it

Ax(@),+  Ax(©),—j

The negative rules are:

—3xA, +i —3xA, —i —VXA, +i —VxA, —i
irj ¥ ¢ ¥
+ irj —Ax(0),+  —Ax(a), —i

—Ax(a),+j  —Ax(0),—j

c is a constant new to the branch, and a is every constant that belongs to i or
j (whichever is to be found on the bottom line of the rule at issue). (For the
definition of belonging, see 20.5.3.) As for intuitionist logic, we also need to

2 Tt is also possible to have tableaux of kind 1. Details are left as an exercise.
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ensure that there is at least one constant with entry number 0. So if there
are no constants in the premises and conclusion, we add a line of the form
c=¢,+0.

23.8.6 Here are tableaux to show that Ix(—Px A —=Qx) F —=Vx(Px v Qx) and
Vx(Px 3 Qx) ¥ —VxPx v VxQx. (The small table next to the second tableau
shows the entry number of each constant.)

c=¢+0
Ax(—Px A —Qx), +0
=Vx(Px v Qx), —0
oro
—Pa A —=Qa, +0
—Pa, +0
—Qa, +0
=(Pa v Qa), -0
—Pa A =Qa, —0
v N
—Pa,—0 —Qa,-0

X X

c=c¢+0
Vx(Px 1 Qx), +0
—VxPx v VxQx, —0
0r0
=VxPx, —0
vxQx, —0
—Pc, -0
orl, 1r1
Qa, -1
Pc 1 Qc,+0
Pc 3 Qc,+1
v N
Pc, -0 Qc,+0
v N
Pc,—1 Qc,+1
v N d N
Pa,—1 Qa,+1 Pa,—1 Qa,+1

X X
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Note that the second split is over-determined. It is produced by both the
lines Pc 1 Qc, +0 and Pc 3 Qc, +1.

23.8.7 To read off a counter-model from an open branch, W, R, and each
Dy are as in the case of intuitionistic logic (20.5.8), v(a) = 94, and:

(0ays....0a,) € u,‘;i (P) iff Paq...an, +iis on the branch
(0ays....0a,) € uv“é(P) iff —Paq...an, +iis on the branch

Thus, the counter-model determined by the lefthand open branch of the
open tableau of 23.8.6 is as follows. (The by an object indicates that it
does not exist at the world in question.)

~ ~
Wo —> w1
vE 3 Tfog V& 3 da
P x x P x x
Q x x Q x x
vA 9 o, vA 9 B,
P x x P x x
Q x X Q x x

At every world accessible to wy, every object that exists there satisfies Px 1
Qx. Hence, Vx(Px 1 Qx) is true at wp. But VxPx is not false at wp, and VxQx is

not true. Hence, —VxPx Vv VxQx is not true at wy.

23.8.8 Quantified I3 is obtained from I4 by adding the Exclusion Constraint
to the semantics, and the corresponding tableau rule, as in 9.7a.7. (It is not
difficult to extend the proof that no formula relates to both 1 and 0 and
a world - see the footnote of 9.7a.7. Details are left as an exercise.) The
connexive logic W is obtained by changing the falsity condition for 3, and
modifying the corresponding tableau rule, as in 9.7a.10.

23.8.9 Again as for the propositional case, for sentences that do not contain
negation, an inference is valid in I4 (or I3) iff it is valid in intuitionist logic,
I. The argument is as in the propositional case (9.7a.8).
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23.9 Identity for Logics with Constructible Negation

23.9.1 The semantics for I4 with (contingent) identity are obtained by modi-
fying the semantics for I in the same way that the semantics for intuitionist
logic are modified to give intuitionist logic with identity (20.8.4). In particu-
lar, members of D are now functions from worlds to avatars, and extensions
and anti-extensions of predicates comprise the appropriate n-tuples of
avatars.

23.9.2 The corresponding tableau rules are:

a=>b,+i

\’ Ax(a), +i
a=a,+i N

Ax(b), +i

where, in SI, Ax(a) is an atomic sentence or its negation. (We also have the
heredity rule for identities and their negations.)

23.9.3 Here are tableaux to show that a = b - —Pa 3 —Pb and ¥ VxVy(x =
yVox=Y):

c=¢+0
a=D>b,+0
—Pa 3 —Pb, —0
0ro
orl, 1r1
—Pa, +1
—Pb, —1
a=b,+1
—Pb, +1
X

The penultimate line is obtained by applying the heredity rule to line 1.

c=¢+0
VxVy(x =yVv —-x =Yy),—0
0ro
or1, 1r1
Yya=yVv—-a=y),—-1
1r2,2r2,0r2
a=bv-a=b,-2
a=D>h,-2
—-a=>b,—-2
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23.9.4 Counter-models are read off from open branches as in intuition-
ist logic (20.8.7), except that extensions and anti-extensions for predicates
are obtained as for Ky. Specifically, for all n-place predicates, P, other than
identity:

(19ay lwio - - -+ 10ay lw) € v, (P) iff Paq...an,+iison B
(19aylwis - -+ 18ay lw;) € Vi (P) iff —Paq...an,+iis on B

The extension of identity is a given. The anti-extension of identity is read
off as for any other predicate.

Thus, the counter-model given by the open tableau of 23.9.3 may be
depicted as follows. I omit the arrows for reflexivity and transitivity, and

also the extensions of =

Wo — w1 — %)
0 0q Oy 0 Jdg Op 0 0Jq Op
Vol Vol 41
vi(=) ¢ ap by =) ¢ a; by W= ¢ ay by
Co X X C1 X X () X X X
Tao X X X a X X X ap X X X
tbo X X b1 x X b, X X X

I leave it as an exercise to check that this works.

23.9.5 I3 and W with (contingent) identity, are obtained from I4 as in the
case without identity (23.8.8). And as without identity, a negation-free infer-
ence is valid in I4 (or I3) with (contingent) identity iff it is valid in I with
(contingent) identity (23.8.9).

23.9.6 In all these logics, full SIis valid: a = b, Ax(a) E Ax(b). This is proved
in 23.12.11.

23.9.7 The tableaux for all the systems mentioned in the chapter are sound
and complete with respect to their semantics. This is proved in the technical

appendices that follow.
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23.10 *Proofs of Theorems 1

23.10.1 In this section, we establish appropriate soundness and complete-
ness theorems for the tableaux for N4 and K4, and N, and K,, starting with
the former pair.

23.10.2 LEMMA (LocALiTy): Let 31 = (D,W,(N,) v1), J2 = (D,W, (N,)v2) be
two N4 or K4 interpretations (with corresponding relations p; and p2). Since
they have the same domain, the language of the two is the same. Call this L.
If A is any closed formula of L such that v; and v, assign the same object to
each constant in A, the same extension and anti-extension at every world
to each predicate in A, and the same extension and anti-extension at every
non-normal world to every matrix occurring in A, then, for allw € W:

Apiwl iff Appyl
Ap1w0 iff  Appy0

Proof:

The result is proved as in FDE (22.7.2). We simply add the subscript ‘w’ at
appropriate points in the proof. There is only one essentially new case: that
for —. Here are the cases for 1; the cases for 0 are similar. If w is normal:

A — Bpiyl iff forallw’ € W where Apqy1, Boiw 1
iff forallw’ € W where Appy1, Booyw1 (IH)

iff A— B,O2W1
If w is non-normal, and A — B is of the form M+ (a1, ...,dy), where M is a
matrix:
Mz @1, ....an)pwl iff (vi(a1),...,v1(an)) € v§, (M)
iff  (v2(a1),...,va(an)) € v§, (M)
iff M—x>(a1, e an)pZWl
Of course, only the first case is relevant in the case of Ky4. [ |

23.10.3 LEMMA (DENOTATION): Let 3 = (D, W, (N, ) v) be any N4 or K4 inter-
pretation. Let A be any formula of L(J) with at most one free variable, x, and
a and b be any two constants such that v(a) = v(b). Then for allw € W:

Ax(@)pwl iff Ax(b)pwl
Ax(@)pw0 iff Ax(b)pwO
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Proof:

The result is proved as for FDE (22.7.3). We simply add the subscript ‘w’ at
appropriate points in the proof. There is only one essentially new case: that
for —. Here are the cases for 1; the cases for 0 are similar. If w is normal:

(A — B)x(a)pwl iff forallw’ € W where Ax(a)py 1, By(a)py1
iff forallw’ € W where Ay(b)py1, Bx(b)pw1 (IH)
iff (A — B)x(b)pwl

If w is non-normal, and A — B is of the form M+ (a1, ...,q,...,a,), where M

is a matrix (and we assume only one occurrence of a, for simplicity):

M+ (@1,....0,....an)pwl iff  (v(@1),....v(@),...,v(an) € vGM)
iff (v(a1),...,v(),...,v(an)) € vEM)
iff Mz (ai,....b,....an)pwl

Of course, only the first case is relevant in the case of Ky. [ |

23.10.4 DEFINITION: Let 3 = (D, W, (N,) v) be any N4 or K4 interpretation.
Let B be any branch of a tableau. J is faithful to B iff there is a map, f, from
the natural numbers to W such that:

for every node A, i+ on B, Apf ;)1
for every node A,i— on B, it is not the case that Aprpyl
f@ eN

(The last clause has a bite only for Ny.)

23.10.5 SOUNDNESS LEMMA: If J is faithful to a branch of an N4 or K4 tableau,
B, and a tableau rule is applied to B, then there is an interpretation, 7/, that
is faithful to at least one of the branches generated.

Proof:

The proof'is on a case-by-case basis for the rules. For all the rules other than
those for the conditionals, the arguments are essentially as for FDE (22.7.5).
We merely add the appropriate world parameter. Here, for example, is the
case for one of the quantifier rules:

XA, i+

!
Ax(0), i+
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Suppose that 3xAps;) 1. Then, for some d € D, Ax(kg) o) 1. Let 3’ be the same
as J, except that v(c) = d. By the Denotation Lemma, Ay(c)pf(;1. Since ¢ is
a new constant, the Locality Lemma does the rest of the job.

The arguments for the conditionals are as in the propositional case (9.8.3,
9.8.8). [ ]

23.10.6 COROLLARY (cf22.7.6) SOUNDNESS THEOREM: The tableaux for N4 and
K4 are sound. This follows from the Soundness Lemma in the usual way.

23.10.7 DEFINITION: Suppose that we have a tableau with an open branch,
B. Let C be the set of all constants on B. The interpretation induced by 5,
(D,W, (N,) v), is defined as follows. W = {w;:i occurs on B}. For N4, N = {wp}.
D = {9;: a € C}. For all constants, a, on B, v(a) = 9,. For every n-place
predicate, P:

<8a1,...,3an>evvgvi(P) iff Paq...an,+iison B
(day:. .. 0a,) € vigs () iff —Paq...an,+iison B

And, in the case of Ny, for every conditional matrix, M, and i > 0:

(ay,-..»0a,) € v, (M) iff M+ (aq,...,an), +iis on B
<8a1,...,8an>evv“§‘i(M) iff —M(ay1,...,an),+iison B

(IfC = ¢, D = {98}, and 9 is not in any extension or anti-extension.)

23.10.8 COMPLETENESS LEMMA: Given the interpretation specified in
23.10.7, for every formula A:

if A, +i is on B then Apy, 1

if A, —i is on B then it is not the case that Apy;,1
if —A, +i is on B then Apy,0

if —=A, —i is on B then it is not the case that Apy,0

Proof:
The proof is as for FDE (22.7.8). We merely insert the appropriate world
parameter. Here, for example, is one case for 3:

Suppose that 3xB, +i is on B. Then, for some c, Bx(c),+i is on B. By
IH, Bx(c)pw;1. Let v(c) = d. By the Denotation Lemma, Bx(ks)ow; 1. Hence,
3xB oy, 1.

The only essentially new cases are those for —. These are as in the
propositional case (9.8.6, 9.8.9). |
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23.10.9 CoroLLARY COMPLETENESS THEOREM: The tableaux for N4 and K4 are
complete. This follows from the Completeness Lemma in the usual fashion.

23.10.10 We now turn to N,. and K..

23.10.11 LEMMAS (LocALITY AND DENOTATION): These are stated as in the
case for FDE (22.8.2, 22.8.3). In the case of N, there is an extra component,
N, in an interpretation, and for the Locality Lemma we have to add the
clause that the two interpretations agree at non-normal worlds on all the
conditional matrices occurring in the formula. The proofis also as for FDE.
There is only one new case: that for —. This goes as follows.

For Locality: if wis normal:

viwA — B) =1 iff forall w such that vy (A) =1, viywB) =1
iff for all w’ such that v/ (A) =1, vy (B) =1 (IH)
iff vywA —-B) =1

If w is non-normal (not relevant in the case for K,) and A — B is of the form
M= (a1, ...,ay), where M is a matrix:

viwMz (a1, ...,an)) =1 iff  (v1(a1),...,v1(an)) € viw(M)
iff  (v2(a1),...,v2(an)) € vaw(M)
iff VZW(M_X’ (a,..., an)) =1

For Denotation: if w is normal:

vw(@A — B)x(a) =1 iff forallw’ e W, if vy (Ax(a)) =1,
vy (Bx(a)) =1
iff forallw’ e W, if v, (Ax(b)) =1,
vw (Bx(b)) = 1 (IH)
iff vy(A— B)y(b) =1

If w is non-normal, and A — Bis of the form M+ (a1,...,4q,...,ay), where M
is a matrix (and we assume only one occurrence of a, for simplicity):

wM=(@1,...,a,...,ap)) =1 iff (v(@a1),...,v(@),...,v(a@)) € vw(M)
iff (v(a1),...,v(),...,v(an)) € vy(M)
iff vwMz(a1,...,b,...,a0) =1
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23.10.12 SoUNDNESS THEOREM: The tableaux for N, and K, are sound with
respect to their semantics.

Proof:

The proof is as for FDE (22.8.4-22.8.6), with some minor modifications. In
the definition of faithfulness, we have to add the clause that f(0) € N for
the logic N,.. There are new cases for — in the Soundness Lemma. These are
as in the propositional case (9.8.11, 9.8.13). |

23.10.13 COoMPLETENESS THEOREM: The tableaux for N, and K, are
complete.

Proof:
The proof is essentially the same as that for FDE (22.8.7-22.8.9), with some
minor modifications. In the induced interpretation, there may now be more

than two worlds: W = {w;: i or i #

occurs on BYU{w;#: i or i occurs on B};
for all i, wj’ = w;» and w;; = wj. In the case of N, N = {wp}; and for every

conditional matrix, M, and « # 0:
(0ay, ..., 00,) € va(M) iff M—(ay...an),+aisonB

where « is either i or i¥. (If there are no constants on the branch, D =
{0}, and 9 is not in any extension or anti-extension.) In the proof of the
Completeness Lemma, there are extra cases for —. These are essentially as
in the propositional case (9.8.12, 9.8.13). [ |

23.11 *Proofs of Theorems 2

23.11.1 We now turn to soundness and completeness for tableaux for
identity in the logics of the previous section.

23.11.2 For a start, the addition of identity does nothing to affect the
Locality and Denotation Lemmas. These, therefore, continue to hold.

23.11.3 CoroLLARY: In all the logics in question, a = b,Ax(a) = A(b). This
follows from the relevant Denotation Lemmas in the usual way.

23.11.4 SOUNDNESS THEOREMS: All the logics we are concerned with are
sound with respect to their corresponding semantics.
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Proof:

The proofs extend the corresponding ones without identity. The exten-
sion merely requires us to check the cases for the identity rules in the
appropriate soundness lemmas. These are straightforward, and are left as
exercises. [ ]

23.11.5 COMPLETENESS THEOREM FOR RELATIONAL SEMANTICS: The tableaux
for N4 and K4 with identity are complete.

Proof:

Given an open branch of a tableau, B, the induced interpretation is defined
as follows. W and N are as in the case without identity (23.10.7). Let C be
the set of constants on the branch. Let a ~ b iff a = b, +0 is on 5. As usual,
~ is an equivalence relation. D = {[a]:a € C}. (If C = ¢, then D = {d}.)
v(a) = [a]. For any predicate, P, except identity, ([a1],...,[as]) € v‘ﬁi (P) iff
Paq...ay,+ioccurs on B; ([a1],...,[as]) € u;;‘l_(P) iff —=Paq . ..ay, +i occurs on
B. This is well defined because of SI. At normal worlds, w, va(:) needs no
specification; at non-normal worlds, v (=) is defined in the same way as
for all other predicates. For all w, v;\(=) is defined in the same way as the
anti-extension of all other predicates. The extension and anti-extension of
conditional matrices at non-normal worlds are defined similarly.

We now prove the Completeness Lemma. The Completeness Theorem
then follows in the usual fashion. The Lemma is proved as without iden-
tity (23.10.8). The only cases that are different are the atomic cases (and
the cases for conditionals at non-normal worlds, which are essentially the
same). These are as follows.

For predicates, P, other than the identity predicate:

Pai...ap,+iison B = ([a1],...,[ax]) € v§, (P)
= (1(a1),...,v(an)) € v, (P)
= Paq...anpw1

Paj...ap,—iison B = Pay...a,, +iisnoton B (B open)
= (la1l,....[an]) ¢ vy, (P)
= (1(@1),...,v(@an) ¢ v§, P)
= it is not the case that Pa; ...anpw,1

The cases for 0 are similar, and left as exercises.
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The argument for identity at non-normal worlds is the same. For identity
at normal worlds, w;:

a=b,+iisonB = a~b (")
= [a] = [b]
= v(a) =v(b)

= a=bpw1

For line (*): for N4, the only normal world is 0; for K4, the line uses the
Identity Invariance Rule. Similar comments apply to the next argument.

a=Db,—iison B = itisnotthe casethata~b (B open, *)
= la] # [b]
= v(a) # v(b)
= itis not the case that a = bpy,1

23.11.6 COMPLETENESS THEOREM FOR * SEMANTICS: The tableaux for N, and
K, with identity are complete.

Proof:

Given an open branch of a tableau, 5, the induced interpretation is defined
as follows. W and N are as in the case without identity (23.10.13). Leta ~ b
mean that a = b,+0 is on B. If the set of constants on the branch is C,
D ={a] :a e C}.(IfC = ¢, then D = {3}.) v(a) = [a]. If @ is anything of
the form ior i#, P is any predicate other than identity, and w is any world,
(04, ..., 0a,) € v, (P)iffPay ... an, +o occurs on the branch. Identity at a non-
normal world is treated the same way. (The interpretation of the identity
predicate at normal worlds needs no specification.) In N,, the extensions of
conditional matrices at non-normal worlds are defined similarly.

We now prove the Completeness Lemma. The Completeness Theorem
then follows in the usual fashion. The Lemma is proved as without identity
(23.10.13). The only different cases are the atomic ones (and the cases for
conditionals at non-normal worlds, which are essentially the same). These
are as follows.
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For every predicate, P, other than identity:

Paj...an,+aison B = ([a1],...,[an]) € v, (P)
= (v(@1),...,v(an)) € vy, (P)
= vy, Par...ap) =1

Pay...ap,—aisonB = Paj...ay,+aisnotonB (B open)
= (lal.....[an]) & vw, (P)
= (v@1),...,v@n) ¢ v, P)
= vy,Pay...an) =0
The arguments for identity at non-normal worlds are the same. For identity

at normal worlds, w,:

a=b,+aisonB = a~b (")
= [a] =[b]
= v() =vb)

= w,a=b) =1

For line (*): for N,, the only normal world is 0; for K,, the line uses the
Identity Invariance Rule. Similar comments apply to the next argument.

a=b,—aisonB = itisnotthecasethata~b (Bopen,?)
= la] # [b]
= v(a) #v(b)
= vy, (a=b)=0

23.12 *Proofs of Theorems 3

23.12.1 In this section, we prove soundness and completeness for the logics
with constructible negation of this chapter, first without identity, and then
with. Details are mostly left as exercises, since the proofs are essentially as
for intuitionist logic, as modified by the relational techniques of K4 required

for negation.

23.12.2 LOCALITY AND DENOTATION LEMMAS FOR QUANTIFIED I4: These are
stated as for Ky (23.10.2, 23.10.3; there are no non-normal worlds). Except
for negation, the proofs in the 1 cases are as for intuitionist logic (20.9.2,
20.9.3), and the proofs for the 0 cases are straightforward and are left as

exercises. Negation is handled as for Ky.
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23.12.3 SOUNDNESS THEOREM FOR QUANTIFIED I4: An interpretation, J, is
faithful to a branch, B, iff:

for every node A, +i on B, Apf ;1
for every node A, —i on B, it is not the case that Apy ;1
if irj is on B then f ()Rf (j)

The Soundness Lemma is then stated as for intuitionist logic (20.9.10). In
the proof of this, the arguments for the connectives are as in the proposi-
tional case (9.8.14). The arguments for the positive quantifier rules are as
for intuitionist logic (20.9.10) (reading ‘equals 1’ and ‘equals 0’ as ‘relates to
1’ and ‘does not relate to 1’°, respectively). The arguments for the negative
quantifier rules are similar, and left as exercises. The Soundness Theorem
follows from the Lemma as for intuitionist logic (20.9.11).

23.12.4 COMPLETENESS THEOREM FOR QUANTIFIED I4: Given an open branch
of an interpretation, the induced interpretation is defined as for intuitionist
tableaux of kind 2 (20.9.12), except for the extensions and anti-extensions
of predicates, which are as given in 23.8.7. The Completeness Lemma is as
stated for K4 (23.10.8). In the proof of this, the cases for the connectives are
as in the propositional case (9.8.14), and cases for quantified formulas are as
for intuitionist logic (20.9.13) (reading ‘equals 1’ as ‘relates to 1°, and ‘equals
0’ as ‘does not relate to 1°). The cases for negated quantified formulas are
similar, and left as exercises. The Completeness Theorem follows from the
Lemma as for intuitionist logic (20.9.14).

23.12.5 SOUNDNESS AND COMPLETENESS THEOREMS FOR QUANTIFIED [3 AND
W: These modify the arguments for I4 as in the propositional case. (9.8.15,
9.8.16).

23.12.6 Finally, we turn to (contingent) identity for these logics.

23.12.7 LocALITY AND DENOTATION LEMMAS FOR QUANTIFIED Iy WITH
IDENTITY: These are stated as for intuitionism (20.10.7-20.10.9), except that
instead of saying that two formulas have the same truth value, we say that
each relates to 1 or 0 iff the other does. Except for negation, the proofs in
the 1 cases are as for intuitionist logic (20.10.7-20.10.9), and the proofs for
the 0 cases are straightforward and left as exercises. Negation is handled as
for Ky.
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23.12.8 SOUNDNESS THEOREM FOR QUANTIFIED I4 WITH IDENTITY: The argu-
ment here is as without identity. We merely need to check the cases for the
identity rules of 23.9.2. These are straightforward.

23.12.9 COMPLETENESS THEOREM FOR QUANTIFIED I4 WITH IDENTITY: The
induced interpretation is defined as for intuitionist logic (20.10.12) except
that the extension and anti-extension of each predicate is read off as in
23.9.4. The Completeness Lemma is stated as in the case without identity,
and the proof is the same, except in the atomic cases. The positive atomic
cases are as for intuitionist logic (20.10.13) (reading ‘equals 1’ as ‘relates to
1’, and ‘equals 0’ as ‘does not relate to 1°). The negative ones are straightfor-
ward, and left as exercises. (We do not have to distinguish between identity
and other predicates in the negative cases.)

23.12.10 SOUNDNESS AND COMPLETENESS THEOREMS FOR QUANTIFIED I3 AND
W wiTH CONTINGENT IDENTITY. These modify the arguments for I4 as in the
propositional case. (9.8.15, 9.8.16).

23.12.11 SUBSTITUTIVITY OF IDENTICALS: In all the logics in question, a =
b, Ax(a) E Ax(b). This follows as for intuitionist logic (20.10.10).

23.13 History

The semantics for quantified N4, N,, K4 and K, given in this chapter do
not appear in the literature; but systems in the same broad family appear
in Routley (1978), Priest (1987), ch. 6, and Priest (2005c¢), ch. 1. Chapter 2
of the last of these also has a brief discussion of identity in non-normal
worlds, as well as an account of contingent identity. Relevant predication
was introduced by Dunn (1987, 1990a, 1990b). Quantified I3 and I4 were
introduced in Nelson (1949) and Almukdad and Nelson (1984), respectively,
though not with world semantics. Constant domain semantics were devel-
oped by Thomason (1984). Almukdad and Nelson (1984) mention that the
systems are complete with respect to the corresponding variable domain
semantics, but do no more.

23.14 Further Reading

There is little reading on these matters in the literature, other than that
already mentioned in the previous section, except on a few topics. For
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relevant identity see 24.10 and 24.11; for relevant predication, Anderson,
Belnap and Dunn (1992), section 74, and Kremer (1997). Quantified connex-
ive logic can be found in Wansing (2005).

23.15 Problems

1. Check the details omitted in 23.4.7, 23.6.8, 23.7.5, 23.8.8 and 20.9.4.

2. Determine the validity of each of the following in N4. Where the infer-
ence is invalid, use an open branch to determine a counter-model, and
check that it works.

(a) Vx(Px — Qx) F IxPx — IxQx

(b) EVx(Px — Qx) — (IxPx — IxQx)
(c) = (VxPx A VxQx) — Vx(Px A Qx)
(d) -+ VxPx — Pa

(e) +Pa — 3IxPx

(f) = Vx(Pa v Qx) — (Pa Vv VxQx)

(g) Vx(Px — Qa) F 3xPx — Qa

(h) IxPx A Qa F Ix(Px A Qa)

(i) Pa A =Qa F Ix—(Px — Qx)

() Vx(Px — Qx) F —3x(Px A —Qx)

3. Repeat question 2 with N,.

4. Check the validity of the inferences in 12.4.14, question 5, when D is
replaced by — in N4 (and Ny).

5. Repeat question 2 with K4 and K.

6. Determine the validity of each of the following in N4. Where the infer-
ence is invalid, use an open branch to determine a counter-model, and
check that it works.

(@) Fa=a

() a=bkb=a
(a=bb=cFa=c

(A Fa=b—>b=a

() F@a=bAb=c)—>a=c
(fy ra=b—> b=c—>a=¢0)
(g) a=b,Pat Pb

(W a=bt+Pa—Pb

(i) Pa-ra=b— Pb

(i) F(@=bAPa)— Pb
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(k) -a=b— (Pa— Pb)
() HPa— (a=Db— Pb)

. Repeat question 6 with N,.

8. Repeat question 6 with K4 and K.

9. Can you think of a plausible intuitive example of a failure of SI in the

10.

11.

12.

13.

14.

15.

16.

17.

context of a relevant conditional?

How might one object to the application of the notion of relevant
predication in the contexts described in 23.7?

Show that in an interpretation for L4, I3 or W, if wRw/, then for any A, if
Apy1 then Apy/1, and if Ap,,0 then Ap,,0. (Hint: show this by induction
on A. For the propositional case, see 9.11, problem 9.)

Repeat question 2 with I4 and W. (Replace — with 1.)

Repeat question 6 with I4 and W. (Replace — with 7.)

*Check the details omitted in 23.10, 23.11, and 23.12.

*Formulate the semantics for variable domain Ny. State the appropriate
tableau rules, and prove that they are sound and complete.
*Formulate the semantics for (constant domain) N4 with contingent
identity. State the appropriate tableau rules, and prove that they are
sound and complete.

*For the various systems of logic in this chapter, formulate tableaux
for inferences with arbitrary sets of premises. Prove the Soundness
and Completeness Theorems. Infer the Compactness and Léwenheim-
Skolem Theorems.



24 Relevant Logics

24.1 Introduction

24.1.1 In this chapter we will look at quantification (constant domain) and
identity (necessary) in mainstream relevant logics.

24.1.2 We will start with quantification in the basic relevant logic, B, and
then look quickly at its extensions. The next section takes up the question
of restricted quantification in relevant logics.

24.1.3 After this, we turn to the topic of identity.

24.1.4 Along the way, we will look at some issues of a more philosophical
nature that are thrown up by the material. In particular, we will look at
the issue of the primacy of semantics over proof theory, and the way one
should expect a relevant theory of identity to behave.

24.2 Quantified B

24.2.1 An interpretation for quantified B is a structure (D, W,N, R, %, v). D is
a non-empty domain of quantification. W, N, R and * are as in the propo-
sitional case (10.2). v assigns every constant, ¢, a denotation, v(c) € D, and
every n-place predicate, P, an extension v, (P) C D", at each world, w.

24.2.2 The truth conditions for atomic sentences are:
vw(Paq ...an) = 1iff (v(aq),...,v(an)) € vw(P)

The truth conditions for the connectives are as in the propositional case
(10.2). For the quantifiers:

vw (3XA) = 1 iff for some d € D, vy (Ax(kg)) = 1
vw(VxA) = 1iff forall d € D, vy (Ax(kg)) =1
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24.2.3 Validity is defined in terms of truth preservation at all normal
(possible) worlds, as in 10.2.6.

24.2.4 Tableaux for quantified B are as for propositional B (10.3), with the
addition of rules for the quantifiers:

VXA, +i VXA, —i
\ \
Ax(a), +i Ax(c), —i
IxA, +i IXA, —i
\ \
A (), +i Ax(a), —i
where a is any constant on the branch, or a new one if there is none; c is a
constant new to the branch.

24.2.5 Here is a tableau to show that Vx(A — B) - 3xA — 3xB. cis a constant

new to the tableau.
Vx(A — B),+0

IxA — 3IxB, -0
000, r00%0*
r011,r01%1#
IxA, +1
IxB, -1
Ax(0), +1
Bx(c), —1
Ayx(c) = Bx(c), +0
e N
Ax(c),—1 Bx(c),+1
X X
As in the propositional case, I will omit entries of the form rOx« in future
tableaux.

24.2.6 Here is a tableau to show that ¥ Vx(Px D> Qx) — Vx(Px — Qx).

Vx(Px D Qx) — Vx(Px — Qx),—0
Vx(Px D Qx), +1
Vx(Px — Qx), —1
Pa — Qa, -1
r123

!
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Pa,+2
Qa, -3
Pa > Qa,+1
e N
—Pa,+1 Qa,+1
Pa, —1%

24.2.7 We read off a tableau from an open branch as in the propositional
case (10.3.4), with the addition that: D = {9.: ¢ is a constant on the branch};
V() = 0c; (Bay» - - - day) € vw, (P) iff Pay ... an, +a is on the branch.

24.2.8 Thus, for the lefthand open branch of the tableau in 24.2.6: W =
{Wo, W1, Wa, W3, Wy, Wys, Wos, Wa }, N = {wo}, wj = wu and W;k# = w; (for
0 <i < 3).Forallw e W, Rwoww, and Rwiwaws. D = {94}, vw, (P) = {9}, and
all other extensions are empty.

24.2.9 In a picture (I omit the information about P and Q at worlds where
it plays no role):!

wo wg
P
w1 wi Q
dg X X
£
) w3 wj wj
P Q P Q
aa \/ X aa X X

Pa fails at wj, so —Pa holds at w1. Thus, Pa O Qa, and so Vx(Px D Qx), are true
at wy. But Pa — Qa fails at wq (because of wp and w3). Hence, Vx(Px — Qx)
fails at wy. Thus, Vx(Px D Qx) — Vx(Px — Qx) fails at wy.

24.3 Extensions of B

24.3.1 Quantified logics stronger than B may be obtained by adding the
constraints C8-C11 of 10.4. Appropriate tableaux are obtained as in the
propositional case (10.4).

1 In the diagrams of this chapter, I will omit the box around a non-normal world, to avoid
clutter.
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24.3.2 The semantics of B may also be augmented by the content ordering,
C, of 10.4a. The ordering is governed by the constraints 1-3 of 10.4a.1 -
except that the heredity condition (condition 1) applies to atomic formulas,
not propositional parameters. The truth conditions for the connectives and
quantifiers then suffice to ensure that it holds for all formulas. This is proved
in 24.8.7. Appropriate tableaux are obtained by modifying the tableaux as
in the propositional case (10.4a).

24.3.3 With the semantics thus augmented, quantified logics stronger
than B can then also be obtained by adding the constraints C12-C16 of
10.4a. Appropriate tableaux are obtained by adding the corresponding rules
(10.4a).

24.3.4 As in the propositional case, the tableaux for the extensions of B
are often horribly complex and, when open, infinite. Often, the easiest way
to show that a quantifier principle holds in an extension of B is to show
that it holds in B itself. (The interaction between quantifiers and iterated
—-principles is not insignificant, as we will note in the next section, but in
cases of practical importance is usually not great.)

24.3.5 To show that a principle of inference holds in an extension of B,
one can always give a direct argument. Here, for example, is one to show
that £ (Pa — 3Ix—Qx) — (VxQx — —Pa) in the logic DW (that is, B plus the
constraint Rabc = Rac*b*; see 10.4a.12). Suppose, for reductio, that it fails at
a normal world, wp, in some interpretation. Then, there must be a w; at
which Pa — 3x—Qx holds and VxQx — —Pa fails. The latter requires there to
be worlds, w; and w3, such that Rwywyws, VxQx holds at wp and —Pa fails at
ws. Thus, we have the following situation:

Wo
Pa — Ix—Qx, + w1
V4

vxQx, + Wy w3z —Pa, —

(The ‘4’ indicates that a formula holds at a world; the ‘-’ that it fails.)
It follows that Pa holds at w}. Now, since, Rw;wows, Rwiwiw;. Hence, by
the information at wy, 3x—Qx holds at wj. That is, for some d € D, —=Qkq
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holds at w3, and so Qkg fails at w». This is impossible, given the information
about wy.

24.3.6 To show that an inference is invalid, one can construct a counter-
model by intelligent trial and error. For example, suppose we wish to show
that Ix(Px — Qx) — (IxPx — 3IxQx) is not valid in DW. We need an
interpretation where it fails at some normal world, wy. Hence, at some
world, wq:

1. Ix(Px — Qx) holds at wy
2. IxPx — 3IxQx fails at wy

Supposing that wq and all other worlds are non-normal gives us most flex-
ibility. Because of 2, there must be worlds, w, and w3, such that Rwywyws,
something, 9,, is P at wp, and nothing is Q at wsz. Because of 1 (and the fact
that nothing can be Q at w3), something, d,, must be such that it fails to be
P at wy. So we have:

Wo
P Q
aa \/
d X
w2
/1
w1
w3
P Q
dg X
ay X

Now we have to worry about the constraints on R. Since wy (and only wp)
is normal, we require that Rwoxy iff x = y. The constraint proper to DW is:
if Rwxy then Rwy*x*. This requires us to look at the * worlds. Since, for any
w, Rwoww, the constraint is satisfied automatically at wy. The accessibility
relation at wy and w3 is playing no role. We can simply assume that these
worlds access nothing; this will satisfy the constraint. We do have to worry
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about wy, though. Since Rwiwow3, we need Rwiwiw}. And 1 requires that g,
either fails to be P at w} or is Q at wj. Choosing the former, we have:

Wo
P Q P Q
aa aa «/
d X d X
wji )
NI
w3 w3
P Q P Q
aa aa X
dp dp X

Again, we can suppose that wj and w} access no worlds. Adding the extra
worlds does not disturb the argument, and we can let wj and w} be any-
thing we like. This will do the trick. I leave it as an exercise to check that
the interpretation does the required job. The blanks represent don't care
conditions.

24.3.7 The more semantic constraints on the logic, the harder, of course, is
the job of finding a counter-model. Let us do an example for the relevant
logic with the greatest number of constraints which we have met, R. Sup-
pose we wish to show that Pa — 3xQx ¥ 3x(Pa — Qx) in this logic. Then we
need a normal world of an interpretation, wg, where Pa — 3xQx holds and
3x(Pa — Qx) fails. So at every world, either Pa must fail or 3xQx must hold.
And for every object in the domain, there must be a world where Pa holds,
but it fails to be Q . An interpretation of the following form will do the job:

P Q
Wo 8a X
p
P Q
w1 da v v
dp X
P Q
%) Jg J X
a v
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The hard thing is to define %, R and C in such a way that the appropriate
constraints hold. As observed in 10.4a.1, we can take C to be =. This will
ensure that it satisfies the conditions for a content ordering. Since negation
is not involved in this example, we can take w* to be w. This leaves R. The
normality constraint is easy to implement. Given the definitions of C and
%, the other constraints (see 10.4 and 10.4a) become:

(C8) If Rabc then Racb

(C9) If Rabx and Rxcd, for some x, then, for some y, Racy and Rbyd
(C11) If Rabc then, for some x, Rabx and Rxbc

(C12) If Rabc then Rbac

(C10 is redundant, as I observed in 10.4a.14.)
In the present case, the following triples will work - where 000 is
(wo, Wo, wo) , etc. (It took me a couple of hours to find this!)

000 011 022
101 110 111 112 121 122
202 220 222 221 212 211

Verifying that all the conditions hold is straightforward, but laborious. I
leave the details to any person with the inclination and the time to devote
to it!

24.3.8 Finally on the subject of extensions, I note that the relevant condi-
tional logic of 10.7 can be extended to a constant domain quantified logic,
in exactly the same way that the straight relevant logic is. The details
are straightforward, and I leave them as an exercise for those who are
interested.

24.4 Restricted Quantification

24.4.1 Turning to a different matter, it is worth considering the behaviour
of the restricted quantifiers, ‘Some Ps are Qs’ and ‘All Ps are Qs’, in the
context of relevant logics. In classical logic, these are naturally parsed as
Ix(Px A Qx) and Vx(Px D Qx), respectively. In the context of a relevant logic,
the restricted particular quantifier can be understood in the same way, but
the restricted universal quantifier cannot, at least without the failure of

541



542

An Introduction to Non-Classical Logic

some very natural inferences. The inference ‘a is a P; all Ps are Q s; hence a is
aQ’ seems quite correct. But in any relevant logic: Pa, Vx(Px D> Qx) ¥ Qa. The
inference is just a quantified version of the disjunctive syllogism. Neither
does it help much to parse ‘All Ps are Q s’ as Vx(Px — Qx). The inference in
question is then valid, but the equally natural inference ‘Everything is Q ;
hence everything that is P is Q ’ is not valid: VxQx ¥ Vx(Px — Qx). (It is easy
to check this in B.) The connection between P and Q when Vx(Px — Qx) is
true is much tighter than would seem to be required by a truth of the form
‘All Ps are Q s’

24.4.2 A solution here is to make use of the content ordering, C. Recall that
if w and w’ are worlds, w C w’ means, in effect, that everything true at w is
true at w'. Let us define R'ww;wy as:

Rwwiwy and w C wy

So R'wwiwy requires the truth content of w to be preserved at wy. We
may now add a new connective to the language, —, and give it the truth
conditions:

vw(A — B) = 1iff for all wy,wy € W such that R'wwywy, when vy, (A) = 1,
v, (B) = 1

It is not difficult to show that the language, thus augmented, satisfies the
heredity constraint for all formulas (see 24.8.7).

24.4.3 Tableaux for the extended language are obtained in the natural way.
We simply add the rules:

A+~ B,+a A~ B, —«
rafy |
o=y raij, o <j

v \ A, +i

A,—B B, +y B,—j

In the second rule, i and j are numbers new to the branch.
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24.4.4 It is now simple to check that Pa,Vx(Px — Qx) + Qa and VxQx +
Vx(Px — Qx) in B (and so all stronger logics):

Pa,+0 VxQx, +0
Vx(Px — Qx), +0 Vx(Px — Qx), —0
Qa, -0 $0,0=<0

$0,0=<0 Pa — Qa,—0
Pa +— Qa,+0 Qa,+0
/ . r012,0 < 2
Pa,—0 Qa,+0 Pa,+1
X X Qa, —2
Qa, +2
X

For the split in the first tableau, generated by line five, recall that there is a
line of the form r000 implicitly present. The last line of the second tableau
is obtained by the heredity rule for <.

24.4.5 It should be noted that, though we have VxQx + Vx(Px — Qx), we
do not have Vx—Px F Vx(Px — Qx). A counter-model for B can be depicted
as follows. Only wy is normal; for all w, w © w and Rwoww; no other facts
about R obtain.

P
¢ wo L Wi ¢
0 X X da X
Q| e 5w Q
Jg X X 0g X X

I leave it as an exercise to check that this counter-model (including the
conditions of 10.4a.1 on C) works.

24.5 Semantics vs Proof Theory

24.5.1 When the founders of relevant logic, and especially Anderson and
Belnap, formulated relevant logic, they did so purely axiomatically. That is,
they wrote down axioms that gave the properties of — that were wanted,
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but did not give those that were not. The world semantics for the logics
that they formulated and the other logics in the same family - since the
semantics made it clear that there was a large family of logics here - came
later.

24.5.2 When Anderson and Belnap formulated quantified relevant logics,
there were still no semantics, and so they proceeded in the same way -
axiomatically. They added the sort of principles that take one from classi-
cal propositional logic to classical first-order logic, and which seemed to
give those things one might reasonably expect. Their axioms and rules of
inference can be formulated in various equivalent ways, but a reasonably
succinct set, given that conjunction and the particular quantifier can be
defined in the usual fashion, is as follows:

VXA — Ax(a)

FVx(A — B) > (A — VxB)
FVx(B — A) — (3xB — A)
FVx(AV B) — (AV VxB)
If - Ay(a) then - VXA

gk W=

In 2, 3 and 4 x is not free in A. Note that the rule of inference 5 is validity-
preserving, but not truth-preserving.

24.5.3 Once the ternary-relation propositional semantics appeared, the nat-
ural constant domain quantificational extensions (namely, the ones we have
been looking at) were pretty obvious. The axiom systems that had been for-
mulated were sound with respect to the relevant semantics, and the weaker
systems, such as B, turned out to be complete. But the stronger systems,
notably those containing (A — B) — (B — C) - (A — C)) (A9 of 10.4.6),
such as R, were found to be incomplete.

24.5.4 In particular, Fine showed that the following formula is semantically

valid, but is not provable in the axiom system. [ write p for Pa, and q for Qa:

((p — IXEx) AVX((p — Fx) v (Gx — HX))) —
((VX((Ex A FX) — q) AVX((EXx — q) vV GX)) — (IxHx Vv (p — q)))

We could construct a tableau for this, but an intuitive argument is probably
easier to follow. Assume, for reductio, that this fails in an interpretation at
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wo (@ normal world). Then it is not difficult to see that the semantic situation
depicted as follows must arise.

Wo
p — IKEx, +
w1
Vx((p — Fx) v (Gx — Hx)), +
£
Vx((Ex A F ,
MExALD) = q).+ 1% w3 JxHx, —
VX((Ex — q) v GX), +
V4
Wy Ws
b+ q, —

Given that R satisfies condition (C9) of 10.4, we have the following. (Ignore
the bolded lines for the moment.):

p — IxEx, + VX((Ex ANFx) — q), +
Vx((p — Fx) v (Gx — Hx)), + VX((Ex — q) v Gx), +
(p — FKky) v (Gk;— HKy), + " 2 (Eky— q) v GKy, +
/ A
N w Ws
p.+ Eky, + q,—
FKk,, —

From the information about w; and w,4, we can infer that at w’, 3xEx, and
so for some d € D, Ek; holds (shown in bold). Then from the information
about wy, ws and w’, we can infer that Fk; does not hold at w’ (shown in bold).
We now instantiate the second formulas at wy and w; to get the formulas
bolded in the diagram at those worlds. The first disjunct of the formula at
w1 is ruled out by the failure of Fk; at w'. The first disjunct of the formula at
wo is ruled out by the failure of q at ws. Hence, the second disjunct of each
must hold. Feeding this information back into the pertinent worlds of the
first diagram, we have:

Gkg — Hkg, + w1
Z
Gkg, + Wy ws  JxHx, —
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This is obviously impossible, since the information at wy and w; entails that
Hk4 holds at ws.

The proof that this formula is not a consequence of the axioms is less
straightforward, and I forgo it here.

24.5.5 In virtue of the incompleteness of these axiom systems, much effort
has gone into finding a semantics with respect to which they are complete.
A semantics has been found (by Fine himself), but it is complex and not
particularly natural. The search continues for simpler semantics that will
do the job.

24.5.6 Interesting though the technical project is, I think that this is the
wrong response to the situation. If the axiom systems do not match up with
the semantics, it is the semantics that should be given priority. The infer-
ences are valid in virtue of the meanings of the connectives and quantifiers
involved, and it is the semantics that are most naturally taken to give these.
The axioms have no privileged status in this regard. They were, after all,
formulated in an improvised way, and they have simply turned out to be
incomplete.

24.5.7 This argument assumes that if the semantics and the proof theory
do not line up, it is the semantics that should take conceptual priority.
One may disagree with this perspective, as some logicians do. But all agree
that an arbitrary set of rules and axioms cannot be guaranteed to char-
acterise notions with sense. To see this, merely consider the connective,
T (‘tonk’), governed by the rules of inference ﬁ and % (premises go
above the line; conclusions below). Given the transitivity of deducibil-
ity, this gives %: everything follows from everything, which cannot be

maintained.

24.5.8 Logicians who have taken proof theory to be privileged in the spec-
ification of meaning have formulated their proof theories in such a way
as to satisfy certain constraints, which rule out f-like connectives. In par-
ticular, some sort of natural deduction system is favoured, which has an
introduction and elimination rule for each connective. It is the introduc-
tion rule that characterises the meaning of the connective. The elimination
rule allows one to extract from the formula whatever was put into it, but
no more. The rules are, in a certain sense, ‘in harmony’. Thus, consider the
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natural rules for A:

A B ANnB AAB
ANB A B

The harmony of these rules is shown by the following. Suppose that, in
an argument, we have an application of the introduction rule immediately
followed by an elimination rule, thus:

A
A

(capital Greek letters here indicate the parts of the argument before and
after the inferences in question). We can simply bypass the detour through
conjunction, and obtain:

)y
A
A

Clearly, this cannot be done with f:

b S
> b::‘-+‘{>M
v}

24.5.9 Now, it is not clear that relevant logics have proof theories that can
ground an account of meaning in this way.? But even if they do, axiom sys-
tems of the kind that Anderson and Belnap provided for relevant logics are

2 The most elegant proof theories for relevant logics are of the substructural kind, where
there are rules for the individual connectives, and then a bunch of so-called structural
rules, which allow us to manipulate the structure of the premises and conclusions them-
selves. There are certainly formulations of this kind where the rules for the connectives
can be thought of as having the appropriate kind of harmony. But it is not at all clear
how the substructural rules feed into the story about meaning or vice versa.
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clearly not of this form. Considerations based on them can hardly, therefore,
be used to override the natural semantics.

24.5.10 Let us finish with a few comments about variable domain seman-
tics. The Fine formula of 24.5.4 is not valid in simple variable domain
semantics. (It is easy to check that the argument of 24.5.4 fails if domains
may vary.) One might take this as an argument against constant domain
semantics.

24.5.11 However, in variable domain semantics, axiom 4 of 24.5.2 is not
valid either - essentially for the same reason that it is not valid in intuitionist
logic (see 20.5.7). So simply moving to variable domains is not going to
provide the required semantics.

24.5.12 Of course, one may decide that there are independent reasons, in
the context of a relevant logic, why constant domain semantics are incor-
rect, and so why axiom 4 ought to be given up. One argument for this is as
follows. In any constant domain interpretation with domain D, VXA has the
same truth value at any world, intuitively speaking, as the possibly infinite

conjunction /\ Ax(kgq). Hence, at any normal world, VXA < A Ax(ky) is true.
deD deD
This is objectionable. The conditional from left to right is fine, but from

right to left this should not hold, as least if — marks some kind of logical
sufficiency. For the conjunction is not logically sufficient for the universally
quantified formula. We need, in addition, the claim that the k;s exhaust all
the members of the domain.

24.5.13 The argument is not conclusive, however; one may reply as follows.
Within the context of that particular interpretation, the conjunction is suf-
ficient for the quantified sentence. This should not be confused with the
question of logical sufficiency. Even given some kind of infinite conjunc-
tion, there is no set of constants, C, such that it is a constant domain logical

truth that A\ Ax(c) — VxA. (In any such interpretation, there may well be
ceC
members of the domain that have no name in C.)

24.6 Identity

24.6.1 In this section, we will add identity to the above systems. As for
the relevant logics of the previous chapter, we will be concerned only with
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necessary identity. Taking our cue from 23.6.4, v, (=) is a subset of D?, sub-
ject to the constraint that if w € N, it is {(d,d):d € D}. Appropriate tableau

rules are:
a="b,+0
J Ax(a), +a
a=a,+0 J
Ax(b), +a

where A is any atomic sentence (we except a = b, +-0), and « is anything of
the form i or i*.

For those extensions which employ the content ordering (and so where
we cannot assume that 0 is the only normal world), we also need the
Normality Invariance Rule:

a=>b,+ua
Sa
$8
!
a=b,+p

24.6.2 Here are tableaux to show thata = b+ Pa — Pband ¥ Pa — (a =
b — Pb) in B:
a=>b,+0
Pa — Pb, -0
Pa, +1
Pb, -1
Pb,+1

X

Pa — (a=b — Pb),-0
Pa,+1
a=b— Pb,—-1
r123
a=D>b,+2
Pb, -3
There are no applications of SI, since the only information about identity
is not at world 0.

24.6.3 We read off a counter-model from an open branch as in the case
without identity, except that when we have a bunch of lines of the form
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a =b,+0,b = ¢, +0, we choose a single object for all the constants involved
to denote. Thus, in the case of the second tableau of 24.6.2, the counter-
model may be depicted as follows. (I ignore the * worlds since they are
doing no work. Only wg is normal.)

P
Wo da
d X
P = 0dg Op
W1 aa \/ aa X
d X d X X
£
Wy w3
P = 8a ab P = 8a
0g X 0g X «/ dg X 0g X X

d X d X X

(o5
Sy
X
(>3]
Sy
X

The interpretation of = at wy is predetermined. (Recall that the information
about the domain is read off from the information about identity at wy.) I
leave it as an exercise to check that this interpretation works.

24.6.4 In the semantics described, identity behaves like an arbitrary binary
predicate at non-normal worlds. One can constrain its behaviour further.
One constraint worth noting is this: forw € W — N, v, (=) € {(d.d):d € D}.
Call this the Subset Constraint. The corresponding tableau rule is a version of

the identity invariance rule:

a=D>b,+u«
\:
a=Db,+0

This makes information about identity flow backward into wyp; there is no

flow in the other direction.

24.6.5 Logicallyimpossible worlds are, intuitively, ones where logical truths
may fail. Since a = a is a logical truth, there may be (impossible) worlds
where it fails (and so, because of the behaviour of *, worlds where —a = a
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holds). This is quite compatible with the Subset Constraint. Note, also, that
the addition of the Constraint validates neither of:

a=bEFEPc—a=b
a#bFa=b—Pc

which would certainly wreck relevance. (It is easy to check that these both
fail in B.)

24.6.6 The Subset Constraint nonetheless has an effect on the validity of
inferences concerning identity. Without it, (a = bAPa) — Pb is not logically
valid in B. (Details are left as an exercise.) With it, it is, as the following
tableau shows.
(a =b APa) — Pb,—0
a=bAPa,+1
Pb, -1
a=>b,+1
Pa,+1
a=Db,+0
Pb,+1

X

The penultimate line is given by the Subset Constraint rule. The last line is
then SI.

24.6.7 The constraint is not sufficient to generate the whole classical theory
of identity, though. For example, ¥ a =b — (Pa — Pb) in B:

a=b— (Pa — Pb),—0
a=>b,+1
Pa — Pb, -1
a=>b,+0
r123
Pa,+2
Pb, -3
Pb, +2

24.6.8 The counter-model this gives may be depicted as follows. Again,
I ignore the * worlds since they are doing no work. Only wgp is normal.
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v(a) = v(b) = 9.

P
Wo 5
a
w P = 8a
1
g X g
V4
%) w3
P = 0q P = 0q
9 0 X g X 0 X

I leave it as an exercise to check that this works.

24.6.9 With or without the Subset Constraint, tableaux that do not close
in extensions of B, such as R, are complex and often infinite. Often the
easiest way to show that an identity principle holds in an extension of B is
to show that it holds in B itself (again the interaction between identity and
iterated —-principles is not major), or by giving a direct argument. For a
direct argument, a counter-model is found by intelligent trial and error. For
example, Pa ¥ a = b — Pb fails in R, with or without the Subset Constraint.
An interpretation of the following form shows this. wg alone is normal, and
v(a) = v(b) = 0,.

P
Wo
= aa
w1
0a X 9 A/

Again, the hard thing is defining *, R and C. As in 24.3.7, taking w* to be
w, C to be =, and R to be characterised by the following triples, will do the
job.

000 011
101 110 111

Detailed checking is left as an exercise.
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24.7 Properties of Identity

24.7.1 Inrelevant logics, there are various versions of SI, not all equivalent,
that are worth noting. Consider the following.

1. Ea=b— A@) — Ax(b))
2. = (a=b AA(a) — Ax(b)
3. a =b [ Ax(a) > Ax(b)

4. a =b,Ax(a) = Ax(b)

24.7.2 Versions 3 and 4 are, in fact, equivalent, even in B. From 3 to 4, the
inference is just modus ponens. Conversely, 4 gives us: a = b, Ax(a) — Ax(a) &
Ax(a) — Ax(b). Since the second premise is a logical truth, the result follows.

24.7.3 In all relevant logics, version 1 fails. In 24.6.7, we saw that it fails in
B - even with the Subset Constraint. Given 24.6.9 and the properties of R
it is not difficult to show that it fails in R. (Details are left as an exercise.)
Nor should one expect it to hold. Just take a case where A does not contain
x free. Then it gives a = b — (A — A). This is surely wrong. There is no
relevant connection between an arbitrary identity and an arbitrary A — A.

24.7.4 Without the Subset Constraint, version 2 fails. For example, it is easy
to check that ¥ (a = b A Pa) — Pb in B. (Details are left as an exercise.) But
with the constraint it holds. We saw this for the special case just mentioned
in 24.6.6. The proof of the general claim can be found in 24.9.2. The principle
has a good deal of a priori plausibility, and is not subject to the same kind of
objection as version 1: the logical truth of (a = bAA) — Ais not an intuitive
violation of relevance.

24.7.5 One might still object that it is too strong. Let a, b and m be, respec-
tively, ‘almond ice cream’, ‘banana ice cream’ and ‘my favourite ice cream’.
Version 2 delivers:

a@=mAb=m-—->>b=m))—> (b=m—>Db=a)

Assuming that almond is my favourite ice cream, the antecedent is true.
Hence, modus ponens delivers ‘If banana ice cream is my favourite ice cream
then banana ice cream is almond ice cream’. This would seem to have little
to recommend it. There are certainly possible worlds in which my favourite
ice cream is banana. Yet banana and almond ice cream are as distinct there
as they are here. Let us return to this objection in a moment.
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24.7.6 In all relevant logics (as formulated here) version 4 holds. (This is
proved in 24.9.2.) One may object to it in the same way. Where a, b and m
are as before, version 4 delivers:

a=mb=m—->b=mEkEb=m—->b=a
This is just as bad.

24.7.7 There is an obvious reply to both of these arguments, however. ‘My
favourite ice cream’ is not a rigid designator. As we saw in 16.4, one can-
not apply SI to non-rigid designators in trans-world contexts. True, we now
have impossible worlds to deal with as well as possible ones, but the point
remains the same. — is a trans-world operator, and the denotation of ‘m’
may slide around between worlds.

24.7.8 This suggests trying to run the argument with rigid designators. Let
‘a’, ‘b’, and ‘m’ be three different names, that is, rigid designators - say, of a

confidence trickster. As before, we infer that:
b =m — b =adad

But this no longer seems so problematic. If these are rigid designators,
the antecedent just says of a certain object that she is self-identical. The
consequent says exactly the same (see 17.3.1).

24.7.9 We can perform a similar trick with version 3. This delivers a =
b Ea =a — b=b. And once again, it might be thought that the conclu-
sion is a failure of relevance. But if ‘a’ and ‘b’ are rigid designators, both
antecedent and consequent say of a certain object that it is self-identical,

and any proposition is relevant to itself.

24.7.10 As we saw in 17.3, there are certainly examples that suggest that
SI breaks down in some contexts. Entailment contexts were not amongst
them, however; and it is difficult to think of analogous examples for it.
(We did have apparent examples of the failure of SI in the context of an
ordinary conditional in 19.5.4-19.5.8. However, one can handle these just
as well with a relevant identity - at least, provided that we do not have the
Subset Constraint. In each case, the consequent may fail at an impossible
world where the antecedent is true.) If one were to become persuaded that SI
breaks down, even in forms 3 and 4, then what would be required is clearly
contingent-identity logic. We have not considered this sort of identity in the
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present chapter, but one may construct a contingent-identity relevant logic
in the same way that a contingent-identity modal logic was constructed in
chapter 17. Since the present chapter is already quite long enough, I leave
the details to the interested reader.

24.7.11 Finally on the properties of identity, it is easy to check that in B
without the Subset Constraintwehave=a =a,a =bEFb =a,anda = bab =
cFa=c.WedonothaveFa=b—->b=aandkF (a=bAb=c¢) —a=c.
The Subset Constraint delivers both of these.

24.7.12 All the tableaux of this chapter are sound and complete with respect
to the corresponding semantics. This is proved in the following technical
appendices.

24.8 *Proofs of Theorems 1

24.8.1 In this section we prove the relevant soundness and completeness
results, starting with B, then moving to its extensions. The addition of

identity is considered in the next section.

24.8.2 LEMMA (LocaLity): Let 37 = (D,W,N,R,%,v1) and 3, = (D,W,N,
R,*,vy) be two B interpretations. Since they have the same domain, the
language of the two is the same. Call this L. If A is any closed formula of
L such that v; and vy agree on the denotations of all the predicates and
constants in it then, for allw € W:

viw(A) = vow(A)

Proof:
The proof is as for FDE (22.8.2), with the addition of a new case for the
conditional. This goes as follows:

viw(A — B)=1 iff for all w; and wy such that Rwwiws
when viw, (A) =1, viw, B) =1
iff for all wy and wy such that Rwwiwy,
when vy, (A) =1, voy,B) =1 (IH)
iff vyw(A—B) =1

555
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24.8.3 LEMMA (DENOTATION): Let 7 = (D, W,N, R, %, v) be any B interpreta-
tion. Let A be any formula of L(J) with at most one free variable, x, and a
and b be any two constants such that v(a) = v(b). Then, for any w € W:

vw(Ax(a)) = vy (Ax(D))

Proof:
The proof is as for FDE (22.8.3) with one extra case for —. This goes as
follows:

vw(Ax(@) — Bx(a)) =1 iff for all wy and wy such that Rwwywy
when vy, (Ax(@)) = 1, vy, (Bx(a)) =1
iff for all wy and w; such that Rwwywy
when vy, (Ax(h)) = 1, vy, Bx(b)) =1 (IH)
iff vy (Ax(b) — Bx(b)) =1

24.8.4 SOUNDNESS THEOREM: The tableaux for B are sound with respect to
their semantics.

Proof:
The proof is as for N, (23.10.12), with some minor modifications. The
definition of faithfulness is modified by the addition of the clause:

if raBy is on B, then Rf (o)f (B)f (y) in J

In the Soundness Lemma the cases for — are different, and are as in the
propositional case (10.8.1). The Soundness Theorem then follows in the
usual way. |

24.8.5 COMPLETENESS THEOREM: The tableaux for B are complete.

Proof:
The proof'is essentially the same as that for N, (23.10.13), with some minor
modifications. In particular, in the induced interpretation:

Rwawgwy, iff rafy is on the branch.

As in the propositional case (10.8.1), the structure defined is a B interpreta-
tion. In the Completeness Lemma the cases for — are different. These are
as in the propositional case too (10.8.1). The Completeness Theorem then
follows as usual. [ ]
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24.8.6 THEOREM: The soundness and completeness results carry over to
the extensions of B obtained by adding constraints C8-C11 of 10.4 on the
ternary R.

Proof:
The argument here is exactly as in the propositional case (10.8.2). |

24.8.7 THEOREM: In any interpretation with a content ordering, for all w and
w’ such that w C v/, if vy(A) = 1 then v, (A) = 1, for every A. (This is true
even if the connective > is in the language.)

Proof:

The proof is by recursion on A, as in the propositional case (10.8.2a). There
are additional cases for the quantifiers. Here is the case for V. The case for
3 is similar.

vw(VxA) =1 = foralld e D, vy(Ax(kg)) =1
= foralld eD, vy (Ax(kg)) =1 IH
= vy (VxA) =1

The case for > is as follows. Suppose that:
(1) vw@A > B) =1
2 wew

We need to show that v,/ (A — B) = 1, i.e.: for all w1, wyp such that Rw'wyws
and w' E wp, if vy, (A) = 1 then vy, (B) = 1.

So suppose that:
(3) Rw'wiwy
(4) W Ewy
(5) vw; A) =1

Case 1, w € N: By (3) and condition 3 (10.4a.1), w1 C wy. So by (5) and IH,
v, (A) = 1. By (1), since w is normal, for all u such that w C u, if v, (A) =1,
v (B) = 1. By (2), (4), and the transitivity of &, w & wa. So vy, (B) = 1, as
required.

Case 2,w € W—N: By (3) and condition 3 (10.4a.1), Rwwywy. By (2), (4), and
the transitivity of C, w C wy. So by (1) and (5), vy, (B) = 1, as required. W

557



558

An Introduction to Non-Classical Logic

24.8.8 THEOREM: The tableaux for content-inclusion are sound and com-
plete with respect to their semantics.

Proof:

The proofs extend the propositional proofs of 10.8.2b and 10.8.2c. In the
Soundness Lemma, we have to check the new cases for the quantifier rules.
These are as for B. In the completeness proof, the induced interpretation
is defined as in the propositional case. In addition, D and the extensions of
predicates are defined as for B. The Completeness Lemma is now proved as
for B. [ ]

24.8.9 THEOREM: The tableaux obtained by adding the rules T8-T16 to those
for content inclusion are sound and complete with respect to conditions
C8-C16, respectively.

Proof:
The proof is as in the propositional case (10.8.2d). |

24.8.10 THEOREM: The addition of the connective — of 24.4.2 preserves the

above soundness and completeness results.

Proof:
The proofis just a matter of going through the soundness and completeness
proofs for the quantified logics with C, and adding the new cases for . The
new cases in the Locality and Denotation Lemmas are trivial modifications
of the case for —, and are left as an exercise.

There are two new cases in the Soundness Lemma:

A B, +a
rafy
a =Xy
v N
A,—B B,+y

Suppose that 7 is faithful to a branch containing the premises. Then A — B
is true at f («), Rf (o)f (B)f (y) and f (¢) C f(y). By the truth conditions for -,
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either A fails at f(8) or B holds at f(y). In either case, we may take J' to be J.

A B, —«
\
raij,a <j
A, +i
B, —j

Suppose that 7 is faithful to a branch containing the premises. Then A — B
fails at f(«). By the truth conditions for >, there are worlds, w1 and wy,
such that R’f (@)wiwa, vw, (A) = 1, and vy, (B) = 0. Let f’ be the same as f
except that f'(i) = wy and f’(j) = wy. Since i and j are new to the branch, f’
shows J to be faithful to the extended branch, and we may take 3’ to be 7.

In the Completeness Lemma, there are two new cases for —. Suppose
that A — B, +« occurs on the branch. Then, since the first rule for — has
been applied, for any worlds, wg and w,,, such that Rw,wgw, and wy, E w,,
either A is false (0) at wg or B is true (1) at w,, (by IH). Hence, A — B is true
at w,. Now suppose that A — B, —a occurs on the branch. Then there are
lines of the form rwij,« < j, A, +i and B, —j on the branch. By IH, there are
worlds, w; and w; such that R'w,w;wj, A is true at w;, and Bis false at w;.
Hence, A — B is false at w,,. [ |

24.9 *Proofs of Theorems 2

24.9.1 In this section, we extend the soundness and completeness argu-
ments for all the logics of the previous section to identity.

24.9.2 The arguments for the Locality and Denotation Lemmas are unaf-
fected. a = b, Ax(a) &= Ax(b) then follows from the Denotation Lemma in the
usual way. Given the Subset Constraint, the validity of (a = b A Ax(a)) —
Ax(b) also follows. To see this, suppose that the antecedent holds in some
world, w. Then (v(a), v(b)) € vy (=). Hence, v(a) = v(b), and the result follows
by the Denotation Lemma.

24.9.3 THEOREM: The tableaux for identity are sound.

Proof:
The proof of the Soundness Lemma requires us to check the rules for iden-
tity. These are straightforward (including the rule for the Subset Constraint,
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if it is present), and are left as exercises. The Soundness Theorem follows
in the usual way. n

24.9.4 THEOREM: The tableaux for identity are complete.

Proof:

The induced interpretation is defined as in the case without identity, except
that the domain is defined as in N, (23.11.6), v(a) = [a], and for any n-
place predicate, P, except identity, and for identity at non-normal worlds,
([a1], ..., [an]) € vy, (P) iff Paq ...an, +o is on the branch. As usual, this is
well defined, because of the applications of SI. The Completeness Theorem
follows from the Completeness Lemma in the usual way. The proof of the
Lemma is as without identity, except for atomic cases. Unless the content
ordering is present, these are as for N, (23.11.6). If the content ordering
is present, then there may be more than one normal world. The cases for
identity at normal worlds therefore have to be revised as follows. In both
cases, the first line holds in virtue of the Normality Invariance Rule and the
fact that $0and $« are on the branch.

a=b,+aisonB = a~Db
= [a]l =[b]
= v(a) =v(D)
= w,(a=b =1

a=Db,—aisonB = itisnotthe casethata=Db,+0ison B (B open)
it is not the case thata ~ b

[a] # [b]

v(a) # v(b)

vw,(@=Db)=0

1444

If the Subset Constraint is present, we need to show that the induced
interpretation satisfies it. If w, is normal, the constraint is automatically
satisfied. So suppose that w,, is not normal, and that ([a], [b]) € vy, (=). Then
a = b, 4« is on the branch used to induce the interpretation. But, then,
a = b,+0 is on the branch, by the Subset Constraint rule. It follows that
a~b, and so [a] = [b], and ([a], [b]) € vy, (=). [
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24 .10 History

Quantified relevant logics were first formulated (in axiomatic form) by
Anderson (1959) and Belnap (1960, 1967). Constant domain world semantics
for them were formulated by Routley and Meyer (1973). Routley established
the completeness of the axiom system for B in a somewhat circuitous way in
(1980b) (from which the axiom system of 24.5.2 comes). The incompleteness
of systems containing A9 was established by Fine (1989). Fine’s semantics,
with respect to which the strong systems, and notably R, are complete,
appeared in Fine (1988). The treatment of restricted quantification in 24.4
comes from Beall, Brady, Hazen, Priest and Restall (2006).

That systems of proof have to answer to semantics, rather than vice versa,
is fairly orthodox in the history of contemporary logic. It was challenged,
particularly by logicians of an intuitionist persuasion such as Dummett
and Prawitz, in the 1970s. (For a discussion and references, see Sundholm
(1986).) The connective tonk was introduced by Prior (1960) to challenge a
very simple version of the view that rules of inference always determine
a meaningful connective. Natural-deduction style proof theory for relevant
logics that satisfies the appropriate version of harmony (cut-elimination)
can be found in Restall (2000), ch. 6. The argument of 24.5.12 comes from
Fine (1988, 1989).

Semantics for identity in relevant logic, though in the context of Fine’s
semantics, were produced by Mares (1992). The arguments of 24.7.5 and
24.7.6 are due to Mares (2004), 6.13. The Subset Constraint is due to Priest
(1987, 2nd edn), 19.8.

24.11 Further Reading

There is a brief discussion of the semantics of quantified relevant logic in
Dunn (1986, 2nd edn), and a much longer discussion in Anderson, Belnap,
and Dunn (1992), sects. 52 and 53. For discussions of harmony in a proof-
theoretic account of meaning, see Dummett (1991), Prawitz (1977, 1994),
and Read (2000). On the issue of the primacy of proof theory or semantics,
see Dummett (1975b) and Priest (2006), ch. 11. Some further discussion of
identity in relevant logic can be found in Mares (2004), ch. 6.
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24.12 Problem

10.

. Check the details omitted in 24.3.6, 24.3.7, 24.4.1, 24.4.5, 24.6.5, 24.6.6,

24.6.8, 24.6.9, 24.7.3 and 24.7 4.

. By constructing appropriate tableaux, show the following in B:

(a) FVxA — Ax(a)

(b) FAx(a) - IxA

(c) = Vx(A AB) — (3XA A 3xB)

(d) = Vx(BVvA) — (BVVxA) (x not free in B)
(e) F —3IxA — Vx—A

(f) F —VxA — 3Ix—-A

. Check the validity of the inferences in 12.4.14, question 5, for B, when

‘D’ is replaced by ‘—’.

. By constructing an appropriate interpretation, show the following in R:

(a) ¥ Vx(Px v Qx) — (VxPx v VxQx)
(b) ¥ Ix(Px A —Px) — 3IxQx
(c) ¥ VxPx — Vy(Qy — Qy)

. Show in B that:

(a) Vx(Px — Qx),Vx(Qx > SX) - Vx(Px — Sx)

(b) Vx(Px — —Qx) ¥ =3Ix(Px A —Qx)

(©) Vx(Px > —Qx), Vx(Px v —Px) - —=3x(Px A —~Qx)
(d) Vx(Px — Qx) ¥ Vx(—Qx — —Px)

. Construct a tableau for TW showing that the Fine formula of 24.5.4 is

logically valid.

. Suppose that one has a semantics for a logic, and a system of proof (e.g.,

tableau system, axiom system, or system of natural deduction), which
is sound but not complete with respect to it. Under what conditions
is it methodologically correct to revise the proof system; under what
conditions is it correct to revise the semantics?

. Repeat question 6 of 23.15 for identity in B (a) without the Subset

Constraint and (b) with it.

. Show the following in R, without the Subset Constraint. Does the

addition of the Constraint make any difference?
(a) ¥ Pan—-Pb) -> —-a=Db

(b) ¥ (a=bA—-Pa) - —Pb

(c) ¥a=b — (Pa — Pb)

Should one accept the Subset Constraint?



11.
12.

13.

14.

15.

16.
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*Check the details omitted in 24.8 and 24.9.

*Formulate semantics and tableaux for (constant domain) quantified B,
extended with a ceteris paribus conditional, as in 10.7. Prove soundness
and completeness.

*Formulate semantics and tableaux for the variable domain version of
B. (Use the techniques of free logic, as in chapter 15.) Prove soundness
and completeness.

*Using the content ordering on worlds, one can give intuitionist-style
truth conditions for the quantifiers in variable domain semantics, as
follows:

vw(3xA) =1 iff for some d € Dy, vy(Ax(kg)) =1
vw(VXA) =1 iff for all w’ such thatw = w/,
and all d € Dy, vy (Ax(kg)) =1

What effect does this have on the valid inferences? (Don’t forget
negation.)

*Formulate semantics and tableaux for quantified B with contingent
identity. Prove soundness and completeness. What versions of SI hold
in the semantics?

*For the various systems of logic in this chapter, formulate tableaux
for inferences with arbitrary sets of premises. Prove the Soundness
and Completeness Theorems. Infer the Compactness and Léwenheim-
Skolem Theorems.
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25 Fuzzy Logics

25.1 Introduction

25.1.1 In this chapter, we will look at the addition of quantifiers to the
Lukasiewicz continuum-valued logic.

25.1.2 We will then look at the behaviour of identity in this logic.

25.1.3 This will occasion a discussion of some philosophical issues concern-
ing fuzzy identity, connected, in particular, with the sorites paradox and
with vague objects.

25.1.4 A technical appendix describes the addition of quantifiers and
identity to the general class of t-norm logics.

25.2 Quantified Lukasiewicz Logic

25.2.1 In the language we are concerned with, the set of connectives, C, is
{A, v, =, >}, and the set of quantifiers, Q , is {V, 3}. (A <> B can be taken as
defined as (A — B) A (B — A).)

25.2.2 As we saw in 21.2, an interpretation for a quantified many-valued
logic is a structure (D, V, D, {fe:c € CL{fy:q€Q},v). D is a non-empty
domain of quantification. For every constant, ¢, v(c) € D, and for every
n-place predicate, P, v(P) is an n-place function that maps members of D
into the truth values, V. In Lukasiewicz continuum-valued logic, V = [0, 1],
the set of real numbers between 0 and 1, ordered in the usual way. f.,, f, f-
and f_, are as in the propositional case (11.4.2). f5 is Lub and fy is Glb, as in
21.3. So, given any interpretation:

v(Paq...an) = v(P)(v(@y),...,v(an))
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and then the various fs are applied to determine the truth values of other
formulas. In particular:

v(3xA) = Lub({v(Ax(ky)) : d € D})
v(VxA) = GIb({v(Ax(kg)) : d € D})

In what follows, an interpretation can be thought of simply as a pair, (D, v),
since all the other components of the interpretation are fixed.

25.2.3 An inference is valid if it preserves designated values. Thatis, ¥ = A
iff in every interpretation, when v(B) € D, for every B € &, v(A) € D. As in
11.4.6-11.4.7, every set of the form {x:¢ < x < 1}, where 0 < ¢ < 1, makes
perfectly good philosophical sense as a set of designated values. We write
the consequence relation with this set of designated values as |=,.

25.2.4 Again asin the propositional case (11.4.8), it makes sense to define an
absolute notion of validity, one that preserves designated value, whatever
¢ is. So we may define the absolute notion of consequence as follows:

Y EAiffforall0<e <1, T A

25.2.5 Defining v[X] as {v(B) : B € T}, one can then show that T = A iff for
every interpretation, GIb(v[X]) < v(A). And if ¥ = {By,...,By}:

p)) I:Alffl:-l (Bl/\,.,/\Bn)—>A

The proof is exactly as in the propositional case (11.4.10, 11.4.11). The logic
whose consequence relation is =1 is standardly known as Lx. In what follows
we consider this logic.

25.3 Validity in Ly

25.3.1 As we observed in 11.5.1, there is no axiom system for Ly that is
sound and complete with respect to arbitrary sets of premises, but there
is one that is sound and complete with respect to logical truths. Perhaps
rather surprisingly, even this does not exist in the quantified case.! (This

1 Indeed, for any rational ¢ > 0, the set of logical truths of =, is not axiomatisable.
However, let - be the consequence relation where the designated values are all x such
that ¢ < x < 1. (Note the greater than.) The set of logical truths of =, is axiomatisable
iff ¢ is a recursive real number - that is, if there is an algorithm which generates its
decimal expansion. (See Chang (1963).) Further on technical matters: since compactness
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was proved by Scarpellini; the proof is too difficult to give here.) To show
that something is valid, we therefore have to argue directly.

25.3.2 To verify some important inferences, one requires the Denotation
Lemma. This lemma is to the effect that if two constants have the same
denotation, one may be replaced by the other in a formula without affecting
its truth value. (This was proved in 21.11.3.) Given the Lemma, we may verify
that the following are logical truths:

1. VXA — Ax(a)
2. Ax(a) — XA

The argument for 1 is as follows. v(VxA) = Glb{v(Ax(kz)):d € D} < v(Ax(kg)) =
v(Ax(a)), where v(a) = d (by the Denotation Lemma). The result follows. The
argument for 2 is similar, and is left as an exercise.”

25.3.3 To verify other inferences, some facts about Lub and GIb are helpful.
In particular, let r, ay, by be real numbers in the interval [0, 1], then:

. Glb{x+r:x € X} = GIb X+r

. Lub{x+r:x € X} = Lub X+r

. GIb{—x:x € X} = —Lub X

. Lub{—x:x € X} = —-GIb X

Lub{r —x:xe X} =r—GIbX

. Glb{r —x:xe X} =r—LubX

. If, for all x € X, ay < by then Lub{ay:x € X} < Lub{by:x € X}
. GIb{Max(r,x):x € X} = Max(r, Glb X)
.Glb{rox:xeX}=roGbX

. Lub{ay:x € X} © Lub{by:x € X} < Lub{ay © by:x € X}

O 00 3 O Ul b W N =

—_
o

Proof:

1. If x € X then Glb X < x. So Glb X+r < x+r. That is, GIb X+r is a lower
bound of {x+r:x € X}. Suppose that for all x € X, y < x+r, that is,
y+r < x. Then y+r < GIb X; that is, y < GIb X+r. So Glb X+r is the
greatest lower bound.

2. The proof is similar, and left as an exercise.

fails for propositionalLy (11.10, question 9) it certainly fails for quantified1y. However,
the Lowenheim-Skolem Theorem holds. (See Chang and Keisler (1966), sect. 4.3.)
2 I omit the brackets in GIb(X) to reduce clutter.
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.Ifx € X then x < Lub X. So —Lub X < —x. That is, —Lub X is a lower

bound of {—x:x € X}. Suppose that forall x € X, y < —x; then —y > x. So
—y > Lub X and y < —Lub X. So —Lub X is the greatest lower bound.

. The proof is similar, and left as an exercise.

. Lub{r — x:x € X} = r 4+ Lub{—x:x € X} (by 2) = r — GIb X (by 4).

. The proof is similar, and left as an exercise.

. Suppose that for all x € X, ay < by. Then for any x € X, ay < by <

Lub{by: x € X}. Hence, Lub{ay: x € X} < Lub{byx:x € X}.

.If x ¢ X then Glb X < x. Hence, Max(r,Glb X) < Max(r,x); and so

Max(r,GIb X) is a lower bound of {Max(r,x):x € X}. Suppose that for
allx € X,y < Max(r,x). Case 1: forall x € X,r < x.Thenr < Gl X,
and Max(r, x) < Max(r, GIb X). Hence, y < Max(r, Glb X). Case 2: for some
x € X, x < r. Then for that x, Max(r,x) = r = Max(r,GIlb X). Hence,
y < Max(r,GIb X). In either case, Max(r,Glb X) is the greatest lower
bound.

. Case 1: r < GIb X. In this case, the righthand side is 1. But also, if

x € X,r <x,s0r ©x = 1, and the lefthand side is also 1. Case 2: r >
Glb X.Then there mustbe anx € Xsuchthatr > x.LetX' = {x € X:r > x}.
Clearly, Glb X’ = GIb X. So

roGhbX = roGhbX
= 1-—r+Gl{x:x € X'}
Glh{l—r+xxeX'} (by1l)
Glb{r o x:x € X'}
= Glb{rox:x e X} *

(*) follows from the fact thatifx e X — X', rox=1.

Case 1: for some x € X, ax < by. In that case, the righthand side is
1, and the result follows. Case 2: for all x € X, ay > by. In that case,
Lub{ay:x € X} > Lub{by:x € X} (by 7), so what we need to show is
that:

1 — Lub{ax:x € X} + Lub{bx: x € X} < Lub{1 + by — ax:x € X}
ie, 1—Lub{ay:x € X} +Lub{by:x € X} <1+ Lub{by —ay:x € X} (by?2)
i.e., Lub{by:x € X} — Lub{ayx:x € X} < Lub{by — ay:x € X}
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To show this we may reason as follows:

ay < Lub{ay:x € X}
So by —Lub{ay:x € X} <by —ay
and Lub{by — Lub{ay:x € X} : x € X}
< Lub{ay —bx:x € X} (by7)
i.e., Lub{by:x € X} — Lub{ay:x € X}
< Lub{ay —bx:x € X} (by2)

25.3.4 We can use these facts to demonstrate the logical truth of various
formulas in Ly. For example:

Vx—A < —3IxA

Ix—A < VXA

Vx(A Vv B) < (AV VxB)
Vx(A — B) < (A — VxB)
(3XA — 3xB) — Ix(A — B)

ua bk w =

In 3 and 4, x is not free in A. (And if the biconditionals in 1 and 2 are
valid, the conditionals in each direction certainly are.) Proofs go as follows,
where the v in question is that of any interpretation. Numbered references
are to the facts of 25.3.3.

Proof:

1. p(Vx=A) = Glb{v(=Ax(ky)): d € D}
= GIb{1 — v(Ax(kg)):d € D}
1 — Lub{v(Ax(ky)):d € D} (by 6)
1— v(ExA)
= p(—3IxA)

The result follows.
2. This is similar, using 5, and left as an exercise.
3. v(Vx(AV B)) = GIb{Max(v(A),v(Bx(ky)):d € D}
= Max{v(A),Glb{v(Bx(kz)):d € D} (by 8)
V(A V VXB)

The result follows.
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4. v(VX(A — B)) GIb{v(A) © v(Bx(ky)):d € D}
= v(A) ©Glb{v(Bx(kg)):d € D} (by9)

= v(A — VxB)

The result follows.

v(3XA — 3xB) = Lub{v(Ax(kg)):d € D} © Lub{v(Bx(kg)):d € D}
Lub{v(Ax(kq)) © v(Bx(kg)):d € D} (by 10)
v(AX(A — B))

IA

The result follows.

25.3.5 To show the invalidity of an inference, one must construct a coun-
ter-model by intelligent trial and error. Here is a counter-model to show
that ¥ (IxPx A IxQx) — 3Ix(Px A Qx). Consider an interpretation in which
D = {3,, 3}, v(a) = 3,4, v(b) = 3, and v has the following values:

0
o

o =
= o QO

Itis not difficult to check that v(3xPx) = v(3xQx) = v(IxPxA3IxQx) = 1, whilst
v(Pa AQa) = v(Pb AQb) = v(3x(Px A QX)) = 0. So the whole conditional takes
the value 0.

25.3.6 Note that this interpretation is, in effect, a classical interpretation.
Any classical interpretation is a special case of a Lukasiewicz interpretation
(where all the atomic formulas, and so all the formulas, take the value 1
or 0). Hence, any formula that is invalid in classical logic is invalid in Ly as
well. So all formulas valid in £y are valid in classical logic.

25.3.7 Another example: ¥ (IxPx AVx(Px — Qx)) — 3xQx. Consider an inter-
pretation where D = {9, 9y}, v(a) = 94, v(b) = 3y, and v has the following

values:
P Q
dg 0.9 0.6
g 06 0.3

Then v(3xPx) = 0.9, v(Pa — Qa) = v(Pb — Qb) = v(Vx(Px — Qx)) = 0.7. But
v(3xQx) = 0.6. So the truth value of the whole conditional is 0.9.
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25.3.8 The invalidity of this formula is due, essentially, to the invalidity of
the corresponding propositional formula, (p A (p — q)) — g. In nearly all
cases of significance, when a formula is classically valid but not valid in £,
the invalidity is due to the properties of the underlying propositional logic.
(See 25.11 question 4.)

25.4 Deductions

25.4.1 Another way of showing that something is valid in Ly is by showing
that it follows from things already known to be valid, using rules that are
known to be validity-preserving, such as modus ponens. We can do this for
the propositional logic, too, of course. Here, for example, are propositional
deductions showing the validity of two forms of contraposition:

F@A—B)— (-B— -4
E(-B—-A) - A—DB

One preliminary comment: in the axiomatisation of £ (11.5.2), axiom 9 is:
AYA—->B) > (B—>0) > A—>C0)

(suffixing). As observed in 11.5.2, we also have the redundant:
(A10)(A — B) —» ((C > A) »> (C— B))

(prefixing).

In what follows, the lefthand column contains line numbers. The right-
hand column supplies the justification for each line, with reference to the
line numbers employed. The bracketed references in that column are to the
axioms and rules of propositional Ly, which, of course, hold just as much
in quantified Ly too. (See 11.5.2.)

—-B— —B (A1)

B— ——B 1,(A8),(R1)

(A B) = (A — ——B) 2,(A10),(R1)
(A— ==B) > (=B — —A) (A8)

(A— B) — (=B — —A) 3,4,(A9/10),(R1)

M



(=B - —A) - (A — ——B) (AS8)
—-—B — B (A7)
(A— —-—B) - (A— B)
(B - —-A) - (A — B)

how N
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2,(A10), (R1)
1,3,(A9/10), (R1)

25.4.2 A quantificational rule that preserves validity is Universal Generali-
sation (UG): if the constant a does not occur in A, then if = Ay (a), = VXA.2
This can be employed to effect in quantificational arguments. A couple of

examples follow.

25.4.3 = Vx(A — B) — (VXA — VxB). a is a constant that does not occur in

the formula.

Vx(A — B) — (Ax(a) — Bx(a))
VXA — Ax(a)

(Ax(a) — Bx(a)) — (VXA — Bx(a))
Vx(A — B) — (VXA — By(a))
VX(VX(A — B) — (VXA — B))
VX(A — B) — Vx(VXA — B)
VX(VXA — B) — (VXA — VxB)
Vx(A — B) — (VXA — VxB)

© N Uk W=

[25.3.2, 1]

[25.3.2, 1]

2, (A9), (R1)

1, 3, (A9/10), (R1)
4,UG

5,25.3.4, 4], (R1)
[25.3.4, 4]
6,7,(A9/10), (R1)

25.4.4 = Vx(A — B) — (3xA — B), where x is not free in B.

(Ax(a) —> B) = (=B — —Ax(a))
Vx((A — B) - (=B — —A))
VX(A — B) — Vx(—B — —A)
Vx(—B — —A) — (=B — Vx—A)
Vx(A — B) - (—B — Vx—A)
Vx—A — —3xA

(=B — VXx—A) — (=B — —3xA)
(=B - —3xA) — (IxA — B)
(=B — Vx—A) — (3xA — B)
VX(A — B) — (XA — B)

O ® N Uk W=

Ju—y
e

Contraposition
1,UG

2,[25.4.3], (R1)
[25.3.4, 4]
3,4,(A9/10), (R1)
[25.3.4, 1]
6,(A10), (R1)
Contraposition
7,8,(A9/10), (R1)
5,9,(A9/10), (R1)

3 The proof is as follows. Suppose that VxA is not logically valid. Then in some interpre-
tation, there is a d € D such that v(Ax(kg)) # 1. Consider the interpretation that is
the same, except that v(a) = d. By the Locality Lemma (21.11.2), in this interpretation,

v(Ax(kg)) # 1 (since a does not occur in A); and by the Denotation Lemma (21.11.3), in

this interpretation, v(Ax(a)) # 1.
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25.4.5 Finally, before we turn to identity, I note that the fuzzy relevant logic
of 11.7 can be extended to a quantificational logic in the natural way. I leave

the details to any interested reader.

25.5 The Sorites Again

25.5.1 Letus now turn to identity infy. Aswe saw in 21.8.1-21.8.3, anatural
way of handling identity in the context of a many-valued logic s to take v(=)
to satisfy the condition that:

v(=)(dq,dy) e Diffd; =dy

where D is the set of designated values - in the case we are dealing
with, {1}.

25.5.2 As we noted there, this suffices to guarantee that a = b,Ax(a) 1
Ax(b). It does not mean that a = b, Ax(a) & Ax(b), however. For this we need
it to be the case that =1 (@ = b A Ay(a)) — Ax(b). To determine whether
or not this is so, we need more information about identity. Specifically, we
need to know what v(=)(d1, d») is in the other cases.

25.5.3 A natural thought is that if d4 and d, are not the same, v(=) should
map the pair to 0. It is not difficult to check that this makes it true that
=1 (@ = bAAx(a)) — Ax(b). (Ifaand b denote the same thing, the antecedent
and consequent have the same truth value. If they denote distinct things,
the antecedent has value 0.)

25.5.4 This strategy makes identity a nice crisp predicate. In the context of
vagueness, however, there are reasons to suppose that identity is a fuzzy
predicate; that is, that identity statements may take values other than 1
and 0. For example, suppose that I have two cars of the same model, a
and b. Each day I take a part from car a and replace it by the corresponding
part of car b. When the process starts, the object is car a, that is, it has the
property of being identical with a; when the process finishes, it is car b,
so it does not have the property of being identical with a. But there would
seem to be no exact point at which the object ceases to have the prop-
erty of being identical to a. Having this property just seems to fade out.
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In other words, the identity predicate behaves just like any other vague
predicate.

25.5.5 Unsurprisingly, we can turn this into a sorites-style argument. Sup-
pose that the change takes place over n + 1 days, and that we name the
object on the successive days ag (= a), a1,..., ay (= b). Now, if we have a
car, and we change a part, say the carburettor, it is still the same car. So it
would seem that g; = a;41 (for 0 < i < n). We now have the following sorites
argument:

a=do do=01

25.5.6 As we saw in 11.2.4, standard sorites arguments use the single form
of inference modus ponens. Here we have another kind of sorites argument
that uses a different form of inference: the transitivity of identity. In 11.6,
we noted that one may attempt to solve the sorites paradox in fuzzy logic
by denying the validity of modus ponens. It is therefore natural to expect
a solution to the identity sorites to deny the validity of the transitivity of
identity. To make the parallel between the two cases even more obvious:
the premises of a standard sorites can, equally, be formulated as bicondi-
tionals. (The conditionals in the other direction are not contentious.) And
biconditionality, with respect to formulas, is very much like identity, with
respect to names.

25.6 Fuzzy Identity

25.6.1 Ifidentity is a vague predicate, then it will need to take values other
than 0 and 1. How is this best done? One way is as follows.

25.6.2 A distance metric is a function that one may think of as measuring
the distance between objects. Thus, it is a function, §, that maps every pair
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of objects to a real number greater than or equal to 0. Standardly, metrics
satisfy the following conditions:

3(x,y) =0iffxisy
3(x,y) =8(y,%)
8(%,2) <8(%,y) +8(¥,2)

The last condition is sometimes called ‘the triangle inequality’. It represents
the fact that going around two sides of a triangle takes you at least as far as
going straight along the third side.

25.6.3 Example: if we are dealing with real numbers, and we define |z| in
the usual way (as z, ifz > 0, and —z, if z < 0), then it is not difficult to check
that |x — y| is a distance metric.

25.6.4 Measurements of distance have an element of the conventional
about them. We can always change the scale. One may, for example, arrange
for the metric to be such that the maximum distance between any two
objects is 1. (For example, if our objects are real numbers > 1, we may
define §(x,y) as ]1 /x—1 /y| . I leave it as an exercise to check that the def-
inition determines a metric.) This is exactly what we will assume in the
present case. So for allx and y, 0 < §(x,y) < 1.

25.6.5 Ifthe objects in our domain come with a distance metric of this kind,
the metric may be used to define a fuzzy identity predicate in a natural way:
v(=)(x,y)is 1-8(x,y). When x and y are identical, this is 1. As they get further
and further apart, the § term will get bigger and bigger, so the degree of
truth drops further and further.

25.6.6 As an illustration, suppose that our objects are themselves real num-
bers between 2 and 3, and that §(x,y) = |x — y|. Then the identity 2 = 2 has
the value 1; the identity 2 = 2.1 has the value 0.9; 2 = 2.2 has the value 0.8;
2 = 3 has the value 0. So the identity 2 = 2.1 isn’t quite as true as 2 = 2,
but it is truer than 2 = 2.2, etc.

25.6.7 To make all this formally precise, we now think of an interpretation
as a triple, (D, 8, v). D and v are as before; § is a metric on D, and:

v(=)(dy,d) =1-46(dyg,dp)

25.6.8 It is not difficult to see that = a = a. For v@a = a) = 1-
§(v(a),v(a)) = 1. And since §(v(a), v(b)) = §(v(b), v(a)), v(a = b) = v(b = a).
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Hence, 1 a = b — b = a. However, ¥1 (a =b A b =c¢) — a = c. To see this,
, and let a, b, and
¢ denote 2, 2.1 and 2.2, respectively. Then v(a = b) = v(b = ¢) = 0.9, but
va@a=c¢)=0.8.Sov((@a=bAb=c)— a=c)= 0.9, which is not designated.

take an interpretation where D = [2,3], §(x,y) = [x —y

25.6.9 However, the triangle inequality ensures that the truth value ofa = ¢
can’t be too far from those of a = b and b = c. Where v(a) = x, v(b) = ¥, and
v(c) = z, we have:

3(%,2) <8(%,y) +46(1,2)
So  —8(X%y) —8(,2) < —8(X,2)
and 1-686(x,9)+1-583,2)—1<1—-58(x,2)

Thus:
va=b)+vib=c)—1<v@=c

If, for example, v(a = b) = 0.8 and v(b = ¢) = 0.7, v(a = ¢) must be
at least 0.5.

25.6.10 The transitivity of identity is a special case of the substitutivity of
identicals, (a = b A Ax(a)) — Ax(b), so this is going to fail in general too. For
example, consider an interpretation in which D = [0, 1]; §(x,y) = |x —y;
v(P)(x) = 1ifx < 0.5, and 0 if x > 0.5; v(a) = 0.4, and v(b) = 0.6 . Then
v(a=Db)=0.8, v(Pa) =1 and v(Pb) = 0. So v((a = b A Pa) — Pb) = 0.2.

25.6.11 In this interpretation, P is a crisp predicate, and makes a jump at
0.5. Vague predicates are not like this. They are tolerant with respect to
small changes. That is, a small change in the value of x will make only
a small change in the value of v(P)(x). If we write v(P) as p, this means
that p is a continuous function, in an appropriate sense. We might demand
more than this, however. For tolerant predicates of this kind it is natural to
suppose that the value of p(x) can change no faster than x does. That is:

[px) —p)| < 8(x.y)

i.e., p(x) must be at least as like p(y) as x is like y. Let us call predicates
satisfying this constraint smooth.

25.6.12 Now consider the inference from a = b and Pa to Pb, where P is
smooth. Let v(a) = x and v(b) = y. If p(x) > p(y), the constraint gives us
that p(x) — p(y) < §(x,y). That is, p(x) — §(x,y) < p(y). If, on the other hand,
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p(x) < p(y), this still obtains. So in either case, p(x) + 1 — §(x,y) — 1 < p(¥).
That is:

v(Pa) +v(a=b) —1 < v(Pb)

So the amount that truth can fall in the inference is bounded in exactly the
same way as in the transitivity of identity (25.6.9).

25.6.13 For good measure, consider the inference from A and A — BtoB.If
v(A) > v(B)thenv(A — B) = 1—v(A)+v(B). Thatis, v(A — B)+v(A)—1 = v(B).
So certainly:

v(A— B)+v(A) —1<v(B)

And if v(A) < v(B), this relationship holds anyway (since v(A — B) = 1).
Again, the amount that truth can fall is bounded in exactly the same way.

25.6.14 What we have seen, then, is this. The inferences modus ponens, the
transitivity of identity, and the substitutivity of identicals for smooth predi-
cates, may allow for a drop of truth values. (They are not valid.) However, if,
in an application of one of these rules, truth does drop, its drop is bounded.
The degree of truth of the conclusion must be at least as great as the sum of
the degrees of truth of the premises minus 1. In particular, if the premises
have truth values close to one, so will the conclusion.

25.6.15 The treatment of fuzzy identity we have been looking at therefore
treats the modus ponens sorites and the identity sorites in exactly the same
way. The inference involved in each is invalid. But it is of a kind that is
often practically correct. If our premises are ‘true enough’ (close enough to
1) the conclusion will be so too. This, perhaps, is why we find the inferences
attractive, even though they are invalid.

25.7 Vague Objects

25.7.1 So far, we have been discussing vague predicates. Let us now turn to
vague objects. Prima facie, at least, there are vague objects in the world: the
Australian outback or Mount Everest, for example. If one starts infon either
of these and keeps going, then one will eventually be out of the outback
or off the mountain (if one does not die first). But there is no definite point
where the outback or the mountain finish.
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25.7.2 And for such vague objects, identity statements may behave fuzzily.
When the first Europeans arrived on the shores of the land now called ‘Aus-
tralia’, they named it ‘New Holland’. But exactly how much of the place was
New Holland was a vague matter. It certainly did not include New Zealand.
But it is unclear whether it included, for example, Tasmania (which is a part
of Australia). So it’s not definitely true that New Holland = Australia, and
it’s not definitely false.

25.7.3 The theory of identity we have been looking at can be thought of
as providing a theory of vague objects. The objects in the domain, together
with the identity criteria given by the metric, seem exactly to be objects
of this kind. In the example of 25.6.6, the number 2 behaves vaguely. It’s
definitely equal to itself. It’s sort of equal to 2.1 as well, and 2.2, but less so.
It’s definitely not equal to 3.

25.7.4 At any rate, we see that vague objects require fuzzy identity condi-
tions. If, therefore, it were possible to show that fuzzy identity conditions
are ruled out, so would vague objects be.

25.7.5 We can now return to the Evans argument of 21.9.4 and 21.9.5, which
purports to show that all identities are determinate identities. Recall that
we read V as ‘it is indeterminate that’. The argument then goes as follows:

Supposethat Va=b (1)
Then since -Va=a (2)
It follows that a #b (3)

25.7.6 To see what happens to this argument on the present approach, we
need to decide how V functions. A natural thought is that:

V(VA) =0 ifv(A)=10rv(Ad)=0
v(VA) =1 otherwise

This makes V a crisp operator. It is not difficult to see that the inference
in Evans’ argument is now invalid. Just consider an interpretation where
D =[0,1] and §(x,y) = |x —y|. Let v(a) = 0.8, and v(b) = 0.5. Then v(Va =
b) = v(—=Va = a) = 1;butv(a # b) = 0.3. Hence, the value of (Va = bA—Va =
a) — a #bis0.3.
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25.7.7 It might be thought that we are cheating by taking V to be a crisp
operator. But, in fact, this is inessential to the example. We can smooth
it out by letting v(VA) = 4v(A) x (1 — v(A)). (It is not difficult to check
that v(VA) is 0 when v(A) is 0, grows to a maximum of 1 when v(A) is 0.5,
and then falls to 0 when v(A) is 1.) Making just this change, and doing the
arithmetic, we can see that we have v(Va =b) = 0.84, v(=Va =a) = 1, and
v(a #b) =0.3.So (Va=bA—-Va=a) — a# b has the value 0.46.

25.7.8 Hence, on this account, Evans’ argument is fallacious. There can be

indeterminate identities, and so vague objects.

25.7.9 It might be objected at this point that the objects we have been
dealing with are not really vague. In the semantics, the identity relation
is the standard crisp one. This shows that we are really dealing with crisp
objects. The identity relation of the object language is not really identity.
This is a fair point, but since it raises much more general methodological
issues, I will take it up in the postscript to this part of the book.

25.8 *Appendix: Quantification and Identity in
t-norm Logics

25.8.1 In 11.7a, we saw that the logic Ly is one of a general family of logics,
t-norm logics. In this appendix, I describe briefly the features of quantifica-
tion and identity in these logics. I omit proofs; some of these are assigned

as exercises (25.11, question 11).*

25.8.2 As we saw in 11.7a.2-11.7a.6, any continuous t -norm, e, defines a
continuum-valued propositional logic L(e). An interpretation for the corre-
sponding predicate logic, QL(e), adds to this a domain of quantification, D,
and takes f3 and fy to be Lub and GIb, respectively. Validity is defined in terms
of the preservation of the value 1 in all interpretations.

25.8.3 The logic QBL adds to the axioms and rules of propositional BL
(11.7a.7) the following. Here, and for the rest of this appendix, C is any
closed formula. In particular, x is not free in C.

1. VXA — Ax(a)
2. F Ax(a) — IxA

4 Proofs can be found in the references cited in 25.9 and 25.10.
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3. FVx(C - A) —» (C — VxA)
4. FVx(A— C) —> (AxA — O)
5. FVx(CVvA) — (CvVVxA)
6. If - Ay(a) then - VxA

These are exactly the same as the quantifier axioms and rules for rele-
vant logic of 24.5.2, except that axiom 2 has been added. If 3xA is defined
in the standard way (as —Vx—A), 2 follows from 1 in relevant logics with
the * semantics for negation. In the present context, we are taking both
quantifiers to be primitive, since the definition does not work in all t-norm
logics.

25.8.4 All the theorems of QBL are true in any {-norm logic.

25.8.5 Unlike the propositional case (11.7a.8), however, the theorems of
QBL are not exactly the things that are logically valid in all QL(e). This set of
formulas is, in fact, unaxiomatisable.

25.8.6 The following can be deduced in QBL, and so hold in all QL(e).

Vx(C — A) < (C — VxA)
VXA — C) < (3xA — O)
Ax(C - A) —» (C — IxA)
IX(A — C) — (VXA — O)
Vx(A — B) — (VXA — VxB)
Vx(A — B) — (3xA — 3xB)
IxA — —Vx—A

—3IXA < VXx—-A

©® N Uk W=

25.8.7 None of the following hold in QBL, in the sense that there are
instances that fail. For example, for C take Pa, and for A take Qx. (Note
that 1, 2 and 3 are the converses of 3, 4 and 7 of 25.8.6.)

(C - IxA) — x(C — A)
(VA — C) — Ix(A — O)
—-Vx—A — IxA

dx(AXA — A)

Ix(A — VxA)

s W=
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25.8.8 The logic obtained by adding the axioms and rules of 25.8.3 to the
propositional axioms and rules of 11.7a.12 is sound and complete (for arbi-
trary sets of premises) with respect to quantified Godel logic. The logic can
also be axiomatised by taking an axiom system for quantified intuitionist
logic, and adding the linearity axiom (A — B) v (B — A) (as in the proposi-
tional case 11.7a.15) and the ‘confinement principle’, Vx(C VA) — (C Vv VxA),
which one does not have in intuitionist logic, because of the variable
domains (20.5.7).

25.8.9 None of the formulas of 25.8.7 are valid in quantified Godel logic.

25.8.10 Asobserved in 25.3.1, there is no axiom system that is theoremwise
sound and complete with respect to quantified Ly.

25.8.11 In quantified Ly, all the formulas of 25.8.7 hold.

25.8.12 There is also no axiom system that is theoremwise sound and
complete with respect to quantified Product logic.

25.8.13 In quantified Product logic, 1 and 4 of 25.8.7 are logically valid, but
not the others.

25.8.14 Quantified BL, Lukaciewicz, Product and Gédel logics have algebraic
semantics in terms of BL algebras, MV-algebras, IT-algebras and G-algebras,
respectively. If the algebras are required to be linearly ordered, the axiom
system obtained by adding the axioms of 25.8.3 to the appropriate propo-
sitional axioms is, in each case, sound and complete (for arbitrary sets of
premises) with respect to these. If the algebras are not required to be linearly

ordered, axiom 5 of 25.8.3 is dropped for the same result.

25.8.15 All of the logics we have been dealing with may be augmented by
the treatment of identity in terms of a distance metric given in 25.6.

25.8.16 Alternatively, the truth conditions of the identity predicate can be
given in terms of a similarity function. This is a binary function s, with values
in [0, 1], which satisfies the following conditions:

s(dq1,dp) = 1iffdq is dy
s(dq,dp) = s(dp.dq)
s(dq,dp) es(dy,d3) < s(dy,d3)

for all d1, dz, d3 eD.
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25.8.17 In these semantics, identity will satisfy the following conditions:

FVxx=x
EVXVy(x =y -y =X)
EVXVWzZ(x =yoy=2) > X =2)

25.8.18 It will not necessarily satisfy SI, but if v(P) satisfies the condition:
s(dq,e1)e...05(dp,en) e v(P)(dy...dn) <v(P)(e1...en)

SI will hold in the formaqy =bjo...0ay, =b, — (Pay...a, — Pby...by).
The corresponding formula for A will not hold in general - except in Godel
logic, where o is just A.

25.8.19 Inaninterpretation for quantified Ly, if we define §(d, e) as 1—s(d, e),
then § is a distance metric, satisfying the conditions of 25.6.2, and such that
8(d,e) < 1. (Conversely, given any distance metric, §, the function, s, defined
by this condition is a similarity function.) Similarity functions may therefore
be used to generate the theory of fuzzy identity of 25.6.

25.9 History

Early works on quantified £y were Skolem (1957), Rosser (1960) and Rut-
ledge (1960). The first proof of the unaxiomatisability of the logic appeared
in Scarpellini (1962). The generalisation of this to the logic ., for0 < ¢ < 1,
is due to Chang. The result of 25.3.1 about .- is due to Belluce (1964) (draw-
ing on Hay (1959) and Mostowski (1961)).

The example of 25.5.4 is a variation of the problem of the Ship of The-
seus. This, and the fact that it gives rise to philosophical problems, are first
reported by Plutarch (Life of Theseus, 23). (See Perrin (1967), p. 49.) The the-
ory of fuzzy identity in 25.6 is due to Priest (1998D). For the history of the
Evans argument of 25.7 see 21.12.

Quantified logics based explicitly on what is, in effect, a t-norm appeared
in Goguen (1968-9) and Novdk (1987). Quantified Godel logic was first for-
mulated (in terms of Heyting algebras) by Horn (1969) and (as a fuzzy logic)
by Takeuti and Titani (1984). The two approaches were proved equivalent
by Takano (1987). For the result of 25.8.5, and a general discussion of the
complexity of quantified fuzzy logics, see Hajek (2005). For the results of
25.8.14, see Esteva, Godo, Hdjek and Montagna (2003). Similarity as fuzzy
equality was proposed by Zadeh (1971) and Trillas and Valverde (1984).
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25.10 Further Reading

Accounts of quantified Ly are, generally speaking, mathematically complex,
and merge quickly into a discussion of t-norm logics. For details, see Hijek
(1998), Novik, Perfilieva and Mockort (2000), and Gottwald (2001). A number
of results about axiomatisability are surveyed in Rosser (1960). For more on
Godel logic and its various features, see Baaz, Preining and Zach (2007).
Further reading concerning the Evans argument can be found in 21.13.

25.11 Problems

1. Check the details omitted in 25.3.2, 25.3.3, 25.3.4, 25.6.3, 25.6.4 and
25.7.7.

2. Show that each of the following is valid in Ly, either by giving a direct
semantic argument or by deducing it from things known to be valid. C
is a formula that does not contain x free.

(a) Ix(C — A) < (C — 3IxA)
(b) Ix(A — C) < (VXA — C)
(c) Vx(A — B) — (3xA — 3xB)
(d) (VXA A 3xB) — Ix(A AB)
(e) AXAAC) <> Ix(AAC)

(f) IXA < —Vx—A

(g) VXA < —3Ix—A

3. By constructing an appropriate counter-model, show that the following

are not valid in Ly:

(a) (VxPx v 3xQx) — Ix(Px A Qx)

(b) (VxPx A Ix—Px) — IxQx

(¢) Vx(Px — (Px — 3xQx)) — (VxPx — 3xQx)

4. Verify that all the facts of 12.4.14 hold for Ly, when ‘>’ is replaced
by ‘—.

5. By constructing an appropriate counter-model, show that the following
are not valid in Ly (with fuzzy identity):

(@) @#bAb#c)—>a#c
(b) (a=bAb#c)—>a#c

(c) a=b— (Pa— Pb)

(d) VxVy((x =y A —~Px) — —Py)
() VXVy((Px A —=Py) — X #)
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6. Isa=b— (b=c— a=rc)valid in Ly (with fuzzy identity)?
7. Suppose that p and g are smooth functions. Let f(x) = 1 — p(x), g(x) =

10.
11.

Min(p(x), (%)), h(x) = Max(p(x), q(x)), i(x) = p(x) © q(x). Which of f, g, h
and i are smooth?

. What reason might there be for supposing that a modus ponens sorites

and an identity sorites have different kinds of solutions?

. ‘There can be no vagueness in reality itself. Everything is exactly what

it is, and not another thing. The only vagueness there can be is in how
our concepts apply to that reality.” Discuss.

Discuss the objection of 25.7.9.

*Check the details of 25.8.4, 25.8.6, 25.8.7 (hint: see 25.8.9), 25.8.9,
25.8.11, 25.8.13 and 25.8.19.
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Postscript: A Methodological Coda

I conclude with a few comments of a methodological nature concerning the
investigations of this book.

Let us start by returning to the objection to the theory of vague objects
voiced in 25.7.9. The point there, recall, was that the theory given was not
really a theory about vague objects at all. In the semantics of the language,
the identity relation is the standard crisp one. What this shows is that the
objects we are dealing with are really crisp objects. The identity relation
of the object language is not really identity, just some sort of similarity
relation.

There is something wrong about this objection, and something right. It
is certainly the case that the identity relation of the object language and the
identity relation of the metalanguage (in which the semantics are expressed)
are different. It does not follow that it is the relation of the object language
that is not the real notion. It is open to someone who holds that there are
genuine vague objects to maintain that it is the identity relation of the
metalanguage that is not really identity. To claim otherwise in this context
would be to beg the question.

It remains the case, however, that the identity relation of the object
language and the metalanguage are out of kilter. There is therefore some-
thing prima facie awry in the situation. Someone who holds that it is
the object-language notions that are the correct ones would be better off
specifying the semantics of the object language using those notions - or,
at the very least, showing how the notions of the metalanguage can be
made sense of in terms of those notions, and in such a way that the
specification of the semantics that these provide makes perfectly good
sense.

We do not, after all, have to give the semantics of a language in the
very same terms that the language uses. The semantics of modal logics,
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for example, are not given in terms of modal operators: they are given in
terms of quantification over worlds. In that case, however, the philosophical
plausibility of this is apparent. Though one may be able to tell a satisfactory
philosophical story in the case of fuzzy identity, how to do this is certainly
not immediately evident.

The point is a quite general one. Semantics do not come free. The notions
employed need to be intelligible in their own right, and their deployment
in the framing of a semantics similarly so. This is true, of course, whether
we are dealing with classical or a non-classical logic. But it tends to pose
a particular question if the logic is non-classical, as are the logics we have
been concerned with in this book.

It may fairly be asked what logic I have been using to specify and rea-
son about the semantics of the various logics we have been dealing with.
The procedures employed have not been formal ones, of course. Like most
mathematics, matters have been left at an informal level. They could be
formalised in a standard set theory, such as Zermelo Fraenkel set theory,
based on classical logic. But to someone, such as an intuitionist or paracon-
sistent logician, who takes such reasoning not to be correct, at least in part,
things cannot be left like this. The classical ladder must, so to speak, be
kicked away.

One possibility is to reshape the informal procedures in such a way that
they can be codified in an acceptable logic. Thus, for example, we may try
to develop the world-semantics of intuitionist logic using only those modes
of reasoning that are intuitionistically acceptable.’

Another possibility is to show that the apparently classical reasoning can
be understood in a way that is perfectly acceptable in terms of the logic in
question. Thus, for example, we may try to develop a paraconsistent account
of why classical reasoning is acceptable in certain contexts, of which the
metatheoretic context is one.?

The details of strategies for realising projects of these kinds, let alone
analyses of their viability, far exceed anything that can be attempted

1 An account of the semantics of intuitionist logic in a metatheory itself using intuitionist
logic can be found in Dummett (1977), ch. 5.

2 For a way of interpreting classical metatheory for paraconsistent logic in a paraconsis-
tently acceptable way, see Priest (1987, 2nd edn), ch. 18.
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here. It will have to suffice to say that this is one of the important
technico-philosophical issues to which non-classical logics give rise. Since
non-classical logics have lived off the philosophical challenges which they
have brought against classical logic, this is one that they should, in their
turn, be keen to take on.
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